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Preface

The evolution of the state of many systems modeled by linear partial differential
equations (PDEs) or linear delay differential equations can be described by opera-
tor semigroups. The state of such a system is an element in an infinite-dimensional
normed space, whence the name “infinite-dimensional linear system”.

The study of operator semigroups is a mature area of functional analysis,
which is still very active. The study of observation and control operators for such
semigroups is relatively more recent. These operators are needed to model the in-
teraction of a system with the surrounding world via outputs or inputs. The main
topics of interest about observation and control operators are admissibility, observ-
ability, controllability, stabilizability and detectability. Observation and control
operators are an essential ingredient of well-posed linear systems (or more gener-
ally system nodes). In this book we deal only with admissibility, observability and
controllability. We deal only with operator semigroups acting on Hilbert spaces.

This book is meant to be an elementary introduction into the topics men-
tioned above. By “elementary” we mean that we assume no prior knowledge of
finite-dimensional control theory, and no prior knowledge of operator semigroups
or of unbounded operators. We introduce everything needed from these areas.
We do assume that the reader has a basic understanding of bounded operators
on Hilbert spaces, differential equations, Fourier and Laplace transforms, distri-
butions and Sobolev spaces on n-dimensional domains. Much of the background
needed in these areas is summarized in the appendices, often with proofs.

Another meaning of “elementary” is that we only cover results for which we
can provide complete proofs. The abstract results are supported by a large number
of examples coming from PDEs, worked out in detail. We mention some of the
more advanced results, which require advanced tools from functional analysis or
PDES, in our bibliographic comments. One of the glaring omissions of the book is
that we do not cover anything based on microlocal analysis.

The concepts of controllability and observability have been set at the center
of control theory by the work of R. Kalman in the 1960s and soon they have been
generalized to the infinite-dimensional context. Among the early contributors we
mention D.L. Russell, H. Fattorini, T. Seidman, A.V. Balakrishnan, R. Triggiani,
W. Littman and J.-L. Lions. The latter gave the field an enormous impact with
his book [156], which is still a main source of inspiration for many researchers.

ix



< Preface

Unlike in finite-dimensional control theory, for infinite-dimensional systems
there are many different (and not equivalent) concepts of controllability and ob-
servability. The strongest concepts are called exact controllability and exact ob-
servability, respectively. Exact controllability in time 7 > 0 means that any final
state can be reached, starting from the initial state zero, by a suitable input signal
on the time interval [0, 7]. The dual concept of exact observability in time 7 means
that if the input is zero, the initial state can be recovered in a continuous way
from the output signal on the time interval [0, 7]. We shall establish the exact ob-
servability or exact controllability of various (classes of ) systems using a variety of
techniques. We shall also discuss other concepts of controllability and observability.

Exact controllability is important because it guarantees stabilizability and
the existence of a linear quadratic optimal control. Dually, exact observability
guarantees the existence of an exponentially converging state estimator and the
existence of a linear quadratic optimal filter. Moreover, exact (or final state) ob-
servability is useful in identification problems. To include these topics into this
book we would have needed at least double the space and ten times the time, and
we gave up on them. There are excellent books dealing with these subjects, such
as (in alphabetical order) Banks and Kunisch [13], Bensoussan et al. [17], Curtain
and Zwart [39], Luo, Guo and Morgul [163] and Staffans [209].

Researchers in the area of observability and controllability tend to belong
to either the abstract functional analysis school or to the PDE school. This is
true also for the authors, as MT feels more at home with PDEs and GW with
functional analysis. By our collaboration we have attempted to combine these
two approaches. We believe that such a collaboration is essential for an efficient
approach to the subject. More precisely, the functional analytic methods are im-
portant to formulate in a precise way the main concepts and to investigate their
interconnections. When we try to apply these concepts and results to systems
governed by PDEs, we generally have to face new difficulties. To solve these dif-
ficulties, quite refined techniques of mathematical analysis might be necessary. In
this book the main tools to tackle concrete PDE systems are multipliers, Carleman
estimates and non-harmonic Fourier analysis, but results from even more sophis-
ticated fields of mathematics (microlocal analysis, differential geometry, analytic
number theory) have been used in the literature.

While we were working on this book, Birgit Jacob from the University of
Delft (The Netherlands) with Hans Zwart from the University of Twente (The
Netherlands) have achieved an important breakthrough on exact observability for
normal semigroups. Birgit has communicated to us their results, so that we could
include them (without proof) in the bibliographic notes on Chapter 6.

We are grateful to Emmanuel Humbert from the University of Nancy (France)
for accepting to contribute to an appendix on differential calculus. The material
in Chapter 14 is to a great extent his work.

Bernhard Haak from the University of Bordeaux has contributed significantly
to Section 5.6. Moreover, Proposition 5.4.7 is due to him.
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Chapter 1

Observability and Controllability
for Finite-dimensional Systems

1.1 Norms and inner products

In this section we recall some basic concepts and results concerning normed vector
spaces. Our aim is very modest: to list those facts which are needed in Chapter 1
(the treatment of controllability and observability for finite-dimensional systems).
We do not give proofs — our aim is only to clarify our terminology and notation.
A proper treatment of this material can be found in many books, of which we
mention Brown and Pearcy [23], Halmos [86] and Rudin [194]. Introductions to
functional analysis that stress the connections with, and applications in, systems
theory are Nikol’skii [178], Partington [181] and Young [240].
Throughout this book, the notation

N, Z, R, C

stands for the sets of natural numbers (starting with 1), integer numbers, real
numbers and complex numbers, respectively. We denote Z; = {0,1,2,...} and
Z* = Z \ {0}. For the remaining part of this chapter, we assume that the reader
is familiar with the basic facts about vector spaces and mathematical analysis.

Let X be a complex vector space. A norm on X is a function from X to
[0,00), denoted ||z||, which satisfies the following assumptions for every =,z € X
and for every A € C: (1) |lz+=2|| < [|z||+ 2], (2) |[Az]| = |A]-]|l=], (3) if & # 0, then
llz|| > 0. A vector space on which a norm has been specified is called a normed
space. If X is a normed space and = € X, sometimes we write ||z| x (or we use
other subscripts) instead of ||z||, if we want to avoid a confusion arising from the
fact that the same x belongs also to another normed space.

Let X be a complex vector space. An inner product on X is a function from
X x X to C, denoted (z, z), which satisfies the following assumptions for every
x,y,z € X and every A € C:
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(4) if x # 0, then (z,x) > 0.
A vector space on which an inner product has been specified is called an inner
product space.

Let X be an inner product space. The norm induced by the inner product is
the function ||z|| = \/(x,x). It is easy to see that

2 +ylI* = l|z[” + 2Re (z,y) + [|y[|” Va,yeX. (L.1.1)
Using here y = —((x, 2)/||z||*)z, it follows that
(2, 2)| < [lz|| - [|=] Vz,2€ X, (1.1.2)

which is called the Cauchy—Schwarz inequality. This, together with (1.1.1), implies
that ||z + z|| < ||z|| + ||z|| holds, so that this function is indeed a norm (in the
sense defined earlier). Not every norm is induced by an inner product.

The simplest example is to take X = C™ with the usual inner product given
by (x,2z) = >p_, 21Z5. The norm induced by this inner product is called the

Fuclidean norm:
n 3
2| = (Z |Ik|2> :
k=1

If we imagine the above example with n — oo, we obtain the space called {2. This
consists of all the sequences (x3) with zx € C such that >, . |zx]* < co. The
usual inner product on /2 is given by

(z,2) = Z T1Zk -

Another important example is the space L?(J;U), where J C R is an interval
and U is a finite-dimensional inner product space. This space consists of all the
measurable functions v : J — U for which [, |lu(t)||*dt < co. In this space we do
not distinguish between the two functions u and v if [, |lu(t) — v(t)||dt = 0. Thus,
L?(J;U) is actually a space of equivalence classes of functions. The inner product
on L(J;U) is

(u, v) = /J (u(t), v(t))dt.

Now let X be a normed space. A sequence (zj) with terms in X is called
convergent if there exists 2° € X such that lim ||z, —2°|| = 0. In this case we also
write limz, = 2° or z, — 2° and we call 20 the limit of the sequence (zx). It is
easy to see that if a limit 20 exists, then it is unique and ||z°| = lim ||z ||.
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Let X be a normed space. The closure of a set L C X, denoted clos L, is the
set of the limits of all the convergent sequences with terms in L. We have

L C clos L = clos clos L.

L is called closed if clos L = L. If V is a subspace of X, then also clos V is a
subspace. Every finite-dimensional subspace of X is closed.

A sequence (zy,) with terms in X is called a Cauchy sequence if lim ||z, —z;|| =
0. Equivalently, for each € > 0 there exists V. € N such that for every k,j € N
with k,7 > N. we have ||z — ;]| < e. It is easy to see that every convergent
sequence is a Cauchy sequence. However, the converse statement is not true in
every normed space X. The normed space X is called complete if every Cauchy
sequence in X is convergent. In this case, X is also called a Banach space. If the
norm of a Banach space is induced by an inner product, then the space is also
called a Hilbert space.

For example, [2 and L?(J;U) (with the norms induced by their usual inner
products) are Hilbert spaces. Every finite-dimensional normed space is complete.

Assume that X is a Hilbert space and M C X. The set of all the finite linear
combinations of elements of M is denoted by span M (this is the smallest subspace
of X that contains M). The orthogonal complement of M is defined by

M+ = {zeX|(ma)=0 YVmeM},
and this is a closed subspace of X. We have
M*+ = clos span M. (1.1.3)

The Riesz projection theorem says that if X is a Hilbert space, V is a closed
subspace of X and z € X, then there exist unique v € V and w € V- such that
r =v+w. If 2,v and w are as above, then clearly ||z||> = ||v||*> + ||w||* and v is
called the projection of x onto V.

A set M C X is called orthonormal if for every e, f € M we have ||e|]| = 1 and
| # e implies (e, f) = 0. It is easy to see that such a set is linearly independent.
An orthonormal basis in X is an orthonormal set B with the property B+ = {0}.
If an orthonormal basis is finite, then it is also a basis in the usual sense of linear
algebra, but this is not true in general (because not every vector can be written
as a finite linear combination of the basis vectors).

Let X and Y be normed spaces. A function 7" : X — Y is called a linear
operator if it satisfies the following assumptions for every x,z € X and for every
AeC: (1) T(x+2) =T(x)+T(2), (2) T(Ax) = AT (x). We normally write Tz
instead of T'(x). A linear operator T : X — Y is called bounded if

sup{||Tz|| | x € X, |Jz|| <1} < 0.

This is equivalent to the fact that T is continuous, i.e., z,, — 2° implies Tx,, — Tz°.
It is easy to verify that if X is finite dimensional, then every linear operator from
X to some other normed space Y is continuous.
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The set of all the bounded linear operators from X to Y is denoted by
L(X,Y). If Y = X, then we normally write £(X) instead of £(X, X). It is easy
to see that L(X,Y) is a vector space, if we define the addition of operators by
(T 4+ S)xr = Tz + Sz, and the multiplication of an operator with a number by
(AT)x = A(Tx). Moreover, for T' € L(X,Y) and S € L(Y, Z), the product ST is
an operator in £(X, Z) defined as the composition of these functions.

The operator norm on L£(X,Y) is defined as follows:

1T = sup [|Tx].
=<1
This is indeed a norm, as defined earlier. Moreover, if T € L(X,Y) and S €
L(Y,Z), then ||ST|| < ||S|| - ||T||- ¥ Y is a Banach space, then so is £(X,Y).
If T € L(X,Y), then the null-space (sometimes called the kernel) and the
range of T are subspaces of X and Y defined, respectively, by

Ker T = {zx e X | Tz =0}, Ran T = {Txz | z € X}.

Ker T is always closed. T is called one-to-one if Ker T' = {0} and it is called
onto if Ran T = Y. The operator T is invertible iff it is one-to-one and onto. In
this case, there exists a linear operator 7-! : Y — X such that T='T = I (the
identity operator on X) and TT~! = I (the identity operator on Y). If X and
Y are Banach spaces and T € £(X,Y) is invertible, then it can be proved (using
a result called “the closed-graph theorem”) that the inverse operator is bounded:
T-1 e L(Y,X), see Section 12.1 in Appendix I for more details.

Let X be a Hilbert space and denote X’ = £(X, C). The elements of X’ are
also called bounded linear functionals on X. On X’ we define the multiplication
with a number in an unusual way, not as we would normally do on a space of
operators: if £ € X’ and \ € C,

Az = A(éx) VeeX.

We use the operator norm on X’. Then X' is a Hilbert space, called the dual space
of X. We define the mapping Jr : X — X’ as follows:

(Jrz)x = {(x,2) VeeX. (1.1.4)

Due to the special definition of multiplication with a number on X’, the mapping
Jr is a linear operator. Moreover, it is easy to see from the Cauchy—Schwarz
inequality that ||Jgrz|| = ||z| (in particular, Jr € £(X, X’) and it is one-to-one).

The Riesz representation theorem states that Jgr is onto. In other words,
for every £ € X’ there exists a unique z € X such that Jrz = &. Hence, Jp is
invertible. We often identify X’ with X, by not distinguishing between z and Jgz.

Let X and Y be Hilbert spaces and T € L£(X,Y). The adjoint of T is the
operator T* € L(Y”, X') defined by

(T*¢)x = &(Tx) VeeX, ey’ (1.1.5)
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If we identify X with X’ and Y with Y’ (this is possible, as we have explained a
little earlier), then of course T* € L(Y, X) and (1.1.5) becomes

(Tx,y) = (x, T*y) Vee X, yeY. (1.1.6)
It can be checked that (ST)* =T*S*, T* =T, |T*|| = |T| = |T*T| 2 and
Ker T = (Ran T*)*, clos Ran T = (Ker T*)*. (1.1.7)
From here it follows easily that
Ker T"T = Ker T',  clos Ran T"T = clos Ran T (1.1.8)

Moreover, it can be shown that Ran T*T is closed iff Ran T* is closed iff Ran T
is closed (the last equivalence is known as the closed range theorem).

More background on bounded operators will be given in Appendix I.

1.2 Operators on finite-dimensional spaces

In this section we recall some facts about linear operators acting on finite-dimen-
sional inner product spaces. As in the previous section (and for the same reasons),
we do not give proofs. Some good references on linear algebra are Bellman [16],
Gantmacher [70], Golub and Van Loan [72], Horn and Johnson [104, 105], Lan-
caster and Tismenetsky [141] and Marcus and Minc [168].

In this section X, Y and Z denote finite-dimensional inner product spaces.
We use the same notation for all the norms.

We denote by I the identity operator on any space. If T € £(X,Y) is in-
vertible, then dim X = dimY. If T € £(X,Y) and dim X = dimY’, then T is
invertible iff it is one-to-one and this happens iff T is onto. If 7! exists, then
[ = A (i

Let T € L(X,Y) and let T* be its adjoint (as defined in (1.1.6)). If we use
orthonormal bases in X and Y and represent T, T* by matrices, then the matrix
of T* is the complex conjugate of the transpose of the matrix of T'. The rank of
T is defined as rank 7' = dim Ran 7" and we have rank 7" = rank 7T'.

Let A € L(X). A number A\ € C is an eigenvalue of A if there exists an
x € X, x # 0, such that Az = Ax. In this case, z is called an eigenvector of A. The
set of all eigenvalues of A is called the spectrum of A and it is denoted by o(A).
If A is the matrix of A in some basis in X, then p(s) = det(sI — A) is called the
characteristic polynomial of A (and this is independent of the choice of the basis in
X). The set o(A) consists of the zeros of p. The Cayley—Hamilton theorem states
that p(A) = 0. If [ eigenvectors of A correspond to [ distinct eigenvalues, then the
set of these eigenvectors is linearly independent. In particular, if A has n = dim X
distinct eigenvalues, then we can find in X a basis consisting of eigenvectors of A.
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We have |A| < ||A]| for all A € o(A), and A € o(A) implies X € o(A*). We
denote by p(A) the resolvent set of A (the complement of o(A) in C). The function
R defined by R(s) = (sI — A)~! is analytic on p(A).

An operator Q € L(X,Z) is called isometric if @*Q = I (the identity on
X). Equivalently, ||Qz|| = ||z| holds for every x € X. Q is called unitary if it is
isometric and onto (i.e., Ran @ = Z). If @ is unitary, then QQ* = I (the identity
on Z). If Q € L(X,Z) is isometric and dim X = dim Z, then from Ker Q = {0}
we see that @ is invertible, and hence unitary. If @ € £(X) is unitary, then |A| =1
holds for all A € o(Q). For example, for every ¢ € R,

Q= [cosg@ —singp}

sing  cosyp

is unitary in £(C?).

An operator A € L(X) is self-adjoint if A* = A. This is equivalent to the
fact that (Az,z) € R for all z € X. We denote by diag (A1, A2,..., \,) a matrix
in C™*™ with the numbers A1, A2, ..., A\, on its diagonal and zero everywhere else.

Proposition 1.2.1. Let A € L(X) be self-adjoint and denote n = dim X. Then
there exists a unitary Q € L(C™, X) such that

A= QAQ", where A = diag (A1, Aa,...,\n). (1.2.1)
The numbers A appearing above are the eigenvalues of A and they are real.

It follows from this proposition that in (1.2.1) we have Q = [by -+ by
where (b1,...,b,) is an orthonormal basis in X, each by is an eigenvector of A
(corresponding to the eigenvalue ) and A is the matrix of A in this basis.

An operator P € £(X) is called positive if (Pxz,x) > 0 holds for all z € X.
This property is written in the form P > 0. If P > 0, then P = P*, so that the
factorization (1.2.1) holds. Moreover, in this case A; > 0. We can define Pz by

the same formula (1.2.1) in which we replace each A\ by )\%. Then P2 > 0 and
P:P: = P. If Ao, A1 € L(X) are self-adjoint, we write Ay < A4y (or 41 > Ap)
if Ay — Ag > 0. Note that for any T € L(U,Y) we have T*T > 0. Moreover, it
follows from the previous section that Ran T*T = Ran T*.

The square roots of the eigenvalues of T*T are called the singular values of
T. It follows from the factorization (1.2.1) applied to A = T*T that

IT)* = sup (Aq,q),

llall<t

which implies that ||T|| is the largest singular value of T'. In particular, if T* =T,
then its singular values are |Ag|, where Ay € o(T).

Recall from the previous section that if V' is a subspace of X, then every
r € X has a unique decomposition 2 = v + w, where v € V and w € V*.
Therefore, there exists an operator Py € L£(X) such that Pyz = v. We have
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P2 = Py, Py = Pj (these properties imply Py > 0) and Ran Py = V (hence
Ker Py = V). This operator is called the orthogonal projector onto V.

An operator P € L£(X) is called strictly positive if there exists an € > 0 such
that P > el. This property is written in the form P > 0. We have P > 0 iff
(Pz,2z) > 0 holds for every non-zero x € X. If P = P* then P > 0 iff all its
eigenvalues are strictly positive. The number € mentioned earlier can be taken to
be the smallest eigenvalue of P. If P > 0, then P is invertible and P~! > 0.

Suppose that (b1,...,b,) is an algebraic basis in X and A € £(X). Denote
Q = [b1---by], so that Q € L(C™, X) is invertible. Then the matriz of A in the
basis (b1, ...,by) is

A=Q'AQ.
In the following theorem we use the notation diag to construct a block diag-
onal matrix: if Jy, Jo,...,J; are square matrices, then diag (Jy,Jo,...,J;) is the

square matrix which has the matrices Jj on its diagonal and zero everywhere else.

Theorem 1.2.2. If A € L(X) then there exists an algebraic basis (by,...,bn) in X
such that A, the matriz of A in this basis, is

A = diag (J1, Ja,...,.J}), Jp € CWxde o — NI+ N (1.2.2)

(where k = 1,2,...,1). Here N denotes a square matriz (of any dimension) with
1 directly under the diagonal and O everywhere else.

Clearly we must have di +do+- - -+d; = n. It is easy to see that if N € C%*dx
then N4 = 0. We have o(J) = {\}, whence 0(A) = {\1, \2,..., A/} (there may
be repetitions in the finite sequence (A )). The matrices Jy, are called Jordan blocks.
Each Jordan block has only one independent eigenvector. There is an alternative
dual statement of the last theorem, in which the matrix N is replaced by N* (in
N*, the ones are above the diagonal).

Most matrices A € C**™ have n independent eigenvectors (this is the case,
for instance, if A has distinct eigenvalues). In this case, choosing the algebraic basis
(b1, ...,by) to consist of eigenvectors of A, we obtain ! = n and d, = 1in (1.2.2). In
this case, N = 0 and we obtain A = diag (A1, Ag, . .., A\, ). The factorization (1.2.1)
shows that this is true, in particular, for self-adjoint A. In this very particular case
we have the added advantage that the basis can be chosen orthonormal.

1.3 Matrix exponentials

In this section we recall the main facts about e*4, where ¢t € R, X is a finite-
dimensional complex inner product space and A € £(X). In this section, we prove
our statements. Good references that present (also) matrix exponentials are, for
example, Bellman [16], Hirsch and Smale [98], Horn and Johnson [105], Kwaker-
naak and Sivan [135], Lancaster and Tismenetsky [141] and Perko [183].
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For A € £(X) and t € R, the operator ¢*4 is defined by the Taylor series
t2 t3
et = I+tA+§A2+§A3+---

which converges for every ¢t € C, but we shall only consider real ¢t. The absolute
convergence of the above series follows from the fact that its kth term is dominated

by the kth term of the scalar Taylor series for eltl"l4ll;
|54 < S
This estimate also proves that
4] < el Al ViteR. (1.3.1)

From the definition it follows by a short argument that
e(t+T)A _ etAe‘rA’ GOA =1,
for every t,7 € R. Also from the definition of e’4 and using also the absolute
convergence of the series, it is easy to derive that
d
at
Example 1.3.1. Take X = C? and let A € £(X) be defined by its matrix

A — At = et A VteR. (1.3.2)

a —w
A= ,  where a,w€R.
w o«

Then from the definition it is not difficult to see that

tA at |coswt  —sinwt
e’ =e . .
sin wt coswt

The following simple observation is often useful: if x € X is an eigenvector

of A corresponding to the eigenvalue \, then etz = et x.

Recall from the previous section that if we represent A by its matrix A in
some algebraic basis (b1, ...,b,), then, denoting Q = [by --- by,], we have

QeL(CX), A=QAQ .
In this case it follows from the definition of e by a simple argument that
et = QetiQt VteR. (1.3.3)
For example, if A is self-adjoint, so that the factorization (1.2.1) holds, then

etd = QeMQ*7 where et = diag (e”‘ﬂe”‘ﬂ B .7et)\n).
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According to Theorem 1.2.2 we can always choose the algebraic basis

(b1, ...,by) such that A is as in (1.2.2) (block diagonal with Jordan blocks). Then

it is easy to see that e’ is represented (in the same basis) by the block diagonal
matrix ;

et = diag (6“1,6“2, . ,e“’) . (1.3.4)

From J = A\l + N € C4%*dr (see the explanations after (1.2.2)) it follows that

¢ tm
eth,:et)\ketN’ etN:I+tN+§N2++_'Nm’
. m.

where m = dj, — 1. The series defining 'V is finite because N9 = 0. It follows
that

1 0 0 0
t 1 0 0
2
e — ot |5t 10 (1.3.5)
3 2
S 5t 1
Example 1.3.2. If in a suitable algebraic basis the matrix of A is
} A0 O
A= 10 pu 0], where \pecC, (1.3.6)
0 1 u

then the matrix of ¢4 in the same basis is

0 tet* et

Proposition 1.3.3. Denote so(A) = sup{ReX | A € 0(A)}. Then for every w >
so(A) there exists M, > 1 such that

et < M, et Vte[0,00).
Proof. From (1.3.5) we see that there exists my > 1 such that
ek || < mu(1 + [t™) et e VteR,
where m = dj, — 1. Going back to (1.3.4) we see that there exists M > 1 such that
et 4] < M1+ [¢[m0) etso(A) Vit>0, (1.3.7)

where my = max{di,ds,...,d;} — 1. Using (1.3.3) together with (1.3.7) implies
(after some reasoning) the estimate in the proposition. O
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The number s¢(A) introduced above is called the spectral bound of A. In the
next proposition we compute the Laplace transform of e*4, which is well defined
in the right half-plane determined by s¢(A).

Proposition 1.3.4. For every s € C with Res > so(A) we have
/ e Stetdt = (s — A)~L.
0

Proof. Proposition 1.3.3 implies that the Laplace integral above converges. Let
us denote by R(s) the Laplace transform of e'4. We know that Let4 = Aet4.
Applying the Laplace integral to both sides, we obtain that sR(s) — I = AR(s).
From here, (sI — A)R(s) = I and the formula in the proposition follows. O

Remark 1.3.5. For any subspace V' C X the following properties are equivalent:
(1) AV C V, (2) A*V+ c V+ (3) eV C V for all ¢ in an interval. Such a
subspace V' is called A-invariant. If Ay denotes the restriction of A to V, then
0(Ay) C o(A). The proofs of these statements are easy and we omit them.

For any A € L(X), we define its real and imaginary parts by
1 * 1 *
ReAd = -(A+ A4"), ImA = —(A—A").
2 27
These are self-adjoint operators and A = Re A + ilm A, so that
Re (Az,z) = ((Re A)z,x).
The operator A € L(X) is called dissipative if Re A < 0.

Proposition 1.3.6. If A is dissipative, then ||| <1 for allt > 0.

Proof. For every z € X and t € R we have, using (1.3.2),

EH@“‘IHQ = (Aetz, etz) + (e x, Aez) = 2((Re A)etAa, et x) <0,

so that ||e*4z||? is non-increasing. This implies that ||e?4z|| < ||z| forallt > 0. O

The operator A € L(X) is called skew-adjoint if Re A = 0. Equivalently, i A is
self-adjoint. For example, the matrix A in Example 1.3.1 is skew-adjoint if o = 0.

Proposition 1.3.7. If A is skew-adjoint, then e'? is unitary for all t € R.

Proof. Arguing as in the proof of the previous proposition, we obtain that for
every € X, ||e*4z||? is constant (as a function of ¢ € R). This implies that e is
isometric, and hence unitary, for all ¢t € R. O
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1.4 Observability and controllability for
finite-dimensional linear systems

In the remaining part of this chapter we introduce basic concepts concerning linear
time-invariant systems, with emphasis on controllability and observability. We
work with systems that have finite-dimensional input, state and output spaces,
but the style of our presentation is such as to suit generalizations to infinite-
dimensional systems in the later chapters. For good introductory chapters on such
systems we refer the reader to D’Azzo and Houpis [46], Friedland [68], Ionescu,
Oara and Weiss [109], Kwakernaak and Sivan [135], Maciejowski [164], Rugh [196]
and Wonham [237].

Let U, X and Y be finite-dimensional inner product spaces. We denote n =
dim X. A finite-dimensional linear time-invariant (LTI) system X with input space
U, state space X and output space Y is described by the equations

{ (t) = Az(t) + Bu(t), 141)
y(t) = C2(t) + Du(t),

where u(t) € U, u is the input function (or input signal) of ¥, z(t) € X is its state
at time ¢, y(t) € Y and y is the output function (or output signal) of ¥. Usually
t is considered to be in the interval [0,00) (but occasionally other intervals are
considered). In the above equations, A, B,C,D are linear operators such that
A: X—> X, B:U—-X,C:X —Y and D:U — Y. The differential equation in
(1.4.1) has, for any continuous v and any initial state z(0), the unique solution

2(t) = et 2(0) + /0 t =4 By(0)do. (1.4.2)

This formula defines the state trajectories z(+) also for input signals that are not
continuous, for example for u € L?([0,00); U). Even for such input functions, z(t)
is a continuous function of the time ¢. Notice that z(¢) does not depend on the
values u(#) for @ > t, a property called causality.

Definition 1.4.1. The operator A (or the system X) is stable if lim; _, o et4 = (.

We see that A is stable iff so(A) < 0 (this follows from Proposition 1.3.3).
Thus, A is stable iff all its eigenvalues are in the open left half-plane of C.

For any u € L%([0,00);U) and 7 > 0, we denote by P,u the truncation of

u to the interval [0,7]. For any linear system as above we introduce two fam-

ilies of operators, depending on 7 > 0, ®, € L(L*([0,00);U),X) and ¥, €

L(X, L2([0, 0);Y)), by
N S [ CeMta for te0,1],
dru = /O T Bu(o)do, (U, xz)(t) = { 0 for to
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Note that if in (1.4.1) we have z(0) = 0, then z(7) = ®,u. If instead we have
u =0 and 2(0) = z, then P,y = ¥, 2. For this reason, the operators ®, are called
the input maps of X, while W, are called the output maps of X.

We have @, P, = @, (causality) and P, ¥, = U.,.

For the system X described by (1.4.1), the dual system %% is described by

20(t) = A*24(t) + Cry (1), (143
ul(t) = B*z%(t) + D*y(t), o
where y?(t) € Y is the input function of X% at time ¢, 2%(t) € X is its state at
time ¢ and u?(t) € U is its output function at time t. We denote by ®? and W?
the input and the output maps of £¢.
In order to express the adjoints of the operators ®, and V.., we need the
time-reflection operators fI, € L(L?([0,00);U)) defined for all 7 > 0 as follows:

u(t —t) fortel0,7],
(Hru)(t) =
0 fort > 7.
It will be useful to note that
A=A, and A2 =P,. (1.4.4)

The notation introduced so far in this section will be used throughout the section.

Definition 1.4.2. The system X (or the pair (A, C)) is observable if for some 7 > 0
we have Ker U, = {0}. The system ¥ (or the pair (A, B)) is controllable if for
some 7 > 0 we have Ran ®, = X.

Observability and controllability are dual properties, as the following propo-
sition and its corollaries show.

Proposition 1.4.3. For all 7 > 0 we have ®} = 5, Ve,
Proof. For every zy € X and u € L?([0,00); U) we have
(@ru, 20) =/ <e(T_U)ABu(a),zo>da
0

= / <u(o’)7 B*e(T_U)A*Zo> do = <'LL7H-,—\I/iZO>.
0

This implies the stated equality. O

We can express ®F in terms of A and B as follows:
(®ra)(t) = BT 047y Vitelo,r].

Corollary 1.4.4. For all 7 > 0 we have Ran &, = (Ker \Ilﬁ)J'.
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Proof. According to (1.1.7) and using the previous proposition, we have
(Ran ®,)" = Ker ®* = Ker f,¥¢.

Since Ker S1,¥? = Ker W%, we obtain that (Ran ®,)" = Ker W%, Taking orthog-
onal complements and using (1.1.3), we obtain the desired equality. g

Corollary 1.4.5. We have Ran @, = X if and only if Ker ¥ = {0}. Thus, (A, B)
is controllable if and only if (A*, B*) is observable.

This is an obvious consequence of the previous corollary.

Corollary 1.4.6. We have U* = 451, and Ker ¥, = (Ran @f)l.

Proof. To prove the first statement, we use Proposition 1.4.3 in which we replace
by 4 i.e., we replace A by A*, B by C* and U by Y. This yields (®%)* = £, ¥, .
We apply f, to both sides and obtain (using (1.4.4) and P, ¥, = ¥.) that
S, (®2)* = U,. By taking adjoints (and using again (1.4.4)), we obtain the first
statement of the proposition. The second statement follows from the first by using
(1.1.7) and the fact that Ran ®%5I, = Ran &%, O

Proposition 1.4.7. We have, for every T > 0,

C
CA

Ker ¥, = Ker | CA® | (1.4.5)
A1

Proof. Let zy € Ker W,. Then the analytic function y(t) = Ce'4zy is zero on the
interval [0, 7], so that its derivatives of any order at ¢t = 0 are all zero, so that
CA¥zy = 0 for all integers k > 0. This implies that zy is in the null-space of the
big matrix appearing in (1.4.5).

Conversely, suppose that zy € X is in the null-space of the big matrix in
(1.4.5). This means that CAFzy =0 for 0 < k < n— 1. Since the powers A* for
k > n are linear combinations of the lower powers of A (this is a consequence of the
Cayley-Hamilton theorem mentioned in Section 1.2), it follows that CA*zy = 0
for all integers k > 0. Looking at the Taylor series of y(t) = Ce'z, it follows
that y(t) = 0 for all ¢. Hence, 2o € Ker ¥, holds for every 7 > 0. O

Note that (1.4.5) implies that Ker ¥, is independent of 7. This space is called
the unobservable space of the system X (or of the pair (A, C)). It can be derived
from (1.4.5) that Ker ¥, is the largest subspace of X that is invariant under A
and contained in Ker C.
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The following corollary is the Kalman rank condition for observability.

Corollary 1.4.8. The pair (A, C) is observable if and only if

c
CA

rank | CA% | = . (1.4.6)

C«A.n—l
Indeed, since the big matrix above has n columns, the condition that its
null-space is {0} is equivalent to its rank being n.

Corollary 1.4.9. We have, for every 7> 0,
Ran ®. = Ran [B AB A?B --- A"'B]. (1.4.7)

Proof. Combining Proposition 1.4.4 with Proposition 1.4.7, we obtain
B* +
B*A*
Ran @, = | Ker | B'(4%)?
B* (A*)n—l
Finally, we compute the above orthogonal complement using (1.1.3) and (1.1.7).
O

Note that (1.4.7) implies that Ran @ is independent of 7. This space is called
the controllable space of the system X (or of the pair (A, B)). It can be derived
from (1.4.7) that Ran @ is the smallest subspace of X that is invariant under A
and contains Ran B.

The following corollary is the Kalman rank condition for controllability.
Corollary 1.4.10. The pair (A, B) is controllable if and only if
rank [B AB A’B ... A"7!'B] =n. (1.4.8)

Indeed, since the big matrix above has n rows, the condition that its range
is X is equivalent to its rank being n.
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1.5 The Hautus test and Gramians

In this section we present the Hautus test for controllability or observability and
we introduce controllability and observability Gramians, both in finite time and on
an infinite time interval. While some of the results in the previous section cannot
be extended to infinite-dimensional systems, those in this section all can, and this
will be a main theme of the later chapters.

We use the same notation as in the previous section: U, X and Y are finite
dimensional inner product spaces, n = dim X, and X is an LTT system with input
space U, state space X and output space Y described by (1.4.1).

The following proposition is known as the Hautus test for observability.

Proposition 1.5.1. The pair (A, C) is observable if and only if

VA€ a(A).

rank [A _C,AI} =n

Proof. Denote N' = Ker ¥, for some 7 > 0 (we know from Proposition 1.4.7 that
N is independent of 7). Assume that (A, C) is not observable, so that N # {0}.
It is easy to see that e!N C N for all t > 0. According to Remark 1.3.5, this
implies AN C N. Let Apx be the restriction of A to N, so that Ay € L(N).
Clearly, o(Ax) C o(A). Since N' # {0}, o(Ayr) is not empty. Take X € o(Ayr)
and let x) € N be a corresponding eigenvector. Then Cxy = (V,2,)(0) = 0, so
that
A=\ A=\
{ C }1}20 = rank{ C } <n.

Conversely, if rank < n for some A € o(A), then for some vector
zx € X, xx # 0, we have (A — M)xy = 0 (i.e., z) is an eigenvector of A) and
Cxy = 0. Then etz = eMzy, for all t € R and hence U,xy =0 forall 7 > 0. O

[Af)\l]

Remark 1.5.2. It follows from the last proposition that (A, C) is observable iff
Cz # 0 for every eigenvector z of A.

Remark 1.5.3. We can rewrite the last proposition as follows: (A, C') is observable
iff there exists k£ > 0 such that for every s € C,

(s — A)z||2 + ||C2||2 > K2||z))2 VzeX. (1.5.1)

Indeed, it is clear that (1.5.1) implies the property displayed in the proposition.
Conversely, if the property in the proposition holds, then clearly

e

C C }>0 VseC.
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The smallest eigenvalue of the above positive matrix, denoted A(s), is a continuous
function of s and lims_, oo A($) = oo. Therefore, there exists & > 0 such that
A(s) = k? for all s € C. Now it follows that

(sI — A)*(sI — A)+C*C > kI VseC,

and from here it is very easy to obtain (1.5.1). We are interested in the formulation
(1.5.1) of the Hautus test because it resembles the infinite-dimensional versions of
this test, which will be discussed in Sections 6.5 and 6.6.

Remark 1.5.4. We mention that with the same techniques that we used in the
proof of the last proposition, with a little extra effort we could have shown that,
in fact, for every A € L(X), C € L(X,Y) and T > 0,

Ker ¥, = span U Ker [A Z’M} .
A€o (A)
Proposition 1.5.5. The pair (A, B) is controllable if and only if
rank [A— A B] =n VAeo(4).
Proof. According to Corollary 1.4.5, (A, B) is controllable iff (A*, B*) is observ-

able. According to Proposition 1.5.1, the latter condition is equivalent to

rank [A B_*MI} =n Vo€ o(A¥).

Since, for every matrix T we have rank 7' = rank 7™, and since p € o(A4*) iff
7 € o(A), we obtain the condition stated in the proposition. O

Remark 1.5.6. The dual version of Remark 1.5.4 states that for every A € £(X),
BeL(U,X)and T >0,

Ran @, = () Ran [A—X B].
A€o (A)

For every 7 > 0, we define the controllability Gramian R, and the observ-
ability Gramian Q, by

R, = &,®%, Q,=U'0,.
Notice that R,,Q, € L(X), R, > 0 and @, > 0. It follows from (1.1.8) that
Ran R, = Ran ®,, Ker @, = Ker V.

Hence, R, is invertible iff (A, B) is controllable and @, is invertible iff (4, C) is
observable. Using the definitions of ®,, ¥, Proposition 1.4.3 and Corollary 1.4.6,
we obtain

R, = / BBt dt, Q. = / e Cr et dt. (1.5.2)
0 0
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Proposition 1.5.7. Suppose that (A, B) is controllable and let x € X, 7 > 0. If
u=®R 'z,

then ®,u = x. Moreover, among all the inputs v € L*([0,00);U) for which ®,v =
x, u is the unique one that has minimal norm.

Proof. Clearly we have ®,u = ®,®*R'z = z. If v € L?([0,00);U) is such that
®.v = x, then it is clear that v = u + ¢, where ¢ € Ker ®, = (Ran @i)l. Since
u and ¢ are orthogonal to each other, ||v]|? = |lu|? + [|¢[/?>. The minimum of ||v||
is achieved only for ¢ =0, i.e., for v = u. O

Remark 1.5.8. The last proposition shows that for a controllable system, the state
trajectory can be driven from any initial state to any final state in any positive
time. Moreover, the proposition gives a simple (analytic) input function that is
needed to achieve this, and which is of minimal norm. Indeed, to drive the system
Y from the initial state z(0) to the final state z(7), according to (1.4.2) we must
solve ®,u = z(7) — e742(0), and this can be solved using the last proposition.

Corollary 1.5.9. Suppose that (A, B) is controllable. Let F be the set of all the
operators F € L(X,L?([0,00);U)) for which ®,F = I. One such operator is
Fy = ®:R 1. Moreover, Fyy is minimal in the sense that

FiFy < F*F VFeTF.

Indeed, this is an easy consequence of Proposition 1.5.7. Note that FjjFy = R
The last corollary can be restated in a dual form.

Corollary 1.5.10. Suppose that (A,C) is observable. Let H be the set of all the
operators H € L(L*([0,00);Y), X) for which HY,. = I. One such operator is
Hy = Q;'V*. Moreover, Hy is minimal in the sense that

HoH; < HH* VHeH.

Definition 1.5.11. If A is stable, we define the infinite-time controllability Gramian
R € L£(X) and the infinite-time observability Gramian Q € L(X) by

R = lim R, Q= lim Q.

This definition makes sense, since we can see from (1.5.2) that the above
limits exist and

R = / BB dt, Q= / et CrCetM dt.
0 0

It is clear that R > R; > 0 and Q > Q. > 0 (for all 7 > 0).



18 Chapterl. Finite-dimensional Systems

Remark 1.5.12. We shall need the following simple fact: If A is stable and z # 0,
then lim; . o |[e?z]| = co. Indeed, this follows from

2l = e~ etz < el -l 2.

Proposition 1.5.13. If A is stable, then the infinite-time Gramians R and Q are
the unique solutions in L(X) of the equations

AR+ RA* = — BB*, QA+ A*Q = —C*C.

The equations appearing above are called Lyapunov equations. Thanks to
these, R and @ are easy to compute numerically (as opposed to R, and Q).

Proof. Denote II(t) = e BB*e!4”, then

d

ST(E) = AIL(E) + TI(H A"

Integrating this from 0 to oo, and taking into account that II(¢) — 0, we obtain
that AR+ RA* = —BB*. The proof of the formula QA+ A*Q = —C*C'is similar.
To prove the uniqueness of the solution R, suppose that there is another
operator R' € L(X) satisfying AR’ + R'A* = —BB*. Introducing A = R — R/,
we obtain AA + AA* = 0, hence by induction A"A = A(—A*)" for all n € N,

whence
A = ANemtH VteR. (1.5.3)

If z € X is such that Az # 0, then lim; , _ o, |[e"*Az|| = 0o, according to Remark
1.5.12. This contradicts the fact that the right-hand side of (1.5.3) tends to zero
as t — — oo. Thus, we must have Az =0 for all z € X, i.e., A =0.

The uniqueness of @ is proved similarly. O

Proposition 1.5.14. With the notation of the last proposition, (A, B) is controllable
if and only if R > 0. (A, C) is observable if and only if @ > 0.

Proof. If (A, C) is observable, then (as already mentioned) @, > 0 (for every
7 > 0). Since Q > @, it follows that @ > 0. To prove the converse statement,
suppose that (A, C) is not observable and take x € Ker W, z # 0. Then Cet4z =0
for all ¢ > 0, hence Qz = 0, which contradicts @ > 0.

The proof for R > 0 is similar, using the dual system. O



Chapter 2

Operator Semigroups

In this chapter and the following one, we introduce the basics about strongly con-
tinuous semigroups of operators on Hilbert spaces, which are also called operator
semigroups for short. We concentrate on those aspects which are useful for the later
chapters. As a result, there will be many glaring omissions of subjects normally
found in the literature about semigroups. For example, we shall ignore analytic
semigroups, compact semigroups, spectral mapping theorems and stability theory.

Bibliographic notes. Of the many good books on operator semigroups we mention
Butzer and Berens [28], Davies [44], Engel and Nagel [57], Goldstein [71], Hille and
Phillips [97] (who started it all), Pazy [182], Tanabe [213]. The books Arendt et
al. [8], Bensoussan et al. [17], Curtain and Zwart [39], Ito and Kappel [110], Luo,
Guo and Morgul [163], Staffans [209] and Yosida [239] have substantial chapters
devoted to this topic.

Prerequisites. In the remainder of this book, we assume that the standard con-
cepts and results of functional analysis are known to the reader. These include
the closed-graph theorem, the uniform boundedness theorem, some properties of
Hilbert space-valued L? functions, Fourier and Laplace transforms. This material
can be found in many books, of which we mention Akhiezer and Glazman [2],
Bochner and Chandrasekharan [20], Brown and Pearcy [23], Dautray and Lions
[42, 43], Dowson [52], Dunford and Schwartz [53], Rudin [194, 195], Yosida [239].
Nevertheless, some sections in our two chapters on operator semigroups are de-
voted to aspects of functional analysis that are not part of semigroup theory. In
particular, we are careful to introduce all the necessary background about un-
bounded operators. Some results concerning bounded operators on Hilbert spaces
are given in Appendix I (Chapter 12). The background on Sobolev spaces is re-
called in Appendix IT (Chapter 13).

Notation. Throughout this chapter, X is a complex Hilbert space with the inner
product (-,-) and the corresponding norm || - ||. If X and Z are Hilbert spaces,
then £(X, Z) denotes the space of bounded linear operators from X to Z, with the
usual (induced) norm. We write £(X) = £(X, X ). We use an arrow, as in z, — z,

19



20 Chapter 2. Operator Semigroups

to indicate convergence in norm. Sometimes we put a subscript near a norm or an
inner product, such as in ||z||x, to indicate which norm or inner product we are
using. If X and Z are Hilbert spaces, we write the elements of X x Z either in the
form (z,z) (withx € X and z € Z) or [Z]. On X x Z we consider the natural inner
product ((z1,21), (22, 22)) = (x1,22) + (21, 22). The domain, range and kernel of
an operator T' will be denoted by D(T"), Ran T' and Ker T, respectively. For any
a € R, we denote C,, = {s € C | Res > a}. In particular, the right half-plane C,
will appear often in our considerations.

For any open interval J and any Hilbert space U, the Sobolev space H!(J; U)
consists of those locally absolutely continuous functions z : J— U for which
42 € L2(J;U). The space H2(J;U) is defined similarly, but now we require
42 € HY(J;U). The space H(J; U) consists of those functions in H!(J;U) which
vanish at the endpoints of J (i.e., they have limits equal to zero there). (If J is in-
finite, then at the infinite endpoints of J, the limit is zero anyway, for any function
in H*(J;U).) Occasionally we need also the space

HE(J;U) = {heHQ(J; U)NH(J;U) ‘ % € Hy(J; U)} .

For any interval J (not necessarily open), C(J; X) = C°(J; X) consists of all the
continuous functions from J to X, while C"(J; X) (for m € N) consists of all the
m times differentiable functions from J to X whose derivatives of order < m are
in C(J; X). Functions in C™(J; X)) are also called functions of class C™.

2.1 Strongly continuous semigroups and
their generators

We have seen in the previous chapter that the family of operators (e!4);>o (where
A is a linear operator on a finite-dimensional vector space) is important, as it
describes the evolution of the state of a linear system in the absence of an input.
If we want to study systems whose state space is a Hilbert space, then we need
the natural generalization of such a family to a family of operators acting on a
Hilbert space. Different generalizations are possible, but it seems that the right
concept is that of a strongly continuous semigroup of operators. The theory of such
semigroups is now a standard part of functional analysis, but due to its special
importance for us, we devote a chapter to introducing this material from scratch.

Definition 2.1.1. A family T = (T¢):>0 of operators in £(X) is a strongly contin-
uwous semigroup on X if

(1) To =1,

(2) Tyyr = Ty T, for every t,7 > 0 (the semigroup property),

(3) lim¢ 0, ¢50 Tez = z for all z € X (strong continuity).
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The intuitive meaning of such a family of operators is that it describes the
evolution of the state of a process, in the following way: If zg € X is the initial
state of the process at time ¢ = 0, then its state at time ¢ > 0 is 2(¢) = T;2. Note
that z(t + 7) = Ty2(7), so that the process does not change its nature in time.

A simple but very limited class of strongly continuous semigroups is obtained
as follows: Let A € £(X) and put (as in Chapter 1)

o0 k
T, = =>" (t‘]j!) . (2.1.1)
k=0

It is easy to see that this series converges in £(X) for every ¢ > 0 (in fact, for every
t € C), and the function Ty is uniformly continuous; i.e., we have lim, _ o || T,—I|| =
0. It is not difficult to prove that the only uniformly continuous semigroups are
the ones defined as in (2.1.1), with A € L(X) (see, for instance, Pazy [182, p. 2]
or Rudin [195, p. 359]). It follows easily from (2.1.1) that

et < €Al Vit>0. (2.1.2)

The growth bound of the strongly continuous semigroup T is the number
wo(T) defined by

1
T) = inf -1 T||. 2.1.3
wo(T) = inf +log|[Ty] (21.3)
Clearly wo(T) € [—00,0). The name “growth bound” is justified by the following
Proposition.

Proposition 2.1.2. Let T be a strongly continuous semigroup on X, with growth
bound wo(T). Then

(1) wo(T) = lim¢—. oo 7 log || T,
(2) for any w > wo(T) there exists an M, € [1,00) such that

| Te|| < Mye* Vte0,00), (2.1.4)

(3) the function ¢ : [0,00) x X — X defined by p(t, z) = Tz is continuous (with
respect to the product topology).

Proof. Let z € X. From the right continuity of the function ¢t — Tz at t = 0
it follows that there exists a 7 > 0 such that this function is bounded on [0, 7].
Because of the semigroup property, the same function is bounded on [0, T, for any
T > 0. By applying the uniform boundedness theorem, it follows that the function
t — ||T,| is bounded for t € [0, T}, for any T > 0.

Now we prove point (1) of the proposition. Let us denote p(t) = log ||T||.
From the semigroup property we have p(t + 7) < p(t) + p(7). Let us denote by [t]
and by {t} the integer and the fractionary part of ¢ € [0, 00). We have

p(t) = p ([t} +{t}) < [tp(1)+p{t}).
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From the first part of this proof we know that p ({t}) is bounded from above.
Dividing by ¢ and taking lim sup, we get

lim sup p(t) < p(l).
t— oo

p(t
t

The same formula (with the same proof) holds if we replace p with p,, where
Pa(t) = plat), a € (0,00). From this we get

limsup@ < @ YVa>0,
t— o0 t (6%

< infie(0,00) #. The opposite inequality obviously holds,

p(t)

hence limsup; _, o, ~*

so that we get

lim p®) = inf p®) = wo(T).

t—oo 1 te(0,00) €

Point (2) follows easily from point (1). Indeed, if w > wo(T), then

[Tl <e“' VExt,
holds for some t,, > 0. Hence, we may put M, = sup,¢(y . [|Tt]| e .
We turn to point (3). First we prove that for every fixed zy € X, the function
t — p(t, 20) is continuous. The continuity from the right is clear. To show the con-
tinuity from the left, let ¢, — ¢y > 0 with ¢, < to. Then ||¢(tn, 2) — @(to, 2)|| =
ITe, (I —Tiy—t,)2|l < K||(I — Tt,—¢, )|, where K is some upper bound for || Ty, ||.
Finally, we prove the continuity of ¢. Let (¢, zn) — (to, 2z0) € [0,00) x X. Then

T, 2n — Troz0 = Tt (2n — 20) + Tt 20 — Tey 20,
which implies that
¢ (tns 2n) — ¢ (o, 20)[| < K ||z — 20l + [[p(tn, 20) — @ (to, 20)|

where K is again some upper bound for || T, || O

Definition 2.1.3. Let T be a strongly continuous semigroup on X, with growth
bound wg(T). This semigroup is called exponentially stable if wo(T) < 0.

Definition 2.1.4. The linear operator A : D(A) — X, defined by

Tiz —z . }
r exists o,

D(A) = {zeX

im
t—0, t>0
Tz —z

Az = im
t—0, t>0 t

V z € D(A),

is called the infinitesimal generator (or just the generator) of the semigroup T.
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tA

For example, if T; = €', as discussed around (2.1.1), then its generator is A.

Proposition 2.1.5. Let T be a strongly continuous semigroup on X, with generator
A. Then for every z € D(A) and t > 0 we have that Ty z € D(A) and

%th = AT,z = T; Az. (2.1.5)

Proof. If z € D(A), t > 0 and 7 > 0, then

T, -1 T, -1
TtZ:Tt
T T

z—Ti Az, as 7—0. (2.1.6)

Thus, T,z € D(A) and ATz = T Az. Moreover, (2.1.6) implies that the derivative
from the right of Ty z exists and is equal to AT; z. We have to show that for ¢ > 0,
the left derivative of Tz also exists and is equal to T; Az. This will follow from

Tt zZ — Tt_TZ
T

T,z—z

T

- Tt Az = Tt—T |: - AZ:| + (Tt_TAZ - TtAZ) .

Indeed, using Proposition 2.1.2 and the first part of this proof, we see that both
terms on the right-hand side above converge to zero as 7 — 0. g

Proposition 2.1.6. Let T be a strongly continuous semigroup on X, with generator
A. Let zg € X and for every 7 > 0 put

1 T
2 = —/ Ty zpdt.
T Jo

Then z; € D(A) and lim, _, ¢z, = zp.

Proof. The fact that z, — 2z (as 7 — 0) follows from the continuity of the function
t — Ty zp (since z; is the average of this function over [0, 7]). For every 7, h > 0,

Th 7 1 T+h 1 h
;= — T - — T .
3 z ) 1 zodt = /0 1 zodt
Taking limits as h — 0, we get that z, € D(A) and Az, = % (T z0 — 20). O

Remark 2.1.7. The above proof also shows the following useful fact:
’H‘Tz—z:A/ T,zdo Vze X.
0

Corollary 2.1.8. If A is as above, then D(A) is dense in X.

Some simple examples of semigroups will be given at the end of Section 2.3.
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2.2 The spectrum and the resolvents of an operator

In this section we collect some general facts about the spectrum, the resolvent set
and the resolvents of a possibly unbounded operator on a Hilbert space X, without
any reference to strongly continuous semigroups of operators. The material is
standard in books or chapters on operator theory, such as Akhiezer and Glazman
[2], Brezis [22], Davies [45], Dowson [52], Kato [127] and Yosida [239].

Definition 2.2.1. Let X and Z be Hilbert spaces and let D(A) be a subspace
of X. A linear operator A : D(A) — Z is called closed if its graph, defined by
G(A) = { [gf} ‘ fe D(A)}, is closed in X x Z.

Clearly, A is closed iff for any sequence (zy,) in D(A) such that z, — z (in X)
and Az, — ¢ (in Z), we have z € D(A) and Az = g. It follows that if A is closed,
then D(A) is a Hilbert space with the graph norm || - || defined by

12015 = =l + [ A2]% - (2.2.1)

An operator A : D(A) — Z is called bounded if it has a continuous extension to
the closure of D(A). If A is closed, then it follows from the closed-graph theorem
that it is bounded iff D(A) is closed. Clearly, every T' € L(X, Z) is closed.

Remark 2.2.2. It will be useful to note that if A : D(A) — Z is closed, where
D(A) C X, and if P € L(X, Z), then also A+ P is closed (the domain of A + P
is again D(A)). The proof of this fact is left to the reader.

Definition 2.2.3. If A : D(4) — X, where D(A) C X, then the resolvent set of
A, denoted p(A), is the set of those points s € C for which the operator sI — A :
D(A) — X is invertible and (s —A)~! € £(X). The spectrum of A, denoted o(A),
is the complement of p(A) in C. (sI — A)~! is called a resolvent of A.

Remark 2.2.4. If p(A) is not empty, then A is closed. Indeed, if s € p(A), then
the graph G(sI — A) is the same as G ((sI — A)~'), except the coordinates are in
reversed order. Thus, sI — A is closed. By Remark 2.2.2; A is closed.

Remark 2.2.5. If A: D(A) — X and 3, s € p(A), then simple algebraic manipula-
tions show that the following identity holds:

(sT— A)L = (BT — A)F = (B— s)(sT — A)"}(BT — A)L.
This formula is known as the resolvent identity.
Lemma 2.2.6. If T € L(X) is such that ||T|| < 1, then I — T is invertible and

1
I-T) ' =I+T+T*+T°+---, ||(I_T)_1||<1_7”T”~

The proof of this lemma is easy and it is left to the reader.
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Proposition 2.2.7. Suppose that A: D(A) — X, D(A) C X and 8 € p(A). Denote
rg = ||(BI — A)7|. If s € C is such that |s — 3| < T—lﬂ, then s € p(A) and

_ A1 < Lie]
l(sI —A)7| < s —Firs " (2.2.2)

Proof. If we knew that s € p(A), then according to Remark 2.2.5 we would have
(sI— A [I+ (s — B)(BI - A)1] = (BT — 4)~!

If |s—0] < %, then we have [|(s — 3)(8I — A)~!|| < 1. According to Lemma

2.2.6, the expression in the square brackets above is invertible. The above formula

suggests defining Ry € £(X) (our candidate for (sI — A)~!) by

~1

=BI-—A) "I+ (s—B)(BI—A)"] (2.2.3)

Simple algebraic manipulations show that R(sI — A)z = z for all z € D(A) and
(sI — A)Rsz = z for all z € X, hence s € p(A) and R; = (sI — A)~!. Using again
Lemma 2.2.6, it is easy to see that || R|| satisfies the estimate (2.2.2). O

Remark 2.2.8. From the last proposition it follows that for any A : D(A) — X, the
set p(A) is open, and hence o(A) is closed. It also follows that for every 5 € p(A),
A—p5] > % for every A € o(A), and hence

1

hy
Agg&) 1B —=A"

18I = A)7H| >

Remark 2.2.9. We can use steps from the proof of Proposition 2.2.7 to show that
(sI — A)~! is an analytic £(X)-valued function of s € p(A). Indeed, formula
(2.2.3), together with Lemma 2.2.6, shows that if 3 € p(A) and |s — 3| < %, then

(s — A)~! = (BI — A) 1§: R(BI — A7k

k=0

This is a Taylor series around the point 3, proving the analyticity at 8. In partic-
ular,

k
(é) (sT = A)7" = (~DFR(sI = A~ VEeN. (224)

Proposition 2.2.10. If A € L£(X), then |A| < || 4] for every A € o(A).

Proof. Suppose that [A| > ||A||. Then AT — A =\ (I — 4). Here, both factors are
invertible, the second because of Lemma 2.2.6. Hence, A € p(A). O
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For any A € £(X), the number

A =
7(A) nax Al

is called the spectral radius of A. It follows from the last proposition that r(A4) <
IIA]|. A stronger statement will be proved at the end of this section.

Lemma 2.2.11. If A € L(X) and r > r(A), then there exists m, > 0 such that
[|A™]] < m,r" VneN.
Proof. For every «,y > 0 we denote
Dy ={se€C|ls| <a}, C,={seC||s|=~}.
For o = ﬁ we define the function f : D, — L(X) by
F(s) = (1 - s4)7!

By Remark 2.2.9, f is analytic. According to Lemma 2.2.6, for |s| - ||A]| < 1 we
have f(s) = [+sA+s2A?2+53A%+- ... This, together with Cauchy’s formula from
the theory of analytic functions, implies that for every v > 0 such that v-||A]| < 1,

VneN. 2.2.5
" omi / f(s s"+1 " ( )
By Cauchy’s theorem the above formula remains valid for every v € (0, ). De-
noting ¢, = max,cc, ||f(s)|/, we obtain that [|A"| < c,win. Denoting r = % and

m, = ¢y, we obtain the desired estimate. O
Let A:D(A)— X with D(A) C X. We define the space D(A™) recursively:
D(A™) = {z € D(A)| Az € D(A"1)}.
The powers of A, A™ : D(A™) — X are defined in the obvious way.
Proposition 2.2.12. Let A: D(A) — X and let p be a polynomial. Then

o(p(4)) = p(o(4)).
Moreover, if 0 € p(A), then o(A=Y) = {0}U1/o(A) if D(A) # X, and o(A™1) =
1/0(A) if D(A) = X.
Proof. Denote the order of p by n. For any A € C we can decompose A — p(z) =
(1(N) = 2)(32(A) — )+ ((A) — @), where p(;(A)) = A. Then we have
A —=p(A) = (NI = A) (2 (NI = A) - (3 (NI = A),

which shows that A € o(p(A)) iff v;(\) € o(A) for at least one j € {1,2,...,n}.
The latter condition is equivalent to A € p(c(A)). The statement about A~1 is
easy (but slightly tedious) to prove and this task is left to the reader. O
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Corollary 2.2.13. Suppose that A : D(A) — X, where D(A) C X and A\, s € C,
A # s, s € p(A). Then the following statements are equivalent:

(1) Aeo(A).

(2) si)\ co((sl —A)™1).

This follows from the last part of Proposition 2.2.12 by replacing A with \I — A.

Remark 2.2.14. It follows from the last proposition and its corollary that r(A™) =
r(A)"™ and also that for s € p(A) we have

1

min |s— A’
A€o (A)

r((sI —A)™Y) = (2.2.6)

This, together with the fact that ||T|| > »(T) for any T € L(X), provides an
alternative (but more complicated) proof for the estimate in Remark 2.2.8.

The following proposition is known as the Gelfand formula.

Proposition 2.2.15. If A € £L(X), then r(A) = lim,, _ o ||A™||".

Proof. According to Remark 2.2.14 we have r(A™) = r(A4)", so that r(A4)" <
IlA™||. Using Lemma 2.2.11 we obtain that for every r > r(A) there exists m, >0
such that

r(4) < lAM% <mPr VneN.
This shows that
r(A) < liminf A",  limsup|A"||* < r V> r(A),
and from here it is easy to obtain the formula in the proposition. O

Remark 2.2.16. Suppose that T is a strongly continuous semigroup on X with
growth bound wy. Then

r(Ty) = e¥o! Vitel0,00).

Indeed, according to the Gelfand formula, log7(T¢) = lim, . o0 £ 1og || Tpe||. Ac-
cording to part (1) of Proposition 2.1.2, this is equal to wot.

Definition 2.2.17. If A : D(A) — X, where D(A) C X, then A € C is called an
eigenvalue of A if there exists a zy € D(A), zx # 0, such that Azy = Az). In
this case, zy is called an eigenvector of A corresponding to A. The set of all the
eigenvalues of A is called the point spectrum of A, and it is denoted by o, (A).

The following proposition is an elementary spectral mapping theorem for the
point spectrum of an operator.
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Proposition 2.2.18. Suppose that A : D(A) — X, where D(A) C X and A\, s € C,
A #£ s, s € p(A). Then the following statements are equivalent:

(1) X € 0, (A).
(2) ﬁ €ap((sI —A)71).

If (1), (2) hold, then the eigenvectors of A corresponding to the eigenvalue A\ are

the same as the eigenvectors of (sI — A)~1 corresponding to the eigenvalue ﬁ

Proof. Suppose that (1) holds and let z) € X be such that zy # 0, Azy = Azx.
Then clearly (sI — A)zy = (s—\)zx. Applying (sI — A)~! to both sides, we obtain
that (sI —A)~'z) = —L5za, so that (2) holds. The converse is proved in the same
way, and this argument also shows that the sets of the eigenvectors corresponding
to (1) and (2) are the same. O

2.3 The resolvents of a semigroup generator
and the space D(A>)

In this section we examine some properties of the resolvents (sI — A)~! of the
operator A, which is the generator of a strongly continuous semigroup on X, we
introduce the space D(A*) and we show that it is dense in X.

Proposition 2.3.1. Let T be a strongly continuous semigroup on X, with genera-
tor A. Then for every s € C with Res > wo(T) we have s € p(A) (hence, A is
closed) and

(sI—A)flz:/ e Tz dt VzeX.
0

Proof. Suppose that Re s > wg(T). Then it follows from (2.1.4) (with wo(T) < w <
Re s) that the integral in the statement of the proposition is absolutely convergent.
Define R; € L(X) by Rsz = fooo e %' T; zdt. Then for every h > 0 and z € X,

Ty, — 1 1 [
hh Rz = 7 /0 e S (Tyipnz — Tyz) dt

1 [ 1 [

= —/ e 5P T, 2 dt — —/ e ST, 2 dt
h Jy, h Jo
sh __ 1 0o sh h

= ¢ / e ST 2dt — € / e ST, 2dt.

h 0 hJo
This implies that
T, — 1

lim —" Rsz = sRyz — z; (2.3.1)

h—0
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ie., Rsz € D(A) and (sI — A)Rsz = z. Since Rs commutes with T, for z € D(A),
(2.3.1) can also be written in the form

T, —
Rshlim z=8Rsz—z.

—

Thus, Rs(sl — A)z = z for z € D(A), so that s € p(A) and R, = (s[ — A)~1. O

Remark 2.3.2. From the last proposition we see that T is uniquely determined by
its generator A. Indeed, any continuous function which has a Laplace transform
is uniquely determined by this Laplace transform; see Section 12.4.

Corollary 2.3.3. If T is a strongly continuous semigroup on X , with generator A,
and if M, and w are as in (2.1.4), then

_ M.,

Proof. This follows from Proposition 2.3.1, by estimating the integral:
[(sI —A)7 'z < / e~ (Re )| Ty || . ||2|| dt VzeX. O
0

It is often needed to approximate elements of X by elements of D(A) in a
natural way. One approach was given in Proposition 2.1.6, another one is given
below.

Proposition 2.3.4. Let D(A) be a dense subspace of X and let A : D(A)— X be
such that there exist \g = 0 and m > 0 such that (Ao, 00) C p(A) and

XA = A7 <m VA> Ao (2.3.3)

Then we have

Jim A - Al =2 VzeX. (2.3.4)

Note that if A is the generator of a strongly continuous semigroup on X,
then A satisfies the assumption in this proposition, according to Corollary 2.3.3.

Proof. Assume that ¢ € D(A). Then
MM — Al = (M — AL AY + 9.

Now (2.3.3) implies that the first term on the right-hand side converges to zero
(as A — 00). Thus, (2.3.4) holds for ¢ € D(A). If z € X and ¢ € D(A), then from

IMAT = A) 7'z — 2| < IMAT = A) 7z =)+ AN = A) 7 — ¢l + |y — 2|
we obtain that for all A > Ag,

IAAT = A) ™2 = 2]| < (m+ 1)z = W) + AN = A~ — .
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The first term on the right-hand side can be made arbitrarily small by a suitable
choice of ¥ € D(A), because D(A) is dense in X. The second term tends to zero
(as A— ), as we have proved earlier. Therefore, the left-hand side can be made
arbitrarily small by choosing A large enough. O

Proposition 2.3.5. Let T be a strongly continuous semigroup on X with generator
A. Let zg € D(A) and define the function z : [0,00) — D(A) by z(t) = Tyzp.

Then z is continuous, if we consider on D(A) the graph norm, and we also
have z € C*(]0,00), X). Moreover, z is the unique function with the above proper-
ties satisfying the initial value problem

2= Az, 2(0) = z. (2.3.5)

Proof. According to Proposition 2.1.2, z is continuous as an X-valued function.
We also have Az € C([0,0), X), because Az(t) = Ty Azp and we can invoke again
Proposition 2.1.2. Using the definition of the graph norm, it follows that z is
continuous as a D(A)-valued function (with the graph norm on D(A)).

According to Proposition 2.1.5, z satisfies (2.3.5). Since Az € C([0,0), X),
it follows that z € C1([0,0), X).

We still have to prove the uniqueness of z with the above properties. Let
v € CH([0,00), X) with values in D(A) which is continuous from [0, 00) to D(A)
and such that © = Av, v(0) = 2. For all 7 € [0, 1],

d

. [Ti—rv(7)] = Ti—rAv(r) — Ti—r Av(T) = 0,

whence
v(t) = Ty_pv(t) = Ti_ov(0) = Tizo = 2(t). O

For a stronger version of the above uniqueness property see Proposition 4.1.4.

For every n € N, the operator A™ (and its domain) have been introduced
before Proposition 2.2.12. Tt is easy to see (using Proposition 2.3.5 and induction)
that for every t > 0, T;D(A™) C D(A™). We introduce the space

D(A®) = (] D(A™).
neN
The following proposition is a strengthening of Corollary 2.1.8.

Proposition 2.3.6. If A is the generator of a strongly continuous semigroup on X,
then D(A>) is dense in X.

Proof. We denote by D(0,1) the space of all infinitely differentiable functions
on (0,1) whose support is compact and contained in (0,1). We denote by T the
semigroup generated by A. For every ¢ € D(0,1) we define the operator T;, by

1
Tpozo = / P(t) Ty zodt Vo€ X. (2.3.6)
0
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Take zg € D(A). It follows from Proposition 2.3.5 that the integral in the definition
of T,z may be considered as an integral in D(A) (with the graph norm) and
T,z0 € D(A). Using integration by parts, it is now easy to see that we have

ATgoZO = — TLP/Z() YV zg € D(A) .

This shows that the operator AT, has a continuous extension to X. Since A is a
closed operator (as we have seen in Proposition 2.3.1), it follows that T,,zy € D(A)
for every zop € X and AT, = —T,,. This identity shows, by induction, that

Ran T, C D(A™).

For every 7 € (0, 1) consider the function 1, € L?(0,1) defined by

L oif » T
¢T<x):{7 e

0 else.

We define T, by the same formula (2.3.6) (with 1, in place of ). We know from
Proposition 2.1.6 that for every zp € X, lim, _, o Ty, 20 = 2o. Since D(0, 1) is dense
in L2[0,1], it follows that D(A>) is dense in X. O

Example 2.3.7. Take X = L?[0,0) and for every ¢t € R and z € X, define
(Tiz)(z) = z(x + 1) YV el0,00).

Then T is a strongly continuous semigroup, called the unilateral left shift semi-
group. To prove the strong continuity of this semigroup, the easiest approach is
to prove it first for functions z € X N C*[0, 00) which have compact support (i.e.,
there exists g > 0 such that z(z) = 0 for x > p). Afterwards, the strong continuity
of T follows from the fact that the set of functions z as above is dense in X and
IT:|| = 1 for all ¢ > 0. (The argument resembles the last part of the proof of
Proposition 2.3.4.)
We claim that the generator of T is

d

257

D(A) = H'(0,00).

A detailed proof of this claim requires some effort. We know from Proposition
2.3.1 that 1 € p(A) and, for every z € X,

(I —A)"'2)(z) = /000 e tz(x+t)dt = €” /OO e S2(&)d¢

holds for almost every x € [0,00). Denoting ¢ = (I — A)~1z, it follows that ¢ is
continuous and the above formula holds for all > 0. We rearrange the formula:

o(x) = €"p(0) — /0 e"tz(6)d¢ Va>0.
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This shows that ¢ is locally absolutely continuous and ¢’ (x) = ¢(a)—z(z) holds for
almost every & > 0. Since both ¢ and z are in X, it follows that ¢’ € X = L?[0, o),
whence ¢ € H(0,00). Thus, D(A) C H'(0,00). By the definition of ¢, we have
Agp = p — z. Comparing this with the formula ¢’ = ¢ — 2z derived a little earlier,
it follows that
Ap = ¢/ V¢ € D(A).

If the inclusion D(A) C H!(0, o00) were strict, then there would exist 1 € H!(0, c0)
such that ¢ € D(A). Denote z = 1 — )’ and put ¢ = (I — A)~1z, then ¢ — ¢’ = 2.
Denoting = v — ¢ we obtain that n € H'(0,00) and 1’ = 7, whence 1 = 0, so
that ¢ € D(A), which is a contradiction. Thus we have proved our claim.

It is easy to see that every A € C with Re A < 0 is an eigenvalue of A and a
corresponding eigenvector is z)(z) = e*®. Since o(A) is closed, it follows that the
closed left half-plane (where Res < 0) is contained in o(A). On the other hand,
we know from Proposition 2.3.1 that Cy C p(A). Thus, it follows that

o(A) = {s € C|Res < 0}.

A little exercise in differential equations shows that the points on the imaginary
axis are not eigenvalues of A, so that

op(A) = {s € C | Res < 0}.

For a detailed discussion of this example and others related to it see also Engel
and Nagel [57, Chapter II]. We shall need several times a slight generalization of
this example to the case when X = L?([0,00);Y), where Y is a Hilbert space —
this will be the case, for example, in the proof of Theorem 4.1.6 and of Lemma
6.1.11.

Example 2.3.8. Let 7 > 0, take X = L?[0, 7] and for every t € R and z € X define

zle+t) if e+t<T,
0 else.

(Ts2)(z) = {

Then T is a strongly continuous semigroup. Clearly T, = 0 (the semigroup is
vanishing in finite time), so that wo(T) = —oco. It is not difficult to verify that the
generator of T is

_d
T dz’

D(A) = {z € H*(0,7) | 2(1) = 0}

and o(A) = () (this last fact is impossible for bounded operators A).
Example 2.3.9. Take X = L?(R) and for every ¢t > 0 and z € X define

1 > z—0)?
(Te2)(x) = \/m/iooef( i z(o)do VzeR.
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We put Ty = I. Then T is a strongly continuous semigroup of operators (as we
shall see), called the heat semigroup on R. It is easier to understand this semigroup
if we apply the Fourier transformation F (with respect to the space variable x) to
the definition of T, obtaining that (for almost every £ € R)

(FTe2) (€) = e €(F2)(€).

This formula shows clearly that T has the semigroup property and ||T;|| < 1 for all
t > 0. Moreover, the generator of T can be expressed in terms of Fourier transforms
as follows:

_ = 2 > 4 ~ 2 00
mm-{eLmﬁ/wUGNMd&:}7
(FA)(E) = — E(F2)(0). (2.3.7)

From here, applying 1, we now see that D(A) is in fact the Sobolev space H?(R)
and A = (fl—;. Thus, the functions ¢(t,z) = (T;z)(x) satisfy the one-dimensional

heat equation, namely %‘te = g—iﬁ. From (2.3.7) we can derive that 0(A4) = (—o0,0].
It is easy to check that this operator has no eigenvalues.

2.4 Invariant subspaces for semigroups

In this section we derive some facts about invariant subspaces for operator semi-
groups, and the restrictions of operator semigroups to invariant subspaces.

Definition 2.4.1. Let T be a strongly continuous semigroup on X, with generator
A. Let V be a subspace of X (not necessarily closed). The part of A in V', denoted
by Ay, is the restriction of A to the domain

DAy) = {zeDA)NV | Az V}.
V' is called invariant under T if T;z € V for all z € V and all ¢t > 0.

The following facts are easy to see: If V' is invariant under T, then so is
clos V. If V; and Vs are invariant under T, then so are V4 NV, and V4 + Va. (The
last statement can be generalized to arbitrary infinite intersections and sums.)

The following proposition will be useful here.

Proposition 2.4.2. If T is a strongly continuous semigroup on X, with generator
A, then

t —n
T,z = lim (1—514) z Vi>0, z€ X, (2.4.1)

n — o0
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Proof. For z € X fixed, we define a continuous function f on [0, 00) by f(¢) = T;z.
We shall denote by f the Laplace transform of f (see Section 12.4). Recall the
Post-Widder formula (Theorem 12.4.4): For every ¢t > 0,

ot S G0 (),

Since f(s) = (sI — A)~1z (see Proposition 2.3.1) and since, by (2.2.4),
F(s) = (=1)"n!(sI — A)~ (D2

(n+1)

we obtain f(t) =lim, o (I — LA)~ z. Now using (2.3.4) we get (2.4.1). O

Proposition 2.4.3. Let T be a strongly continuous semigroup on X, with generator
A. We denote by poo(A) the connected component of p(A) containing a right half-
plane. Let V' be a closed subspace of X.

Then the following conditions are equivalent:

(1) V is invariant under T.
(2) For some sg € poo(A) we have (soI — A)~'V C V.
(3) For every s € poo(A) we have (sI — A~V C V.

Moreover, if one (hence, all) of the above conditions holds, then the restriction
of T to V, denoted by TV, is a strongly continuous semigroup on V. We have
A(D(A)NV) CV and the generator of TV is the restriction of A to D(A)NV.

Note that under the assumptions in the “moreover” part of the above propo-
sition, the restriction of A to D(A) NV is Ay, the part of Ain V.

Proof. (1) = (2) follows from Proposition 2.3.1, by taking Re sp > wo(T).

(2) = (3): Take z € V and w € V*. The function f(s) = ((sI — A)~ 2z, w) is
analytic on ps(A) according to Remark 2.2.9. Tt is easy to see, using (2.2.4), that
all the derivatives of f at sy are zero, so that f is zero on an open disk around sg.
Since poo(A) is connected, an analytic function on this domain is uniquely deter-
mined by its restriction to an open subset. Hence, f =0, so that (sI —A)~'z€V.

(3) = (1): Take z € V and t > 0. According to (2.4.1),

T,z = lim n (EI—A) nz.

n — 0o t

For n large enough, % € p(A), so that V' is invariant for the operator in the limit
above. Since V is closed, it follows that it is invariant also for T;.

If (1) holds, then it is clear that TV is a strongly continuous semigroup on V.

The remaining statements in the “moreover” part of the proposition follow from

the definition of the infinitesimal generator of an operator semigroup. 0
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Proposition 2.4.4. Let V be a Hilbert space such that V. C X, with continuous
embedding (i.e., the identity operator on V is bounded from V to X). Let T be a
strongly continuous semigroup on X, with generator A.
If V is invariant under T and if the restriction of T to V, denoted by TV, is
strongly continuous on V, then the generator of TV is Ay (the part of A in V).
Conwersely, if Ay is the generator of a strongly continuous semigroup TV on
V, then'V is invariant under T and for eacht > 0, Ty is the restriction of Ty to V.

Proof. Suppose that V is invariant under T and the restriction TV is strongly
continuous. Denote the generator of TV by .A. We have to show that A = Ay .

Take s € C with Res > wo(T). We know from Proposition 2.3.1 that for
every z € V, (sI — A)7'z = [ e *'Tyzdt, with integration in V. Because of
the continuous embedding V' C X, integration in X yields the same vector. We
conclude that

(sT —A)lz = (s — A7z VzeV.

From here it is easy to derive that D(A) = D(Ay) and A = Ay.

Conversely, suppose that Ay is the generator of a strongly continuous semi-
group TV on V' (but we do not know that TV is a restriction of T). It follows
that for Res > wo(TY) we have s € p(Ay). If s satisfies also Res > wy(T),
then from the definition of Ay we see that (sI — Ay) 'z = (sI — A)~ 'z, for
all z € V. Using Proposition 2.3.1 for TV, we get that for all s € C with
Re s > max{wo(T"),wo(T)},

(s —A)~ 'z = / e STy zdt VzeV,
0

with integration in V. Because of the continuous embedding V' C X, integration
in X would yield the same vector. Using once again Proposition 2.3.1, this time
for T, we obtain

/ e ST zdt = / e STy zdt VzeV,
0 0

with integration in X on both sides. According to Proposition 12.4.5, we obtain
that TV is the restriction of T to V. In particular, V is invariant under T. O

The numbers wo(TY) and wy(T) (that have appeared in the last part of the
above proof) may be different, as the last part of the following example shows.

Example 2.4.5. We define the unilateral right shift semigroup on X = L?[0, 00) by

2(x—t) if v—t>0,

Vz € L?0,00).
0 else

(Te2)(z) = {
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It is clear that T satisfies the semigroup property and ||T;|| = 1 for every ¢ > 0. It
is not difficult to verify (using a similar approach as in Example 2.3.7) that indeed
T is strongly continuous. We can check that the generator of this semigroup is

d

R
dz’

D(A) = {2z € H'(0,00) | 2(0) =0} = H{(0,00).
It follows easily from Proposition 2.3.1 that Cy C p(A) and
[(s] — A)2](z) = / S0 2 (1) dt VseCy, x€]0,00).
0

For further comments on this semigroup see Examples 2.8.7 and 2.10.7.

It is clear that for every 7 > 0, the closed subspace Ran T is invariant under
T. Another class of closed invariant subspaces can be constructed as follows: Let
F be a finite subset of Cy and consider the closed subspace V consisting of those
z € X for which 2(s) = 0 for all s € F. (Here, % denotes the Laplace transform
of z.) It is easy to verify that indeed V is invariant under T. We mention that a
complete characterization of the closed invariant subspaces for this semigroup is
given by the Beurling—Lax theorem; see, for example, Partington [181, p. 41].

Now we examine a non-closed invariant subspace. Define V' as the space of
those z € X for which

/ e*|z(z))?dt < oo,
0

with the norm on V' being the square root of the above integral. This is a Hilbert
space and the embedding V' C X is continuous. It is easy to see that V' is invariant
under T, and the restriction of T to V, denoted by TV, is strongly continuous on
V. According to Proposition 2.4.4, the generator of TV is Ay. The restricted
semigroup grows much faster than the original semigroup:

||TY||£(V) = et Vit > 0.

2.5 Riesz bases

In this section we collect some simple facts about Riesz bases, since these will be
needed in the next section (and later). Good books treating (among other things)
Riesz bases are Akhiezer and Glazman [2], Avdonin and Ivanov [9], Curtain and
Zwart [39], Nikol’skii [177], Partington [180] and Young [241].

The Hilbert space [ has been introduced in Section 1.1. Let the sequence
(ex) be the standard orthonormal basis in [2. Thus, e, has a 1 in the kth position
and zero everywhere else. Clearly (e, e;) =1 if k = j, and it is zero else.

Definition 2.5.1. A sequence (¢y) in a Hilbert space X is called a Riesz basis in X
if there is an invertible operator Q € £(X,1?) such that Q¢y = ey, for all k € N.
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In this case, the sequence (q@k), defined by
or = Q" Q.
is called the biorthogonal sequence to (¢x).

The sequence ¢y, is also a Riesz basis, since Q(Q*Q)*lqﬁk = ej. Note that

1if k=7,

2.5.1
0 else. ( )

(b, ;) = {

Note that (¢ ) is an orthonormal basis iff bx = ¢, for all k e N.

We remark that the existence of a Riesz basis in X implies that X is sep-
arable. Riesz bases can be defined also for non-separable spaces by allowing an
arbitrary index set in place of N, but we shall not go into this.

More generally, if (¢) and (@) are two sequences in X that satisfy (2.5.1),
then we say that (¢) is biorthogonal to (¢).

Proposition 2.5.2. If (¢), @ and (ngk) are as in Definition 2.5.1, then every z € X
can be expressed as

z2= > (2,0)0x. (2.5.2)

keN

Moreover, denoting m = 1/||Q || and M = ||Q||, we have

w2 < Sl d)P < MYJP VzeX. (25.3)
keEN

Note that if (¢y) is orthonormal, then @ is unitary and hence m = M = 1.

Proof. The statement corresponding to (2.5.2) for Qz € I? in place of z, [? in place
of X and ey = Q¢ in place of ¢y, is easy to verify. Apply Q! to this equality in
I2 to obtain

2= (Qz,Qdk) k-

keN

Using the definition of ¢, we get formula (2.5.2).
Applying Q to both sides of (2.5.2) and taking norms in (%, we obtain that

Q=1 = D I{z, ).
keN
Since
1

o Izl < 11Q=l < Q- 121,

we obtain the estimates (2.5.3). O
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Proposition 2.5.3. If (¢1) is a Riesz basis in X and (ay,) is a sequence in 1%, then
the series EkeN arr is convergent and

Z axPr

keN

1

1
27 1@l < < k), (2.5.4)

where m, M are the constants from Proposition 2.5.2.
Conversely, suppose that (¢r) is a sequence in X with the following property:
There exist m, M with 0 < m < M such that for every finite sequence (ar)i<k<n,;

3 3
1 (<& ) 1 [ )
— } < < = § . 2.5.5
M <k—1|ak| ) m <k—1 |ak| ) ( )

Then (¢r) is a Riesz basis in Hy = clos span {¢y | k € N}.

Proof. For any p,n € N with p < n, it follows from the first half of (2.5.3) that

n
Zak¢k <
k=p

From here it is easy to see that the series ) keN ardr is indeed convergent. Denote
its sum by z. The estimate (2.5.4) follows now easily from (2.5.3).

Assume now that (¢x) is a sequence in X such that (2.5.5) holds for every
finite sequence (ax)i1<k<n- By the same argument as at the beginning of this proof
it follows that for any sequence (ax) € [, the series > ren Gk®r is convergent.
Taking limits in (2.5.5), we obtain that (2.5.4) holds. It is easy to check that the
space of all the vectors in X that can be written in the form , _ ar¢y, for some
(ax) € [?, is complete. Hence, this space is Hy. It follows that the operator Q from
Hyj to 12, defined by

Q <Z ak¢k> = Zakek V (ar) € 17,

keN keN

where (e;,) is the standard orthonormal basis in /2, is bounded and invertible.
Thus, (¢r) is a Riesz basis in H. O

Proposition 2.5.4. With the notation of Proposition 2.5.2, let (A\g) be a sequence
in C. Then the following statements are equivalent:

(1) The sequence () is bounded.
(2) For every z € X, the series

Az = Y N (2, 6) bk
keN

1s convergent and the operator A thus defined is bounded on X .
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Moreover, if the above statements are true, then
M
sup [Ax] < JJ4] < g -sup | Akl (2.5.6)

Proof. Suppose that (1) holds. It follows from (2.5.3) that for any 2z € X, the
sequence ({2, ¢y)) is in I and its norm is bounded by M||z||. Now it follows from
Proposition 2.5.3 that the series in the definition of Az is convergent and

%

1 - M

4zl < - <Z|Ak<z,¢k>| ) < W sup el 2]
keN

Thus, A € £(X) and the second part of (2.5.6) holds.

Conversely, if (2) holds, then Ay € 0,(A). According to Proposition 2.2.10,
the sequence (Ay) satisfies the first part of (2.5.6) and hence (1) holds. O

We shall also need the following very simple property of Riesz bases.

Proposition 2.5.5. Let (¢r) be a sequence in a Hilbert space X such that it is a
Riesz basis in

Hy = clos span {¢y | k € N}.

Let ¢pg € X be such that ¢pg & Hy. Then the sequence (¢o, d1,Pa,...) is a Riesz
basis in Hy = Ho + {\¢o | A € C}.

Recall the following simple property of normed spaces: If V, W are subspaces
of a normed space, then V+W = {v+w |v € V, w € W} is also a subspace. If V
is closed and W is finite dimensional, then V + W is closed. Thus, in particular,
H, in the last proposition is closed, and hence a Hilbert space.

Proof. 1t is easy to see that every z € H; has a unique decomposition z = A¢g + h,
where A € C and h € Hy. Define a linear functional £ : H; — C by £z = A. This
functional is bounded, because Ker £ = Hj is closed.

Let Qo € L(Hy,1?) be the invertible operator from Definition 2.5.1 corre-
sponding to the Riesz basis (¢r). We define the operator Q € L(H1,1?) by

Qz = (2, (Qo2)1, (Qoz)2, (Qo2)s; ---)-

It is clear that Q¢ = e for all k € {0,1,2,...}. Clearly @ is bounded (because
& and Qo are bounded). Finally, @ is invertible, because

Q (a1, az, as, ...) = a1¢o + Qg '(az, as, a4, ...). O
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2.6 Diagonalizable operators and semigroups

In this section we introduce diagonalizable operators, which can be described en-
tirely in terms of their eigenvalues and eigenvectors, thus having a very simple
structure. If a semigroup generator is diagonalizable, then so is the semigroup.
Many examples of semigroups discussed in the PDEs literature are diagonalizable.

Definition 2.6.1. Let A : D(A) — X, where D(A) C X. A is called diagonalizable if
p(A) # () and there exists a Riesz basis (¢x) in X consisting of eigenvectors of A.

Note that if A is diagonalizable, then D(A) is dense in X. Indeed, D(A) must
contain all the finite linear combinations of the eigenvectors of A. Note also that,
by Remark 2.2.4, every diagonalizable operator is closed.

The structure of bounded diagonalizable operators has been described in
Proposition 2.5.4. For unbounded operators we must be careful with the definition
of the domain and the situation is described in the following two propositions.

Proposition 2.6.2. Let (¢},) be a Riesz basis in X and let (¢y,) be the biorthogonal
sequence to (¢r). Let (\x) be a sequence in C which is not dense in C. Define an
operator A : D(A) — X by

D(A) = {zeX

D () [z ) < 00} , (2.6.1)

keN

Az =" Milz, 0n) b V z € D(A). (2.6.2)

keN

Then A is diagonalizable, we have op(g) = {\| k € N}, o(A) is the closure of

Up(g) and for every s € p(A) we have

~ 1 -

-1 _

(sT—A)z=>" p—m (z, )b VzeX. (2.6.3)
keN

Proof. The condition z € D(A) implies that the sequence (ay) :~(/\k<z,qz~5k>) is

in I*(N). It follows from Proposition 2.5.3 that the definition of A makes sense,

meaning that the series defining Az is convergent for every z € D(A). It is easy to

see that 0,(A) = {\¢ | k € N}. Take a number s in the complement of the closure

of 0, (A). Then the sequence (|s — Ag|) is bounded from below, and it follows from
Proposition 2.5.4 that the operator Rs defined below is bounded on X:

Rz = Z ! (z, Or) b Vze X.

s— A\
keN k

It is easy to see that R,(sI — A)z = z for all z € D(A). On the other hand, it is

not difficult to see that for every z € X, Rsz € D(A). Then a simple computation
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shows that _

(sI — A)Rsz = 2 VzeX.
This implies that s € p(4) and (sI — A)~! = R,. O
Proposition 2.6.3. Let A : D(A) — X be diagonalizable. Let (¢r) be a Riesz basis

consisting of eigenvectors of A. Let (¢y) be the biorthogonal sequence to (¢y) and
denote the eigenvalue corresponding to the eigenvector ¢ by \i. Then

D(A) = {z €X | D (14 M) [z o)) < oo} , (2.6.4)
keN
Az =" Nz, bk)bn Yz e D(A). (2.6.5)
keN

Proof. Let s € p(A). According to Proposition 2.2.18, (sI — A)~! is a diagonal-

izable (and bounded) operator with the sequence of eigenvalues (ﬁ) and the

corresponding sequence of eigenvectors (¢ ). Applying (sI — A)~! to both sides of
(2.5.2), we get

(s —A) 'z = Z . _1>\k (2, 1) 0 VzeX. (2.6.6)
keN

Define the operator A by (2.6.1) and (2.6.2). Comparing (2.6.6) with (2.6.3)
we see that (s — A)~! = (s — A)~!, and hence A = A. O

Remark 2.6.4. Combining the last two propositions, we see that if A is diagonal-
izable, then o(A) is the closure of o,(A). Applying Proposition 2.5.4 to (2.6.6),
we obtain that for every s € p(A),
1
inf |S - /\k|
keN

M 1

SHGT=A7 < O e =l
keN k

The first inequality above is also an immediate consequence of the more general
estimate given in Remark 2.2.8.

Proposition 2.6.5. With the notation of Proposition 2.6.3, A is the generator of a
strongly continuous semigroup T on X if and only if

sup Re A\, < oo. (2.6.7)
keN
If this is the case, then
sup Re Ay = wo(T) (2.6.8)
keN

and for every t > 0,

Tiz = Y M (2, dn)on VzeX. (2.6.9)
keN
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A semigroup as in the last proposition is called diagonalizable.

Proof. Suppose that (2.6.7) holds. It follows from Proposition 2.5.4 that for each
t > 0, (2.6.9) defines a bounded operator T; on X. It is easy to see that this
family of operators satisfies the semigroup property and it is uniformly bounded
for t € [0,1]. It is clear that the function ¢t — T,z is continuous if z is a finite linear
combination of the eigenvectors ¢;. Since such combinations are dense in X, it
follows that T = (T¢):>0 is a strongly continuous semigroup on X. It is also easy to
see that the growth bound of T is given by formula (2.6.8). Denote the generator
of this semigroup by A Tt is easy to check that /qu&k = Ay, for all k € N. Thus A
is a diagonalizable operator, so that its domain is given by (2.6.4). Hence A = A.

Conversely, suppose that A generates a semigroup. According to Proposition
2.3.1, p(A) contains a right half-plane and this implies (2.6.7). O

Example 2.6.6. Let (\;) be a sequence in C such that

sup Re A\ = a < oo.
keN

Put X =2 and let A: D(A) — X be defined by

(A2)k = A\izk,s D(A) = {Z S lz(N) | Z(l + |)\k|2)|2k|2 < OO} .

keN

According to Proposition 2.6.2, A is a diagonalizable operator with the sequence
of eigenvectors (ex), which is the standard basis of /2. By the same proposition,
o(A) is the closure in C of the set 0,(A) = {\;| k € N} and we have

2k

(s —A)'2), = Vs € p(A). (2.6.10)

S — >\k
According to Proposition 2.6.5, A is the generator of the semigroup
(T 2), = etz VkeN,

and the growth bound of this semigroup is wo(T) = a.

Such a semigroup is called a diagonal semigroup, and A is also called diagonal.
We shall use the notation A = diag (A\x) for such an A. Every diagonalizable
semigroup T is similar to a diagonal semigroup, the similarity operator being @
from Definition 2.5.1. This means that (QT;Q~');>0 is a diagonal semigroup.

Proposition 2.6.7. Assume that A : D(A) — X is diagonalizable, and its sequence
of eigenvalues (i) satisfies, for some a,b,p > 0,

Re M, <0, [Im Ax| < a+ b|Re g |P vV keN.
Let T be the semigroup generated by A. Then
Tiz € D(A™) VzeX, t>0.
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Proof. Let (¢r) be a Riesz basis in X consisting of eigenvectors of A, let (qu) be the
biorthogonal sequence and assume that Agr = Agor. To prove that Tyz € D(A)
for all z € X and ¢t > 0, according to Proposition 2.6.3 we have to show that

> (4 M) - [(Tez, ¢r)? < oo VzeX, t>0. (2.6.11)
keN

According to Proposition 2.6.5, we have
<Tt27¢~5k> = 6)‘kt<z,<5k> VzeX, t>0.

It is easy to see that under the assumptions of the proposition, for every ¢ > 0,
the sequence ((1+ |Ax|?)|e***|?) is bounded, because Re A\; < 0 and

(]. + |)\k|2)|e>\kt|2 < (1 + |Re >\k|2 + (a + b|Re )\k|p)2)e2Re Akt

Recall from Proposition 2.5.2 that 37,y |(z, éx)[> < co. Combining these facts,
we obtain that (2.6.11) holds, so that Ran Ty C D(A) for all £ > 0.

We prove by induction that for every n € {0, 1,2, ...}, the following statement
holds: Ran T; C D(A2?") for every t > 0. Assume that this statement holds for
some n € {0,1,2,...} (and every ¢ > 0). Choose 3 € p(A), then it follows that

(BI - A)*'Tyz € X Vze X, t>0.

Apply T% to both sides, then we obtain that
(BI — A)?" T,z € D(A%") VzeX, t>0.

Apply (B — A)=2" to both sides, which shows that Ran T, C D(A%""), so that
the induction works. Now it is obvious that Ran T, C D(A>). O

Example 2.6.8. Here we construct the semigroup associated with the equations
modeling the heat propagation in a rod of length 7 and with zero temperature at
both ends. The connection between this semigroup and the corresponding partial
differential one-dimensional heat equation will be explained in Remark 2.6.9.

Let X = L?[0, 7] and let A be defined by

D(A) = H*(0,7) N H;(0, ),
e
- da?

For k € N, let ¢, € D(A) be defined by

Az VzeD(A).

¢r(r) = \/gsin (kx) Ve (0m).
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Then (¢ ) is an orthonormal basis in X and we have
Ag = — K¢y VkeN.

Simple considerations about the differential equation Az = f, with f €
L?[0, 7], show that 0 € p(A). Thus we have shown that A is diagonalizable.

According to Proposition 2.6.5, A is the generator of a strongly continuous
semigroup T on X given by

Tz =Y e Xz on)on Vt>0, z€X. (2.6.12)
keN

It is now clear that this semigroup is exponentially stable. Moreover, according to
Proposition 2.6.7, we have T,z € D(A*) for all z € X and ¢t > 0. For generaliza-
tions of this example see Sections 3.5 and 3.6.

Remark 2.6.9. The interpretation in terms of PDEs of the semigroup constructed
in Example 2.6.8 is the following: For wy € H?(0,7) N H(0,7) there exists a
unique function w continuous from [0, 00) to H2(0, 7)NHE (0, 7) (endowed with the
H2(0,7) norm) and continuously differentiable from [0, o) to L?[0, 7], satisfying

ow 0w

gv _gw -

a1 (x,1) 92 (z,t), x € (0,m), t =0,

w(0,t) =0, w(m,t)=0, t e [0,00), (2.6.13)
w(z,0) = wo(x), x € (0,7).

Indeed, by setting z(t) = w(-,t), it is easy to check that w satisfies the above
conditions iff z is continuous with values in D(A4) (endowed with the graph norm),
continuously differentiable with values in X and it satisfies the equations

2(t) = Az(t) Vt =0, 2(0) = wp.

Since A generates a semigroup on X, we can apply Proposition 2.3.5 to obtain the
existence and uniqueness of z (and consequently of w) with the above properties.
Moreover, from (2.6.12) it follows that w has the exponential decay property

lw(-, )l L2jo,m < e llwoll2po,q) Vt=0.

Example 2.6.10. If we model heat propagation in a rod of length 7, with zero heat
flux at the left end and with the temperature zero imposed at the right end, we
obtain equations which differ from (2.6.13) only by a boundary condition:

ow 0%w

g _ .

gt (z,1) 922 (x,1), x € (0,m), t =0,

3—1;(070 =0, w(mt) =0, t € [0, 00), (2.6.14)

w(z,0) = wo(x), xz € (0,m).
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Let X = L?[0, 7] and let A be defined by

D(A) = {z6H2(O,7r) ’ j—;(()):z(ﬂ):()},
Az = % VzeD(A).

It is easy to check the following properties.

o If 2(t) = w(-,t), then w satisfies (2.6.14) iff z is continuous with values in
D(A) (endowed with the graph norm), continuously differentiable with values
in X and it satisfies the equations

Z(t) = Az(t) Vt=0, 2(0) = wp.

e The family of functions (¢g)ken, defined by

wk(x):\/gcos{<k—%)x} VkeN, ze(0,m),

consists of eigenvectors of A, it is an orthonormal basis in X and the corre-
sponding eigenvalues are

1 2
/\k:—<k—§> VkeN.

e 0 p(A).

Consequently, A is diagonalizable and, according to Proposition 2.6.5, A is the
generator of a strongly continuous semigroup T on X given by

Tz = Y e D" o), Vt>0, z€X. (2.6.15)
keN
Note that this semigroup is also exponentially stable.

Remark 2.6.11. Everything we have said in this section remains valid if we replace
N with another countable index set, such as Z. Sometimes it is more convenient
to work with a different index set, as the following example shows.

Example 2.6.12. Let X = L?[0,1]. For a € R we define A : D(A) — X by
D(A) = {z€ H'(0,1) | 2(1)=e"2(0)},

_d
T dz

For k € Z we set A\, = a + 2kmi and we define ¢, € D(A) by

Az VzeD(A).

¢k($) _ ea:ce2kﬂ-im = (071)
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Then
Ay, = Aoy, VkeZ.

Define the operator @ € L(X) by
(Qz)(z) = e™*2(x) Ve (0,1).

Then it is clear that @ is invertible and (Q¢x) is an orthonormal basis in X . Hence,
(¢r) is a Riesz basis in X.
For a # 0, elementary considerations show that 0 € p(A). For a = 0, similar
considerations show that 1 € p(A). Hence, regardless of «, A is diagonalizable.
According to Proposition 2.6.5, A is the generator of a strongly continuous
semigroup on X. Note that for ¢ € [0, 1], T¢ is described by

z2(x+t if t4+2<1,
Te)(w) = { 20HD
e*z(x+t—1) else.
For other simple examples of diagonalizable semigroups (corresponding to
the string equation) see Examples 2.7.13 and 2.7.15.

Example 2.6.13. This example shows the importance of imposing the condition
p(A) # 0 in the definition of a diagonalizable operator. We show that whithout
this condition, the operator cannot be represented as in Proposition 2.6.3.

Let X = L?[0, 7] and let the operator A be defined by
D(A) = H*(0,7), Az = — VzeD(A).

For k € N, let ¢ € D(A) be defined as in Example 2.6.8. Then (¢y) is an or-
thonormal basis in X and (as in Example 2.6.8) we have

App = — K¢y, VkeN.

Simple considerations about the differential equation Az = sz show that
every s € C is an eigenvalue of A, so that A is not diagonalizable in the sense of
Definition 2.6.1. Formula (2.6.5) does not hold for A. Indeed, consider the constant
function z(x) =1 for all z € (0, 7). Then Az = 0 but formula (2.6.5) would yield
a non-zero series (which is not convergent in X).

Let us denote by A; the diagonalizable operator introduced in Example 2.6.8
(there, this operator was denoted by A). Then clearly A is an extension of Aj.
More precisely, if we denote by V' the space of affine functions on (0,7), then
dimV = 2 and D(A) = D(A;) + V. Hence, the graph G(A) is the sum of G(4;)
and a two-dimensional space. Since A7 is closed, it follows that also A is closed.
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2.7 Strongly continuous groups

An operator T' € L£(X) is called left-invertible if there exists T4 € L£(X) such
that TlgfiT = I. It is easy to see that this is equivalent to the existence of m > 0
such that

ITz|| = mlz] Vze X.
For this reason, left-invertible operators are also called bounded from below.

T € L(X) is called right-invertible if there exists an operator Tri_glht € L(X)

such that TTifglht = I. It is easy to see that this is equivalent to Ran T'= X (i.e.,

T is onto). Indeed, this follows from Proposition 12.1.2 with F' = I.

Definition 2.7.1. Let T be a strongly continuous semigroup on X. T is called left-
invertible (respectively, right-invertible) if for some 7 > 0, T, is left-invertible
(respectively, right-invertible). The semigroup is called invertible if it is both left-
invertible and right-invertible.

Proposition 2.7.2. Let T be a strongly continuous semigroup on X.
If T is right-invertible, then Ty is right-invertible for every t > 0.
If T is left-invertible, then Ty is left-invertible for every t > 0.

Proof. In order to prove the first statement, let 7 > 0 be such that T, is onto. Let
t > 0 and let n € N be such that ¢ < n7. Clearly, T, is onto. Put ¢ = n1t — ¢.
Then from T,,, = T;T. we see that T; is onto, so that the first statement holds.
Let 7 > 0 be such that T, is bounded from below. Let ¢ > 0 and let n € N
be such that ¢ < nr. Clearly, T, is bounded from below. Put ¢ = n7 — ¢t. Then
from T, = T.T; we see that T; is bounded from below. O

Definition 2.7.3. Let X be a Hilbert space. A family T = (T});cr of operators in
L(X) is a strongly continuous group on X if it has properties (1) and (3) from
Definition 2.1.1 and (instead of property (2)) it has the group property:

Ty, =T, T, for every t,7 € R.
The generator of such a group is defined in the same way as for semigroups.

Proposition 2.7.4. Let T be a strongly continuous semigroup on X and assume
that for some 68 > 0, Ty is invertible. Then Ty is invertible for every t > 0 and T
can be extended to a strongly continuous group by putting T_, = T, *.

Proof. The fact that T; is invertible for every ¢ > 0 follows from Proposition 2.7.2.
To verify the group property for the extended family, we multiply the formula
expressing the semigroup property with T_, and/or we take the inverse of both
sides, in order to cover all the possible cases. O

Remark 2.7.5. Note that in the definition of a strongly continuous group, the only
continuity assumption is the right continuity of T;z at ¢ = 0 (for every z € X).
However, using the group property and part (3) of Proposition 2.1.2, it follows that
the function ¢(¢, z) = T;z is continuous on R x X (with the product topology).
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Remark 2.7.6. If T is a strongly continuous group on X, with generator A, then
the family S defined by S; = T_; is another such group, and its generator is —A.
Indeed, let A be the generator of S. For z € D(A) we have

Az = lim %(Stz —z)= lim th(Stz —2)=lim —%('H‘tz —z),

t—0, t>0 t—0,t>0t t—0, t>0

which shows that —A is an extension of A. Similarly, we can show (using also the
previous remark) that —A is an extension of A, so that in fact A = —A.

Remark 2.7.7. Let T be a strongly continuous group on X, with generator A. Then
o(A) is contained in a vertical strip in C. Indeed, let us again denote S; = T_; so
that, by the previous remark, S is strongly continuous group with generator —A.
We know from Proposition 2.3.1 that all s € C with Res > wo(T) are in p(A),
and all s € C with Res > wy(S) are in p(—A). Hence,

—wo(S) < Re A < wyp(T) VAeo(A).

Moreover, by Corollary 2.3.3, (sI — A)~?! is uniformly bounded for s in any right
half-plane to the right of wo(T) and in any left half-plane to the left of —wg(S).

Proposition 2.7.8. Suppose that A : D(A) — X is the generator of a strongly con-
tinuous semigroup T on X, and —A is the generator of a strongly continuous
semigroup S on X. Extend the family T to all of R by putting T_y = S;, for all
t > 0. Then T is a strongly continuous group on X.

Proof. For z € D(A) and t > 0 we compute, using Proposition 2.1.5,

d

ET,: StZ = ATt StZ + Tt(—A)StZ = 0

This implies that T;S;z = z for all t > 0. By a similar argument, S;T;z = z for all
t > 0. Since D(A) is dense in X, we conclude that T; is invertible and its inverse
is S¢. By Proposition 2.7.4, T can be extended to a strongly continuous group in
the manner described in the proposition. O

Remark 2.7.9. If T is a diagonalizable semigroup as in Proposition 2.6.5, then it
is invertible iff inf Re A\, > —oo. In this case, the extension of T to a strongly
continuous group is still given by (2.6.9). All this is easy to verify.

An operator T € £(X) is called isometric if T*T = I. Equivalently, | Tz| =
||| holds for all x € X . A strongly continuous semigroup T on X is called isometric
if T, is isometric for every ¢ > 0. (Requiring that T; is isometric for one ¢ > 0 is
not equivalent.) It is clear that an isometric semigroup is left-invertible. A simple
example of an isometric semigroup will be given in Section 2.8.

An operator U € L(X) is called unitary if UU* = U*U = I. Equivalently, U
is isometric and onto (this characterization of unitary operators avoids refering to
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U*). A strongly continuous semigroup T on X is called unitary if T, is unitary for
every t > 0. It is clear that a unitary semigroup can be extended to a group, which
is then called a unitary group. In Section 3.8 we shall give a simple characterization
of the generators of unitary groups (the theorem of Stone). Three simple examples
of unitary groups will be given in this section.

Remark 2.7.10. If there is in X an orthonormal basis formed by eigenvectors of A,
then T is unitary iff Re A = 0 for all A € o(A). This is easy to check, by expressing
T in terms of its eigenvalues and eigenfunctions, as in (2.6.9).

Example 2.7.11. Take X = L?(R) and for every ¢t € R and z € X define
(Te2)(x) = 2(t + x) VzeR.

Then T is a unitary group, called the bilateral left shift group. (The arguments used
for this example resemble those used for Example 2.3.7.) It is not difficult to verify
that the generator of T is A = <L defined on the Sobolev space D(A) = H!(R),
and we have 0(A) = iR (the imaginary axis).

Now let us consider on X the equivalent norm || - || defined by

0 0o
22 = [ l@Pde+a [ s s

— 00

(with this norm, X is still a Hilbert space). The same group T introduced earlier
will now have (with respect to the new norm) the properties

T =1 for ¢>0, IT, =2 for ¢<O.

Example 2.7.12. The semigroups in Example 2.6.12 are invertible. In particular,
for « = 0 we obtain a unitary group:

(Ti2)(z) = z(t+x) Vaelo,1], teR,

where 4 denotes addition modulo 1. This T is called the periodic left shift group. Its
generator is A = L defined on D(A) = H}(0,1) = {z € H'(0,1) | 2(0) = z(1)},
and o(A) = {2kmi, k € Z}. The eigenvectors of A (given in Example 2.6.12)
become the standard orthonormal basis in X used for Fourier series.

Example 2.7.13. In this example we construct the semigroup associated with the
equations modeling the vibration of an elastic string of length = which is fixed at
both ends. The connection between this semigroup and a one-dimensional wave
equation (also called the string equation) will be explained in Remark 2.7.14.
Denote X = H{(0,7) x L?[0, 7], which is a Hilbert space with the scalar
product
(LD 1%
9|’ lel/ Jy dz

x)i—f(m) dxr + /OTr g1(z)g2(z)de.

—~
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We define A : D(A) — X by

D(A) = [H*(0,7) N Hy(0,7)] x Hy(0, ),
AH - {dé’f} v m € D(A).

) a2z

We denote by Z* the set of all non-zero integers. For n € Z*, denote ¢, (z) =
\/g sin(nx). It is known from the theory of Fourier series that the family (¢, )nen is
an orthonormal basis in L2[0, 7]. This implies that the family (¢, )nez+, defined by

1 iap
bn = % [”:0 ”} VneZ", (2.7.1)

is an orthonormal basis in X. Indeed, it is easy to see that this family is orthonor-
mal in X. If z = [/] € X is such that (z,¢,) = 0 for all n € Z*, then the same is

true for z = [5] (here we have used that ¢,, = —¢_,,). It follows that Re z and
Im z are also orthogonal to ¢,,, for every n € Z*. Since

1
Re<R‘eza¢n> = E<Rega§0n> VneN,

we obtain that Reg = 0. By looking at Re (Im z, ¢,,), we obtain, similarly, that

Im g = 0. Thus, g = 0. By looking at Im (Re z, ¢,,) = \%(d(ld)”;f), 92) for all n € N,
(?ef)

we obtain that is constant. By a similar argument, (Idm 1) is constant. Thus,
f is an affine function. Since f(0) = f(m) = 0, we obtain f = 0. We have shown
that z = 0, so that the family (¢, )nez+ is an orthonormal basis in X.

The vectors ¢,, from (2.7.1) are eigenvectors of A and the corresponding
eigenvalues are A\, = in, with n € Z*. Moreover, it is easy to check that 0 € p(A),
so that A is diagonalizable. According to Remark 2.7.10 the operator A generates
a unitary group T on X. According to Proposition 2.6.5, T is given by

s - gl e

From the above relation it follows that

T > e (4 den + (9, Pn)L2fo,a] | P (2.7.2)
M \f <dx Az / 1a.m

nez*
We shall encounter a generalization of this example in Propositions 3.7.6 and 3.7.7.
The existence of an orthonormal basis in X formed of eigenvectors of A follows
from the abstract theory, but here we have given an elementary direct proof.
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Remark 2.7.14. The interpretation in terms of PDEs of the semigroup constructed
in Example 2.7.13 is the following: For f € H?(0,7) N H§(0,7) and g € HS(0,7),
there exists a unique continuous w : [0,00) — H?(0, ) N H{(0,7) (endowed with
the H?(0,7) norm), continuously differentiable from [0, c0) to H3(0, ), satisfying

0w O%w
W(%t) o 5 (z,1), z e (0,m), t >0,
w(0,t) =0, w(m,t) =0, t €0, 00), (2.7.3)
ow
w(z,0) = f(z), E(m,O) = g(z), x € (0,m).
Indeed, by setting
w(-,t)
E(Vt)

it is easy to check that w satisfies the above conditions iff z is continuous with
values in D(A) (endowed with the graph norm), continuously differentiable with
values in X and it satisfies the equations

) = Az(t) V>0, 2(0) = m .

Since we have shown in Example 2.7.13 that A generates a semigroup on X, we can
apply Proposition 2.3.5 to obtain the existence and uniqueness of z (and conse-
quently of w) with the above properties. Moreover, since the semigroup generated
by A can be extended to a unitary group, it follows that the solution w of (2.7.3)
is defined for ¢t € R and it has the “conservation of energy” property:

Example 2.7.15. In this example we construct the semigroup associated with the
equations modeling the vibrations of an elastic string which is fixed at the end
x = 7 while at the end x = 0 it is free to move perpendicularly to the axis of the
sting, so that its slope is zero. We indicate how this semigroup is related to the
string equation. Since the considerations below are similar to those in Example
2.7.13 and in Remark 2.7.14, we state the results without proof.

Denote

2

ViteR.

s

2
~ ol + |2

L2[O ) ‘ L2[0,7) L2[0,]

HL(0,7) = {f €M (0,7) | f(m) =0} .
Then X = H%L(0,7) x L?[0, 7] is a Hilbert space with the scalar product

<[fl}’[f2}> /o Cilj;l( )ng( )dz + /Oﬂgl(ﬂf)gz(w)dx. (2.7.4)

g1 g2




52 Chapter 2. Operator Semigroups

We define A : D(A) — X by

D(A) = {feHz(Oﬂr)ﬂH}%(O,w) %( 0) = o} x HE(0,7),
(g Een

2
we set ¢, = —p_, and p, = —p_,. Then the family

For n € N, denote ¢, (z) = \/gcos [(n—3)z] and p, =n— 3. If —n €N,

i P10

7%

is an orthonormal basis in X formed by eigenvectors of A and the corresponding
eigenvalues are \,, = ip,, with n € Z*. Moreover, it is easy to check that 0 € p(A),
so that A is diagonalizable. By using Remark 2.7.10 and Proposition 2.6.5 we get
that A generates a unitary group T on X, denoted T, which is given by

nfl] - e ([oden v []ex

nez*

bn = Vnez (2.7.5)

From the above relation it follows that

= 5 e ( (L i§f>L20ﬁ] <9a@n>LHQﬂ> bu- (276)

nez*
The interpretation in PDEs terms of the above semigroup is the following: For
every [ } € D(A), the initial and boundary value problem

0%w 0%w

W(x’t) 52 2(3; t), x € (0,7), t >0,

gw 0,6) =0, w(mt) =0, t € [0,00), (2.7.7)
w(@0) = f@). @) =gl),  we@n)

admits a unique solution
w € C([0,00); H*(0,m)) N C([0, 00); H' (0, 7))
which is given by

E0] -l v fene
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2.8 The adjoint semigroup

Let A : D(A) — X be a densely defined operator (by this we mean that D(A) is
dense in X). The adjoint of A, denoted A*, is an operator defined on the domain

A
wp  [420) <OO}.

D(A") = ye X
2€D(A), 2£0 2]l

Equivalently, y € D(A*) iff the functional z — (Az, y) is bounded. Since D(A) has
been assumed to be dense, this functional has a unique bounded extension to all
of X. By the Riesz representation theorem, there exists a unique w € X such that
(Az,y) = (z,w). Then we define A*y = w, so that

(Az,y) = (2, Ay) VzeD(A), yeDA").

This is similar to the familiar case when A € £(X) and hence A* € L(X).

We denote the orthogonal complement of a subspace V C X by V+. This is
a closed subspace of X (regardless if V' is closed or not). It is easy to verify that
for every densely defined A, the graph of A* (as defined in Definition 2.2.1) is

G(A*) = [_OI (I)} G(A)*t = ([_OI ﬂ G(A))l. (2.8.1)

This implies that the operator A* is closed (see also Rudin [195, pp. 334-335]).

Proposition 2.8.1. If A: D(A) — X is densely defined and closed, then D(A*) is
dense in X and A*™ = A.

Proof. If D(A*) were not dense, then we could find a z € X such that z # 0,
[5] € G(A*)*. According to (2.8.1) and using the fact that G(A) is closed,

oy = |5 gfew,

so that we obtain [?] € G(A), which is absurd.
The formula A** = A follows easily by applying (2.8.1) twice. O

Remark 2.8.2. Let A : D(A) — X be densely defined. Using the definition of A*,
it is easy to check that

(Ran A)+ = Ker A*, (Ran A*)* D Ker A.
If moreover A is closed, then using the fact that A** = A, we obtain

(Ran A*)* = Ker A.
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Remark 2.8.3. If C': D(C)—Y is densely defined in X and closed, and if Y is
finite dimensional, then C' € £(X,Y"). Indeed, according to Proposition 2.8.1, C* is
densely defined in Y, so that in fact C* is defined on all of Y, which implies (since
dimY < oo) that C* € L(Y, X). Since (again by Proposition 2.8.1) C' = C**, we
obtain that D(C) = X and C is bounded.

Proposition 2.8.4. Let A : D(A)— X be a densely defined operator and let s €
p(A). Then s € p(A*) and

[(sI—A)7']" = GI— A", (2.8.2)
Proof. First we show that Ran [(s] — A)~!]* C D(A*) and

(I — AM)[(sI — A7 =1. (2.8.3)
Take f € X and denote z = [(s] — A)’l}* f. For every y € D(A),

(Ay,z) = ((sI = A) " Ay, f) = (s(sI = A7y, ) —(y, [).

Since (sI — A)~! € £(X), the right-hand side above is bounded with respect to y.
By the definition of A*, we obtain that z € D(A*). Moreover,

(Ay,2) = (s, (5T = A7) f) = (0. £) = (sy2) = (. ),

ie, ((sI —A)y,z)=(y,f) for all y € D(A). This implies that (5] — A*)z = f,
so that (2.8.3) holds, in particular sI — A* is onto.

Since p(A) is not empty, we know that A is closed, hence sI — A is closed
and Remark 2.8.2 applies to it:

Ker (5 — A*) = [Ran (sI — A)]* = {0}.

Thus, (5I — A*) is one-to-one, hence it is invertible and we denote its inverse
by (51 — A*)~!. This operator maps X onto D(A*), but we do not know yet
that it is bounded. Applying (51 — A*)~! to both sides of (2.8.3), we obtain that
(2.8.2) holds. In particular, now we see that (5I — A*)~! is bounded, so that
S € p(A"). O

Proposition 2.8.5. Let T be a strongly continuous semigroup on X . Then the family
of operators T* = (T} )i>0 is also a strongly continuous semigroup on X, and its
generator is A*.

Proof. Tt is clear that T* satisfies Tf; = I and the semigroup property (the first
two properties in Definition 2.1.1). We have to prove the strong continuity of the
family T*. For any v € D(A*), w € X and 7 > 0 we have, using Remark 2.1.7,

(T2 = Tv,w) = (v, (T, — Nw) = <1},A/0T ']I‘(,wdo> = <A*v7/07 ']I‘(,wdo>.
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Let M > 1 be such that |T,|| < M for all o € [0,1]. Then the above formula
shows that for 7 <1 we have [((T* — Iv,w)| < M7|A*v| - ||w||, whence

T v — o] < Mr| A% Ve DAY, Telo1]. (2.8.4)

Let ¢ > 0 and z € X. Since D(A*) is dense, we can find v € D(A*) such that
Iz — | < m According to (2.8.4), we can find 7. € (0, 1] such that

IT:w — || < V71<Te.

| ™

Then for 7 < 7. we have
[T72 — 2[| < IT72 — T7ofl + [ T7v — o[ + [lv — ||

€
+- =€

< (M4 D)o -2+ Tro— o) < £ +2

DO ™

This shows that T* is strongly continuous.
It remains to be shown that the generator of T* is A*. Let us denote the
generator of T* by A?. According to Proposition 2.3.1 we have, for every w € X,

(sT — AN~ 1w = / e *'Tywdt for Res > wo(T)
0

(we have used the obvious fact that wo(T*) = wo(T)). On the other hand, taking
the inner product of both sides of the formula in Proposition 2.3.1 with w € X
and replacing s by s, by a simple argument we obtain that

[(EI—A)*l}*w:/ e *'Tywdt for Res > wy(T).
0

The last two formulas show that (sI — A%)~! = [(5] — A)*l]*. According to
Proposition 2.8.4, for Res > wy(T), we have (sl — A%)~! = (sI — A*)~!. This
shows that A9 = A*. O

The semigroup T* appearing above is called the adjoint semigroup of T.
For the following proposition, the reader should recall the concepts of Riesz
basis, biorthogonal sequence and diagonalizable operator, discussed in Section 2.6.

Proposition 2.8.6. Let A : D(A) — X be a diagonalizable operator. Let (¢y) be a
Riesz basis consisting of eigenvectors of A, let (q@k) be the biorthogonal sequence to
(¢r) and denote the eigenvalue corresponding to the eigenvector ¢p by Ap. Then
A* is a diagonalizable operator with the eigenvectors ¢y, and eigenvalues \j.

Proof. Using the representation of A from Proposition 2.6.3, taking the inner
product of both sides with ¢y, we obtain

(Az, ¢1) = Melz, d) Yz e D(A). (2.8.5)
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This shows that (;3;@ € D(A*) and A*qﬁk = )\_kqgk We know from Section 2.6 that
(¢x) is a Riesz basis in X . Finally, we know from Proposition 2.8.4 that p(A*) is
not empty. Thus, A* is diagonalizable. O

The last proposition, together with Proposition 2.6.3, implies that if A is
diagonalizable, then

D(AY) = {z eX

Z (14 &) [z, 0002 < oo} ,
keN
Az = Nz ) V2 € D(A).

keN
In particular, if A = diag (\x) (see Section 2.6), then A* = diag (\g).

Example 2.8.7. We list the adjoints of most of the semigroups encountered in
earlier examples. We leave it to the reader to verify that these are indeed the
corresponding adjoint semigroups and their generators.

For the unilateral left shift semigroup of Example 2.3.7, the adjoint semigroup
is the unilateral right shift semigroup from Example 2.4.5. The unilateral right
shift semigroup is isometric. Let us denote by A the generator of the unilateral
left shift, then the generator of the unilateral right shift (given in Example 2.4.5)
is A*. Thus, in this case, A is an extension of —A* (but o(A*) = o(A), a left
half-plane).

For the vanishing left shift semigroup on L?[0, 7] discussed in Example 2.3.8,
the adjoint is the vanishing right shift semigroup:

zx—t) if 2 —t>0,

0 else,

(T;2)(z) = {

with generator

d
dz’
The adjoint of the heat semigroup on L?(R) introduced in Example 2.3.9 is
the same semigroup (and hence A* = A). The same is true for the heat conduction
semigroups on L2[0, 7] discussed in Examples 2.6.8 and 2.6.10.
The semigroups in the examples of Section 2.7 are unitary, hence their adjoint
semigroups are the same as their inverse semigroups and thus the corresponding
generators are —A. There is no need to write down formulas.

A* = D(A*) = {z € H*(0,7) | 2(0) = 0}.

2.9 The embeddings V C H C V'’

In this section we explain what it means that two Hilbert spaces are dual with
respect to a pivot space. This concept plays an important role in the theory of
PDEs as well as in the theory of infinite-dimensional linear systems.
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Definition 2.9.1. If V and Z are Hilbert spaces, then an operator J € L(V, Z) is
called an isomorphism from V to Z, also called a unitary operator from V to Z,
if J*J =TI (the identity on V) and JJ* = I (the identity on 7).

It is easy to verify that J € L(V,Z) is unitary iff (a) ||Jv|| = |Jv|| for all
v € V (this property means that J is isometric) and (b) Ran J = Z. Note that
the isometric property of J is equivalent to

(Jv, Jw)yz = (v,w)y YoweV.

For J as in the last definition, usually we employ the term “isomorphism” when
we intend to identify the spaces V and Z, and we use the term “unitary operator”
otherwise. Both situations will arise in this section.

For any Hilbert space V', we denote by V” its dual (the space of all bounded
linear functionals on V). We denote by (p, z)v,y+ the functional z € V' applied to
p € V, so that (¢, z)yy is linear in ¢ and antilinear in z (similarly to the inner
product on a Hilbert space). We define the pairing also in reversed order:

(z,0)viv = (@ 2)vv,
so that again, the pairing is linear in the first component. The norm on V’ is

lzllv: = sup Iz, 0)v/ v VzeV'.
peV, [lollv<l

For V and V' as above, there is a natural operator Jg : V — V' defined by

(o, JrRV)v,v = (p,v)v VouveV.

According to the Riesz representation theorem, this Jg is an isomorphism (this
has been discussed in Section 1.1). Often, but not always, we identify V with V’,
by not distinguishing between v and Jrv (for all v € V).

We denote by V" the bidual of V, which is the dual of V’. Clearly, J3 is
an isomorphism from V' to V”. The isomorphism J% is “more natural” than Jg,
in the sense that it can be generalized to many Banach spaces (called reflexive
Banach spaces), while the isomorphism Jg is specific to Hilbert spaces. For any
Hilbert space V , we identify V. with V"', by not distinguishing between v and Jf%v.

If V and H are Hilbert spaces such that V' C H, we say that the embedding
V C H is continuous if the identity operator on V is in £(V, H). Equivalently,
there exists an m > 0 such that ||v||g < m/|v|]y holds for all v € V.

Proposition 2.9.2. Let V and H be Hilbert spaces such that V- C H, densely and

with continuous embedding. Define a function || - ||« on H by

Izl = sup [(z,0)n] VzeH.
eV, llglvst
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Then || - ||+ is a norm on H. Let V* denote the completion of H with respect
to this norm. Define the operator J : V* — V' as follows: For any z € V*,

<JZ7()0>V',V = lim <Zn7§0>H v‘ﬂ € Va
n — oo
where (z,) is a sequence in H such that z, — z in V*.
Then J is an isomorphism from V* to V'.

Proof. Tt is easy to show that || - ||« is a norm on H. It is also easy (but tedious)
to prove that the definition of (Jz, p)y+ v is correct; i.e., the limit exists and it is
independent of the choice of the sequence (z,), as long as z, — z in V*.

Let us show that Jz € V'; i.e., (Jz, o)y v depends continuously on ¢ € V.
From the definition of || - ||« we see that

[z, 0)ul < lzlls - llellv VzeH peV.
This implies that for any z € V* and any ¢ € V,
[(Jz,@)vrv| = limn oo [(2n,9)H|
< limp oo fl2nll - llellv = 120+ - llellv -

This shows that Jz € V' and, moreover, ||Jz|v: < [|z]«, so that J € L(V*, V).
It is clear from the definition of J that

(Jz,o)viv = (z,0)H VzeH, eV, (2.9.1)
hence ||Jz||v: = ||z||« for all z € H. Since H is dense in V* and J is continuous,
we conclude that ||Jz||y = ||z||« remains valid for all z € V*.

It remains to show that J is onto. For this, it is enough to show that Ran J
is dense in V' (because the previous conclusion implies that Ran J is closed). If
Ran J were not dense, then we could find ¢ € V” = V such that ¢ # 0 and
(Jz, o)y v = 0 for all z € V*. Choose z = ¢, then according to (2.9.1) we get
(Jo,0)viv = ||¢ll% > 0. This contradiction shows that Ran .J is dense, so that
J is an isomorphism from V* to V. g

In what follows, if V, H and V* are as in the last proposition, then we identify
V* with V', by not distinguishing between z and Jz (for all z € V*). Thus, we
have
VcHcCV,

densely and with continuous embeddings. When V' is identified with V* (as
above), then we call V' the dual of V with respect to the pivot space H. Also,
the norm || - ||« on H defined as in the last proposition is called the dual norm of
| - lv with respect to the pivot space H. We shall often need these concepts.

We mention that V is uniquely determined by V’: it consists of those ¢ €
H for which the product (z, )y, regarded as a function of z, has a continuous
extension to V’'. We also call V' the dual of V' with respect to the pivot space H.
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Proposition 2.9.3. Let V and H be Hilbert spaces such that V C H, densely and
with continuous embedding, and let L € L(H). We denote by V' the dual of V
with respect to the pivot space H.

(1) If LV C V, then the restriction of L to V is in L(V).

(2) If L*V C V, then L has a unique estension L € L(V).

Proof. To prove (1), we notice that as an operator from V to V, L is closed (we
have used the continuous embedding of V' into H). Therefore, by the closed-graph
theorem, L is bounded as an operator from V to V.

Now we prove (2). To avoid confusion, we use a different notation, namely
L4, for the restriction of L* to V. We use (1) to conclude that L¢ € £(V). Hence,
L% ¢ L(V') (see (1.1.5)). We claim that L% is an extension of L; i.e., L™z = Lz
holds for all z € H. For this, it will be enough to show that

<Ld*z,§0>v/7v = <LZ7(,0>V/)V VzeH, (NS V.

It is clear from (2.9.1) that the right-hand side above can also be written as
(Lz, @) . Hence, the formula that we have to prove can be rewritten as

(z, LYYy v = (Lz,o)n VzeH, peV.

Applying once more (2.9.1), this time to the left-hand side above, we obtain an
equivalent identity which is obviously true. Thus, L = L% is an extension of L.
The uniqueness of L follows from the density of H in V. O

2.10 The spaces X; and X_;

Here we introduce the spaces X1 and X_1, which are important in the theory of
unbounded control and observation operators. X will denote a Hilbert space.

Proposition 2.10.1. Let A : D(A) — X be a densely defined operator with p(A) # 0.
Then for every B € p(A), the space D(A) with the norm
Izl = (8] — A)z]| VzeD(A)

is a Hilbert space, denoted X1. The norms generated as above for different 3 € p(A)
are equivalent to the graph norm (defined in (2.2.1)). The embedding X1 C X is
continuous. If L € L(X) is such that LD(A) C D(A), then L € L(X).

Proof. The fact that p(A) # () implies that A is closed, hence D(A) is a Hilbert
space with the graph norm || - ||g» defined in (2.2.1). We show that for every
B € p(A), ||| is equivalent to ||- |4 It is easy to see that for some ¢ > 0 we have

21l < cllzllgr vz e D(A).
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The proof of this estimate uses the fact that (a + b)? < 2(a? + b?) holds for all
a,b € R. To prove the estimate in the opposite direction, we use again this simple
fact about real numbers, as follows:

215, = ll=l? +11(B] — A)z — Bz]]?
< lzl? + 2 (181 = A)=[1* + B2|I2]) -
From here, using the estimate
Izl < MBI =AY - (B = A)z]), (2.10.1)

we obtain that ||z]/4- < k|/2]|1 for some k& > 0 independent of z € D(A). Thus we
have shown that the various norms || - |1 are equivalent to | - || gr-

The continuity of the embedding X; C X follows from (2.10.1).

Now consider L € £(X) such that L maps D(A) into itself. Then by part (1)
of Proposition 2.9.3 we have that L is continuous on Xj. O

Let A be as in Proposition 2.10.1, then clearly A* has the same properties.
Thus, we can define X{ = D(A*) with the norm

Iz = ||(BI — A)z|| V 2 € D(A*),

where 3 € p(A*), or equivalently, 3 € p(A), and this is a Hilbert space.

Proposition 2.10.2. Let A be as in Proposition 2.10.1 and take 8 € p(A). We
denote by X _1 the completion of X with respect to the norm

lzll-1 = [|(BI — A)~'2|| VzeX. (2.10.2)

Then the norms generated as above for different 5 € p(A) are equivalent (in par-
ticular, X_1 is independent of the choice of 3). Moreover, X 1 is the dual of X{
with respect to the pivot space X (as defined in the previous section).

If L € L(X) is such that L*D(A*) C D(A*), then L has a unique extension
to an operator L € L(X_).

Proof. Choose the same 3 to define the norm on X{ (we know from the previous
proposition, applied to A*, that the choice of 3 in the definition of | - ||¢ is not
important). For every z € X we have, using Proposition 2.8.4,

I(BI = A)~ 2l = sup  [{(B] — A)~ 2, 2)|

weX, [z)<1

2] -1

= sup |<z7(BI—A*)*1x>|
zeX, [lz|<1

= sup [z, 9)|.
peX{, llellf<1
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This shows that the norm || -||_; is the dual norm of || -||¢ with respect to the pivot
space X. Since || - ||{ changes into an equivalent norm if we change 3 (according
to the previous proposition), the same is true for || - ||—1. It follows that X_; is

independent of 4 and it is the dual space of X with respect to the pivot space X.

The statement concerning L now follows from part (2) of Proposition 2.9.3. O

At the end of this section we shall determine the space X_; for several
examples of semigroup generators.

For the following proposition, recall the concept of a unitary operator between
two Hilbert spaces, introduced at the beginning of the previous section.

Proposition 2.10.3. Let A : D(A) — X be a densely defined operator with p(A) # 0,
let 3 € p(A), let X1 be as in Proposition 2.10.1 and let X 1 be as in Proposition
2.10.2. Then A € L(X1,X) and A has a unique extension A € L(X,X_1). More-

over,

(BI—A)heL(X, X1),  (BI-A)"eL(X 1,X)

(in particular, B € p(A)), and these two operators are unitary.

Proof. From the definition of ||z||; it is clear that (8 — A) € L£(X1,X) (it is
actually norm-preserving). Since X7 is continuously embedded in X, it follows
that also A € £(X1, X), as claimed. By a similar argument, A* € £L(X{, X). Let
us denote by A the adjoint of A* € L(X?, X), so that (according to the previous
proposition) A € £(X,X_1). (Here, we identify X with its dual.) We claim that
A is an extension of A. Indeed, this follows from

(Az,q)x_, xg = (A7) x = (Az,q)x VzeD(A), g€ D(AY),

which shows that Az = Az for all z € D(A). The uniqueness of an extension of A
to X follows from the fact that D(A) is dense in X.

Denote R = (31 — A)~! € L(X, X1). We have
[Rz]| = [[z]| -1 VzeX,

which shows that R has a unique extension R € L(X_1,X), and R is norm-
preserving. From the formulas

(BI — A)Rz = z = R(BI — A)z Yz € D(A)

and the fact that D(A) is dense in X (and hence also in X_1), we conclude that in
fact the above formulas hold for every z € X. Thus, 3 € p(A) and (31— A)~! = R.

We have seen earlier that (61 — A)~! € £(X_1,X) is norm-preserving. It
is easy to see that also (81 — A)~! € £(X, X;) is norm-preserving. Since these
operators are obviously invertible, it follows that they are unitary. O
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Suppose that A is the generator of a strongly continuous semigroup T on
X. It follows from Propositions 2.10.1 and 2.10.2 that~ for every t > 0, T; has a
restriction which is in £(X;) and a unique extension T; which is in £(X_1). We
now show that these new families of operators are similar to the original semigroup.

Proposition 2.10.4. We use the notation from Proposition 2.10.3, and assume that
A generates a strongly continuous semigroup T on X. The restriction of Ty to
X1 (considered as an operator in L(X1)) is the image of Ty € L(X) through the
unitary operator (B1—A)~ € L(X, X1). Therefore, these operators form a strongly
continuous semigroup on X1, whose generator is the restriction of A to D(A?).

The operator Ty € L(X_1) is the image of Ty € L(X) through the unitary op-
erator (81 — fl) € L(X, X_1). Therefore, these extended operators form a strongly
continuous semigroup T = (']NI})@O on X_1, whose generator is A.

Proof. The fact that T: (considered as an operator in £(X;)) is the image of
T; € £(X) through the unitary operator (31 — A)~! € L(X, X;) can be written
as follows:

Tiz = (B — A)"'Ty(BI — A)z Vze Xy,

which is obviously true. The corresponding statement for T, reads
Tz = (B — A)Ty(BI — A)~'z Vze X,

and this is also easy to check by first considering z € X and then using the density
of X in X_1. The generators of the two new semigroups are the images of the old
generator A through the same two unitary operators. 0

In what follows, we denote the restriction (extension) of T; described above
by the same symbol Ty, since this is unlikely to lead to confusions. Similarly, the
operator A introduced in Proposition 2.10.3 will be denoted by A.

Remark 2.10.5. The construction of X; and X_; can be iterated, in both direc-
tions, so that we obtain the infinite sequence of spaces

"'CXQCX1CXCX_1CX_2C"',

each inclusion being dense and with continuous embedding. For each k € Z, the
original semigroup T has a restriction (or an extension) to X which is the image
of T through the unitary operator (3 — A)™F € L(X, X}). The space X_» occa-
sionally arises in the proof of theorems in infinite-dimensional systems theory. We
are not aware of the occurence of higher order extended spaces.

Remark 2.10.6. As we have explained before Proposition 2.10.2, in the construc-
tion of X; we may replace A with A* and 3 with 3, obtaining the space X{.
Similarly, in the construction of X_;, we may replace A with A* and 3 with g,
obtaining a space denoted by X?,. For these spaces, we obtain similar results
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as in the last two propositions (with the adjoint semigroup T* in place of T). In
particular,

XicXxcxd,
densely and with continuous embeddings. As before, we denote the extensions of

A* and of T} (to X and to X?,) by the same symbols, so that A* € L(X, X%,).
Note that X, is the dual of X; with respect to the pivot space X.

Example 2.10.7. We determine here the spaces X_; and X fl for the unilateral
left shift semigroup from Example 2.3.7, so that X = L?[0,00), A = % and
D(A) = H'(0,00). As mentioned in Example 2.8.7, we have D(A*) = {z €
H(0,00) | 2(0) = 0} = H{(0,00). According to Proposition 2.10.2, X_; is the
dual of X{ = D(A*) with respect to the pivot space X. According to Definition
13.4.7 in Appendix II, X_; = H (0, c0). From Proposition 2.3.1 we have

[(I-A4)""2] (z) = /OOO e tz(x +t)dt Vze X,

and the norm ||z||_; (corresponding to 8 =1 in (2.10.2)) is of course the L?-norm
of the above function. We are not aware of any simpler way to express this norm.
The space X%, is the dual of D(A), so that X4, = (Hl(O oo))/. To express

the norm |[|z||2, we note that [(I — A*)~ = J,e dt (see Example
2.4.5). Applying the Fourier transformatlon .7-' we obtain
a2 I(F=2) (O
4 X.
(=it = 5 [ 1220 ze

Example 2.10.8. We consider the heat semigroup from Example 2.3.9, so that
X = L*(R), A = L, D(4) = H2(R) and, as mentioned in Example 2.8.7, A* = A.
According to Proposition 2.10.2, X _; is the dual of X{ = H?(R) with respect to
the pivot space L?(R). According to Theorem 13.5.4 in Appendix II, H?(R) =
H3(R) so that (using Definition 13.4.7 from Appendix II) X_; = H%(R). The
norm on X _1 can be expressed in terms of the Fourier transform as follows:

-1 2 R (]. + 52)2
This corresponds to taking § =1 in (2.10.2).

Example 2.10.9. If X = /2 and A is diagonal, as in Example 2.6.6, so that (Az); =
A2k, then it is easy to verify (using (2.6.10)) that for any fixed § € p(A),

2 |z;€|2
92 = Y o Ve

It follows that X_; is the space of all the sequences z = (zj) for which

de.

S T < o
keN 1+ |\ |2 '

Moreover, the square root of the above series gives an equivalent norm on X _.
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Proposition 2.10.10. Let A : D(A) — X be the generator of a strongly continuous
semigroup T on X. If z € X is such that for some e > 0

Tz — =z
t

sup
te(0,e)

< o0,

then z € D(A).

Proof. Denote x, = n(T1z — z), then (zn) is a bounded sequence in X by as-
sumption. By Alaoglu’s theorem (see Lemma 12.2.4 in Appendix I), there exists
a subsequence (x,, ) that converges weakly to a vector zp € X, as in (12.2.3). On
the other hand, it follows from Proposition 2.10.4 that limx, = Az in X _;. Since
(by Proposition 2.10.2) X_; is the dual of X{ with respect to the pivot space X,
it follows that

11H1<£Cn7(p> = <A2790>X,17X1d VSDEXf
Comparing this with (12.2.3), we see that

(o, 0)x_, x¢ = (Az,0)x_, x¢ Ve Xi,

whence g = Az, so that Az € X. Take 8 € p(A), then we obtain (8 — A)z € X,
which clearly implies that z € D(A). O

Remark 2.10.11. In this book, when we work with a semigroup T acting on a
state space X, then by default we identify X with its dual X’ (see the text after
(1.1.4)). However, sometimes it is more convenient not to do this. For example, if
T is defined on the Sobolev space X = H (), where  is a bounded open set
in R™, then our intuition may be better tuned to regard X’ = H}(Q) as the dual
space, which corresponds to duality with respect to the pivot space L?(2). This
also corresponds better to arguments involving integration by parts. (We refer the
reader to Section 13.4 in Appendix II for the definitions of these Sobolev spaces.)

The material in the Sections 2.8 to 2.10 can be adjusted easily for the situa-
tion when X is not identified with X’ (however, we always identify X" with X).
Then the adjoint of an operator A : D(A) — X, where D(A) is dense in X, is a
closed operator A* : D(A*) — X', where D(A*) C X'. If A generates a semigroup
T on X, then A* generates the adjoint semigroup T* on X’. The spaces X{ and
X%, (see Remark 2.10.6) are such that

Xtc X' cx4,. (2.10.3)

To understand the relationship between the spaces in (2.10.3) and the spaces
X; € X C X_1, we need to generalize the concept of duality with respect to a
pivot space (from Section 2.9) as follows.

Suppose that V and H are Hilbert spaces such that V' C H, densely and with
continuous embedding. We do not identify H with its dual H’. Then the dual of
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V' with respect to the pivot space H is the completion of H' with respect to the
norm

Izlle = sup [z, 0)mm] VzeH.
eV, llellv<t

After this generalization, we may regard X%, as the dual of X; with respect
to the pivot space X, and similarly we may regard X _; as the dual of X{ with
respect to the pivot space X'.

2.11 Bounded perturbations of a generator

In this section, A : D(A) — X is the generator of a strongly continuous semigroup
T on X and P € £(X). Our aim is to show that also A+ P is the generator of a
strongly continuous semigroup on X. We call P a perturbation of the generator.

Lemma 2.11.1. Suppose that w € R and M > 1 are such that

T < Me** Vit>0. (2.11.1)
Then for a = w + M]||P|| we have C, C p(A+ P).
Proof. For every s € p(A) we have the factorization

sI —A—P = (sI — A)I — (s —A)~'P]. (2.11.2)

According to Corollary 2.3.3 we have [|(s] — A)71|| < Re]‘;f_w for all s € C,,. Thus,

for s € C, we have ||(s] — A)~!'P|| < 1. This implies, according to Lemma 2.2.6,
that the second factor on the right-hand side of (2.11.2) has a bounded inverse.
Since now s € p(A), it follows that for s € C, we have s € p(A + P) and

(sI —A—P)y ' =[I—(sI—A) P sl — A~ . O

Theorem 2.11.2. Assume again (2.11.1) and put o = w + M||P||. Then A+ P :
D(A) — X is the generator of a strongly continuous semigroup TY satisfying

T || < Meot Vi>0. (2.11.3)

Proof. We define the sequence of families of bounded operators (S™) acting on X
by induction: SY = T, (for all t > 0) and for all n € N,

t
Stz = / Tt_UPSZ_lzda Vze X, t>0.
0

It is easy to check that these families of operators are strongly continuous, meaning
that lim; ¢, Sfz = S} z for all tg > 0, z € X and n € {0,1,2,...}.
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It is easy to show by induction that

n

t
ISPl < M"Y P|" et — VneN, t>0. (2.11.4)
n:

This implies that the following series is absolutely convergent in £(X):
=y st Vi>0. (2.11.5)
Indeed, we have

(M P t
||Tt | < Me wtz || ||) MewteMHPHt’

and this also shows that the family T satisfies (2.11.3). Moreover, it follows from
the estimates (2.11.4) that the series in (2.11.5) converges uniformly on bounded
intervals. This uniform convergence, together with the strong continuity of the
terms S”, implies that the family of operators T* is strongly continuous.

Let us show that the family of operators T satisfies the integral equation
t
sz :Tﬂ—&—/ Tt_UPszda Vze X, t>0. (2.11.6)
0

Indeed, this follows from

T! z_thJrZ/ T;_ o PS?™ lzdo—'ﬂ‘tz—&-/ T, UPZS” 12do,

n=1

where we have used the local uniform convergence of the series in (2.11.5)

It is easy to see that for every z € X, the function ¢ — T}z has a Laplace
transform defined (at least) for all s € C,, so that we can define R(s) € L(X) b,

R(s)z:/ et TP zdt Vze X, seC,.
0

If we apply the Laplace transformation to (2.11.6) and use Proposition 2.3.1, we
obtain that for s € C,, R(s)z = (sI — A)~ 'z + (sI — A)"'PR(s)z. This shows
that Ran R(s) C D(A). From the last formula we get by elementary algebraic
manipulations that for s € C,, (sI —A— P)R(s) = I. Since according to Lemma
2.11.1 we have C, C p(A + P), it follows that

R(s) = (s — A— P)~! VseCq. (2.11.7)
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Let us show that the family T? satisfies the semigroup property. For 7 > 0
fixed, we have, from (2.11.6), that for every ¢t > 0 and every z € X,

T t+7
T, .z = Teyrz + Tt/o T, o PTE2do + / Tirr—oPTE 2do

T t+1
=T, (’H‘Tz +/ TT_UPszdc;') —|—/ Tt+T_UPT52’dO',
0 T

whence

t
TF .2 = T,TF 2 +/O Ty, PT},  zdpu. (2.11.8)

For s € C, we define Q(s) € L(X) by applying the Laplace transformation to the
function ¢ — T{, 2

Q(s)z = / e STy zdt vVze X, seC,.
0
A computation that is very similar to the one leading to (2.11.7) (and using
(2.11.8)) shows that
Q(s) = (sI — A—P)~'TF VseCq.
Since the continuous function ¢ — TF, 2 is uniquely determined by its Laplace
transform (see Proposition 12.4.5), the above formula with (2.11.7) yields
T, = T{TE.
Thus we have shown that T is a strongly continuous semigroup on X, and it

satisfies the estimate (2.11.3). From Proposition 2.3.1 and from (2.11.7) we see
that the generator of this semigroup is A + P. O

The above proof could be shortened by using the Banach space version of
the Lumer—Phillips theorem; see, for example, Pazy [182, pp. 76-77]. The Hilbert
space version of the Lumer—Phillips theorem will be given in Section 3.8. There are
many references discussing unbounded perturbations of semigroup generators, and
several such perturbation results can be found in the books on operator semigroups
that were cited at the beginning of this chapter.

Remark 2.11.3. With A and P as above, it is easy to verify that
(s —A—P) ' —(sT—A)' = (s —A)'P(sI - A—P)*
=(sI—A—P)'P(sI — A)~! Vsep(A+ P)np(A).
These formulas imply that the following norms are equivalent on X:
lollos = (BT = A2, 2Py = (BT — A= P)~'2],

where 5 € p(A4) N p(A + P). Hence, the space X_; with respect to A (see Section
2.10) is the same as with respect to A + P. However, D(A?) is in general different
from D((A + P)?), and also the X _5 spaces are in general different.






Chapter 3

Semigroups of Contractions

A strongly continuous semigroup T is called a contraction semigroup if ||T¢|| < 1
for all £ > 0. This chapter is a continuation of the previous one: we present basic
facts about unbounded operators and strongly continuous semigroups on Hilbert
spaces, but now the emphasis is on contraction semigroups and their generators,
which are called m-dissipative operators. We also discuss other important classes
of operators (self-adjoint, positive and skew-adjoint operators) that arise as gener-
ators or as ingredients of generators of contraction semigroups. We also investigate
some classes of self-adjoint differential operators: Sturm—Liouville operators and
the Dirichlet Laplacian on various domains in R”.

The notation is the same as in Chapter 2. Our main references for contraction
semigroups are Davies [44], Hille and Phillips [97] and Tanabe [213]. For self-adjoint
operators and for the Dirichlet Laplacian our sources are also Brezis [22], Courant
and Hilbert [37], Rudin [195] and Zuily [246].

3.1 Dissipative and m-dissipative operators
Definition 3.1.1. The operator A : D(A) — X is called dissipative if
Re(Az,z) <0 VzeD(A).

We are interested in dissipative operators for the following reason: If T is a
contraction semigroup on X, then its generator A is dissipative and Ran (I —A) =
X. Conversely, every operator A with these properties generates a contraction
semigroup on X. This will follow from the material below and from Section 3.8.
The dissipativity of an operator is often easy to check, so that we have an attractive
way of establishing that certain PDEs have well-behaved solutions.

Proposition 3.1.2. The operator A : D(A) — X is dissipative if and only if
AL — A)z|| = A||z]| VzeD(A), A€ (0,00), (3.1.1)

69
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which is further equivalent to
(s — A)z|| = (Res)|z]| VzeD(A), seCy. (3.1.2)
Proof. If A is dissipative, then (3.1.1) holds, because for z and A as in (3.1.1),
1AL = A)2]* = N?|[2]|* — 2ARe (Az, 2) + [ A2]* > N?1z]]*.
Conversely, if (3.1.1) holds, then, for all A > 0, we have

A2[2]f* = I(A — A)=|”

< 0.
2\ <0

1
Re(Az, z) — ﬁ||AZ||2 =

For A — oo we obtain that A is dissipative.

Finally, we show that (3.1.1) and (3.1.2) are equivalent. Indeed, it is obvious
that the second implies the first. Suppose (3.1.1) holds and let s € Cyp, so that
s = A+iw for some A > 0 and w € R. Since A is dissipative, so is A —iwl. Writing
(3.1.1) with A —iwI in place of A, we get (3.1.2). O

Proposition 3.1.3. Let A : D(A) — X be dissipative, with D(A) dense in X. Then
A has a closed extension, which is again dissipative.

Proof. One such extension (possibly not the only one) is the operator A whose
graph is the closure of the graph of A. Thus, zg € D(A®) iff there is a sequence
(2n) in D(A) such that z, — zo and Az, —y for some y € X. In this case, we put
Aclzy = y. To verify that this definition of A makes sense, we must check that
A°lzy is independent of the sequence (z,). Suppose that there is another sequence
(21)) in D(A) with z], — zp and Az}, — v for some v € X. Put §,, = 2, — z],, then

0, — 0 and A6, —y — v. For every 1) € D(A) and every s € C, we have

i (A(W -+ 58,). 9+ 552) = (A, 0) + s{y — v,
The real part of the left-hand side must be < 0. Since this is true for every s € C,
we obtain that (y — v,4) = 0. Since this is true for all ¢ € D(A) and D(A) is
dense, we get iy = v. Thus, the definition of A° makes sense. Clearly, A° is closed.
Now we show that A is dissipative. If zg € D(A), then there exists a
sequence (z,,) in D(A) with z, — 2y and Az, — Az,. We have Re (A2, zp) =
lim,, _, o Re (Az,, 2,) < 0. Since Re (Az,, z,) < 0, A% is dissipative. O

The operator A constructed in the above proof is called the closure of A.
Obviously, A% is closed, so that it is equal to its own closure. Not every unbounded
operator has a closure, and the first part of the above proof was devoted to showing
that under the given assumptions, A has a closure.

Lemma 3.1.4. Let A be a closed and dissipative operator on the Hilbert space X .
Then for every s € Co, Ran (sI — A) is closed in X.
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Proof. Let (fn) be a sequence in Ran (sI — A) = (sI — A)D(A), with f, — f in
X. Then there exists a sequence (z,) in D(A) such that

82n — Azp = fn Vn>1. (3.1.3)

The convergence of (fy,) and (3.1.2) imply that z, — z in X. Moreover, (3.1.3)
implies that Az, — sz — f in X. Since A is closed, it follows that z € D(A) and
Az = sz — f, so that f € Ran (sI — A). O

Lemma 3.1.5. Let A: D(A) — X be dissipative and closed. Then for each s € Co,
the operator A has a dissipative extension A such that

Ran (s] — A) = X.

Proof. Take s € Cy and let us denote Ny = [Ran (s — A)]J‘. We claim that
N;ND(A) = {0}. Indeed, if v € Ny N D(A), then

0= {(sI — A)v,v) = s||v||* = (Av,v).

Taking real parts, we obtain 0 > (Re s)|v||?, which implies v = 0.

Now define D(A) = D(A) + N, and

A(z+v) = Az —3v VzeD(A), veN;,.
We check that A is dissipative. Indeed, for z,v as above,
Re (A(z+v),z+v) = Re(Az,z) —Re ((sI — A)z,v) — (Res)||v]|*> <0,

since ((sI — A)z,v) = 0. We check that Ran (sI — A) = X. Indeed, for z € D(A)
and v € N, we have

(sI —A)(z+v) = (s — A)z+ (s+35)v. (3.1.4)

By Lemma 3.1.4, Ran (sI — A) is closed, so that every point € X can be
decomposed as x = (s — A)z + u for some z € D(A) and some v € N,. This,
together with (3.1.4), implies that Ran (s — A) = X. O

Note that this lemma implies the following: If A € £(X) is dissipative, then
Ran (sI — A) = X for all s € Cy.

Proposition 3.1.6. Let A : D(A) — X be dissipative and such that Ran (sI — A) =
X for some s € Cy. Then D(A) is dense in X.

Proof. Let f € X be such that (f,v) = 0 for all v € D(A). Since sI — A is onto,
there exists vg € D(A) such that svg — Avg = f. Hence

0 = Re(f,v0) = (Res)|vol* — Re (Avo, vo) > (Res)||vo*.

Thus vo = 0, so f =0, so that D(A) is dense. O
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Theorem 3.1.7. Let A : D(A)— X be dissipative. Then the following statements
about A are equivalent:

(1) Ran (sI — A) = X for some s € Cy.

(2) Ran (sI — A) =X for all s € Cy.

(3) D(A) is dense and if A is a dissipative extension of A, then A = A.

Proof. (3) = (2): Suppose that (3) holds, so that in particular D(A) is dense. By
Proposition 3.1.3, A has a closed and dissipative extension A°. By (3) we have
A = A, so that A is closed. Now take s € Cy. By Lemma 3.1.5 there exists a
dissipative extension of A, denoted A, such that Ran (sI — A) = X. But according
to (3) we must have A = A, so that Ran (sI — A) = X. Thus, (2) holds.

(2) = (1): This is trivial.

(1) = (3): If (1) holds, then, by Proposition 3.1.6, D(A) is dense. Let A be
a dissipative extension of A and take z € D(A). By (1) there exists v € D(A) such
that (sI — A)v = (sI — A)z, whence (sI — A)(z —v) = 0. By (3.1.2) we have

0 =|/(sI —A)(z—v)|| > (Res)||lz —v],
so that z = v. Hence, D(A) = D(A), so that A = A. 0

Definition 3.1.8. A dissipative operator is called mazimal dissipative (for brevity,
m-dissipative) if it has one (hence, all) the properties listed in Theorem 3.1.7.

Proposition 3.1.9. For A:D(A)— X, the following statements are equivalent:

(a) A is m-dissipative.
(b) We have (0,00) C p(A) (in particular, A is closed) and

1

(AT — A7 < X Ve (0,00). (3.1.5)
(¢) We have Cy C p(A) (in particular, A is closed) and
1
I-A)Y € =— Co. 1.
[T A7 < g YseC (3.1.6)

Proof. (a) = (c): From Theorem 3.1.7 we know that for all s € Cy we have
Ran (sI — A) = X. From (3.1.2) we see that for all s € Co, (sI — A)~! is a
bounded linear operator on X satisfying (3.1.6).

(¢) = (b): This is trivial.

(b) = (a): Clearly (b) implies that (3.1.1) holds, so that, by Proposition
3.1.2, A is dissipative. Clearly, (b) also implies that Ran (A[—A) = X for all A > 0.
Thus, A satisfies statement (1) from Theorem 3.1.7, so that it is m-dissipative. O

Proposition 3.1.10. If A: D(A) — X is m-dissipative, then A* is m-dissipative.

Proof. We know from Proposition 3.1.6 that D(A) is dense, so that A* exists. From
(3.1.5) and Proposition 2.8.4 we see that (0,00) C p(A*) and [|(A] — A*)7| < ¢
for all A > 0. According to Proposition 3.1.9, A* is m-dissipative. g
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Proposition 3.1.11. Let A : D(A) — X be a densely defined dissipative operator.
Then A is m-dissipative if and only if A is closed and A* is dissipative.

Proof. Suppose that A is m-dissipative. According to Proposition 3.1.9, A is closed
and according to Proposition 3.1.10, A* is m-dissipative.

Conversely, suppose that A is closed and A* is dissipative. According to
Lemma 3.1.4, Ran (I — A) is closed. By Remark 2.8.2, [Ran (I — A)]* = Ker (I —
A*), and the latter is {0} according to Proposition 3.1.2. Thus, Ran (I — A) = X,
so that A is m-dissipative (by definition). O

Definition 3.1.12. A strongly continuous semigroup T on X is called a strongly

continuous contraction semigroup (or just a contraction semigroup for the sake of
brevity) if ||T¢|| < 1 holds for all ¢ > 0.

The introduction of m-dissipative operators is motivated by the following
result.

Proposition 3.1.13. If A is the generator of a contraction semigroup on X, then
A is m-dissipative.

Proof. 1t follows from Proposition 2.3.1 and (2.3.2) that if A is the generator of a
contraction semigroup, then Cy C p(A) and

1
I-A)Y € =— Vs e Co. 3.1.7
57 = A7) < o s € Co (3.1.7)
Now the proposition follows from this estimate and Proposition 3.1.9. O

Example 3.1.14. Most of the examples in Chapter 2 are contraction semigroups.
For example, the unilateral left and right shift semigroups on L?[0,0), the van-
ishing left shift semigroup on L?[0, 7] discussed in Example 2.3.8, the bilateral
left shift semigroup on L?(R), the heat semigroup on L?(R) discussed in Example
2.3.9, the heat semigroups on L?[0, 7] given in Examples 2.6.8 and 2.6.10 and the
vibrating string semigroup from Example 2.7.13 are all contraction semigroups.
It is easy to see that a diagonal semigroup on [? (see Example 2.6.6) is a
contraction semigroup iff Re A < 0 holds for all the eigenvalues X of its generator.

3.2 Self-adjoint operators

In this section we study self-adjoint operators on a Hilbert space. We denote the
Hilbert space by H and the operator by Ay (instead of using the notation X for
the space and A for the operator). The reason for this change of notation is that
these operators will often appear in the later chapters not as generators of strongly
continuous semigroups but as ingredients of such generators.

Let Ao : D(Ap) — H, where D(Ay) is dense in H. Then Ay is called symmet-
ric if

(Agw, v) = (w, Agv) YV w,v € D(Ay).
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It is easy to see that this is equivalent to G(Ay) C G(A§) (recall from Section
2.1 that G(Ap) denotes the graph of Ap). In particular, Ag is called self-adjoint if
Ap = A§. (The equality Af = Ap means that D(Af) = D(Ap) and Afz = Az for
all z € D(Ap), or equivalently, G(Af) = G(Ao).)

Note that any self-adjoint operator Ag is closed. Indeed, since Aj is closed
(as remarked before Proposition 2.8.1) and Ay = A§, Ao is closed.

Lemma 3.2.1. Let T : D(T)— H and z,y € D(T). Then we have

KTz, y) = (T'(z+y) (x+y) —(T(x—y),(x—y))
+ (T (x +1iy), (z +iy)) — (T (z —iy), (x — iy)).

The proof is by direct computation and it is left to the reader.

Proposition 3.2.2. Assume that Ag : D(Ap) — H, with D(Ag) dense in H. Then
Ap is symmetric if and only if for every z € D(Ap), we have (Apz,z) € R.

Proof. Suppose that for every z € D(Ag), (Apz, z) is real. It follows from Lemma
3.2.1 that for every w,v € D(Ay),

Re (Agw,v) = i (Ag(w 4 v), (w+v)) — (Ag(w — v), (w — v)>} = Re (w, Agv).

Replacing in this equality v with iv, we obtain that Im (Agw,v) = Im (w, Agv), so
that Ag is symmetric. The converse statement (the only if part) is very easy. O

Remark 3.2.3. If Ay : D(A4y) — H is symmetric, then for every s € C and every
z € D(Ap) we have ||(sI — Ao)z|| = |Ims] - ||z]|. To prove this, we decompose
s = a+ iw with o, w € R and we notice (using Proposition 3.2.2) that

I(sI = Ao)z||* = [[(al — Ao)z||” + w?|[2]|. (3.2.1)

Proposition 3.2.4. If Ay : D(Ag) — H is symmetric, s € C and both sI — Ay and
sI — Ag are onto, then Ag is self-adjoint and s,5 € p(Ap).

Proof. By Remark 2.8.2 we have Ker (5I —Af) = Ker (sI —Aj) = {0}. Since Af is
an extension of Ay, by assumption we also have Ran (sI — Aj) = Ran (51 — Af) =
H. This shows that sI — A§ and 5I — A{ are invertible (as functions) and their
inverses are everywhere defined on H. Since A} is closed, the operators (s — Ay) ™
and (5I — A%)~! are also closed. According to the closed-graph theorem, these
inverses are bounded. Thus, we have shown that s,5 € p(A§).

Now we show that in fact Ag = Aj. Since Af is an extension of Ay, we
only have to show that D(Aj) C D(Ap). Since sI — Ay is onto, for any zy €
D(A), we can find a wg € D(Ap) such that (sI — Ag)wo = (sI — Af)z0, whence
(sI — Af)(20 — wo) = 0. But since Ker (sI — Af) = {0} (as we have seen earlier),
z0 = wo € D(Ap), so that Ay = Af. Combined with our earlier conclusion this
means that s,5 € p(Ap). O
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Remark 3.2.5. If we delete from the last proposition the condition that I — A is
onto, then the conclusion is no longer true. A simple counterexample will be given
in Remark 3.7.4 (if we denote Ag = iA).

Proposition 3.2.6. If Ay : D(Ay) — H s self-adjoint, then o(Agp) C R.

Proof. If s € C is not real, then by Remark 3.2.3 we have Ker (51 — 4g) = {0}, so
that (by Remark 2.8.2) Ran (sI — Ap) is dense in H. On the other hand, it follows
from Remark 3.2.3 that Ran (s — Ayp) is closed, so that Ran (sI —Ag) = H. Since,
again by Remark 3.2.3, we have Ker (sI—Ay) = {0}, it follows that s € p(Ap). O

Now recall the notation r(T') introduced in Section 2.2.
Proposition 3.2.7. If T € L(H) is self-adjoint, then r(T) = ||T.

Proof. We have | T?|| > supy, <1(T?2,2) = supj, <1 [IT=]|> = ||IT||*. On the
other hand, it is obvious that ||T?|| < ||T||?, so we conclude that ||T?|| = ||T'||?>. By
induction it follows that

17" = 7> vmeN.

According to the Gelfand formula (Proposition 2.2.15), in which we take n = 2™,
we obtain that r(T) = ||T||. O

Proposition 3.2.8. If Ay : D(Ag) — H is self-adjoint and s € C, then

[(sI —Ag)z|| = min |s— A |zl YV z € D(Ap). (3.2.2)
A€o (Aop)
If s € p(Ap), then
1
I-A) Y= ——M—. 2.
16T = 40) ) =~y (323)
A€o (Aop)

Proof. First we show that the proposition holds for real s. If s € 0(Ay), then this is
clearly true. If s € p(Ag) NR, then according to Proposition 2.8.4, T' = (s — Ag) ™!
is self-adjoint and hence, by Proposition 3.2.7, we have ||(sI — Ag) Y| = r((sI —
Ap)™1). Together with (2.2.6) this shows that (3.2.3) holds for this s. From here
it is easy to conclude that also (3.2.2) holds for this s.

Now take s € C and decompose it as s = «a + iw, where a,w € R. Using
(3.2.1) and (3.2.2) with « in place of s, we obtain

|(sI —Ag)z||*> > min |a— A2 ||2]|* + w?| 2|2 vV z € D(Ap).
A€o (Aop)

It is easy to see that this implies (3.2.2). The latter implies that for s € p(Ap),
1

min [s — |
A€o (Aop)

I(s1 = Ao) ™' <

The opposite inequality is known to hold from Remark 2.2.8. g
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Recall the definition of a diagonalizable operator from Section 2.6. In the
definition we have used a Riesz basis indexed by N, but (as we mentioned later
in that section) sometimes we prefer to use other countable index sets. In the
proposition below, we use an index set Z C Z.

Proposition 3.2.9. If Ay : D(Ap) — H is self-adjoint and diagonalizable, then there
exists in H an orthonormal basis (pr)kez of eigenvectors of Ag (here, T C Z).
Denoting the eigenvalue corresponding to oy by A\, we have for A\, € R,

D(Ao) = {Z €eH

S A+ Az e < oo} (3.2.4)

kel
and

Agz = Z Me (2, 01) Pk YV z € D(Ap). (3.2.5)
keT

Proof. According to the assumption, there exists in X a Riesz basis (¢, ) consisting
of eigenvectors of Ay. For each A € 0,(Ap), we can choose an orthonormal basis
in the (closed) subspace X = Ker (A — Ap). We collect all the vectors in these
orthonormal bases into the family (¢x)rez (this is possible, because o,(Ap) is
countable). It is easy to verify that (k)rez is an orthonormal set (it is here that
we need Af = Ap). To show that this set is actually an orthonormal basis, assume
that x € X is orthogonal to all ¢. Then it is not difficult to show that x is
orthogonal to the original sequence (¢ ), so that © = 0. Now it is clear that the
biorthogonal sequence to our orthonormal basis is the same orthonormal basis.
Thus, (3.2.4) and (3.2.5) follow from Proposition 2.6.3. O

Remark 3.2.10. It is easy to see that the converse of Proposition 3.2.9 also holds:
If Ag : D(Ap) — H is given by (3.2.4) and (3.2.5), where A\;, € R and (¢p)kez is
an orthonormal basis in H, then Ag is self-adjoint and diagonalizable, with the
eigenvectors . This follows from Propositions 2.6.2 and 2.8.6.

Remark 3.2.11. Here is a statement related to Proposition 3.2.9: If Ag is diago-
nalizable with an orthonormal sequence of eigenvectors and with real eigenvalues,
then Ay is self-adjoint. This follows from Proposition 2.6.3 and Remark 3.2.10.

Self-adjoint operators with compact resolvents fit into the framework of the
previous proposition. This is a consequence of the spectral representation of self-
adjoint and compact operators given in Section 12.2 of Appendix I.

Proposition 3.2.12. Let H be an infinite-dimensional Hilbert space and let Ag :
D(Ao) — H be a self-adjoint operator with compact resolvents. Then Ay is diag-
onalizable with an orthonormal basis (vk)kez of eigenvectors (where T C Z) and
the corresponding family of real eigenvalues (Ax)ker satisfies lim g _ o0 | M| = 00.

Proof. According to Corollary 2.2.13 and Propositions 12.2.8 and 12.2.9, o(A4y)
consists of at most countably many real eigenvalues. Choose oo € RN p(Ap), then
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K = (al — Ap)~ 1! is self-adjoint and compact. According to Theorem 12.2.11, there
exists an orthonormal sequence () of eigenvectors of K, indexed by Z C Z, and
a corresponding sequence (uy) of real eigenvalues with pr # 0, pur — 0 and such
that the representation (12.2.5) holds. Denote B = {¢y, | k € Z}. It follows from
(12.2.6) that B+ = Ker K = {0}, so that B is an orthonormal basis in H. It follows
now from Proposition 2.2.18 that Ay is diagonal, having the same sequence (¢y)
of eigenvectors and the corresponding eigenvalues are A\, = o — Mik Since pp — 0,
then |\x| — co. O

The eigenvalues of self-adjoint operators with compact resolvents can be char-
acterized by the following min-max principle, called the Courant—Fischer theorem.

Proposition 3.2.13. Let H be an infinite-dimensional Hilbert space and let Ag :
D(Ag) — H be a self-adjoint operator with compact resolvents such that the eigen-
values of Ao are bounded from below. We define the function Ra, : D(A4o)\ {0} —
R by

(Aoz, 2)

1212

We order the eigenvalues of Ay to form an increasing sequence (pg)ken such that
each py s repeated as many times as its geometric multiplicity. Then

Ra,(z) = V 2 € D(Ay) \ {0}. (3.2.6)

N . keN 2.
Mk Vsub?g;lel%f D(Ag) ZEH‘}%?O}RAo(Z) VkeN, (3 7)

Hie = \% subspgclt?)c()f D(Aop) ze‘r/nLl{l{O} RAO (Z) VEEN. (328)
dim V=k—1

Proof. We know from Proposition 3.2.12 that the eigenvalues (A\x)rez of Ag are
real and they satisfy lim |A\;| = oco. By combining this fact with the assumption
that (A\x) is bounded from below, it follows that lim A\, = co and that indeed the
eigenvalues of Ay can be ordered to form an increasing sequence (ug)gen with
limg o0 . = 00. Let (vk)ken be an orthonormal basis formed of eigenvectors of
Ap such that ¢y, is an eigenvector associated with (uy) for every k € N, and denote

Vie = span{p1,..., 0k} VkeN.
It is easy to check that maxcy,\ oy Ra,(2) = px, so that

e = min max  Ra,(z) vV keN. (3.2.9)
\% subﬂ??rfe‘z/ika(Ag) zeV\{0}

Let now V be a subspace of D(Ay) of dimension k and denote W =V + V4.
Then W is a finite-dimensional inner product space if endowed with the inner
product inherited from H. Denote m = dim W and let Vk{ 1, be the orthogonal
complement (in W) of Vj_1. Then dim Vit | =m —k + 1 and

m > dim (Vis, +V) =m—k+1+k—dim (V5 nV),



78 Chapter 3. Semigroups of Contractions

so that V' N VL, contains at least one element different from zero, denoted by w.
Since w € Vi | \ {0}, it follows that there exists an [? sequence (w,),>x such that

Z:|wp|2 >0 and w = prgpp.

p=k p=k

From the above formulas we get that

Zp)k 1wy |

RAO(U}) = Z - |wp|2 = lukﬂ
bz

so that

M < Ra,(2) VkeN.

min max
14 subfﬁﬁ(l:e‘:/o:ka(Ag) zeV\{0}
The above estimate, together with (3.2.9), gives (3.2.7).
The estimate (3.2.8) can be proved in a similar way. O

3.3 Positive operators

As in the previous section, H will denote a Hilbert space and we usually denote
by A an operator defined on a dense subspace D(Ag) C H and with values in H.

Definition 3.3.1. Let Ay : D(Ag) — H be self-adjoint. Then Ay is positive if
(Aoz,z) 2 0 for all z € D(Ay). Ag is strictly positive if for some m > 0

(Agz,2) = mlz|? V z € D(Ap). (3.3.1)

We write Ag > 0 (or Ag > 0) to indicate that Ag is positive (or strictly posi-
tive). The notations Ay < 0, Ag < 0 mean that —Ay > 0, — Ay > 0, respectively. If
A; is another self-adjoint operator on H, then the notation A; > Ay means that
D(A1) N D(Ap) is dense in H and (A;2,z) > (Apz, z) for all z € D(A1) N D(Ay).
The meanings of A; > Ay, Ag < A1 and Ay < A; are similar, with the obvious
modifications. Note that if at least one of the operators A;, Ag or Ay — Ag is
bounded on H, then A; > Ay (or A; > Ap) just means that Ay — Ag > 0 (or that
Ay — Ap > 0). Thus, if Ay satisfies (3.3.1), then we can write Ag > ml.

Proposition 3.3.2. Let Ay : D(Ap) — H be such that Ay > mI, m > 0. Then
0 € p(Ao), A1 < 5 and

(Agtw, w) > 0 Ywe H\{0}. (3.3.2)
Proof. For all z € D(Ag) we have ||Aoz] - [|z|| = (Aoz, 2) = m]|z||?, whence

[4oz] = m||=|| V z € D(Ay). (3.3.3)
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This inequality and the closedness of Ag imply that Ran Ay is closed in H. Accord-
ing to Remark 2.8.2 we have (Ran Ag)* = Ker 4¢ = {0}, so that Ran 4y = H.
Thus Ay is invertible and (3.3.3) implies that || A < L Finally, to prove (3.3.2),
take w € H, w # 0, and denote z = Ay w. Then (Ay w,w) = (2, Apz) >0. O

Proposition 3.3.3. Let Ay : D(Ag) — H be self-adjoint. Then Ay > 0 if and only if
o(Ap) C [0,00).

Proof. Suppose that Ag > 0. We know from Proposition 3.2.6 that o(4y) C R, so
we only have to show that negative numbers are in p(Ag). For every m > 0 we
have mI+ Ag > ml, so that by Proposition 3.3.2, mI + A has a bounded inverse,
hence —m € p(Ap). Thus we have shown that o(A4y) C [0, 00).

Conversely, suppose that Ay is self-adjoint and o(Ag) C [0, 00). According to
Proposition 3.2.8, for every m > 0 we have (using s = —m in (3.2.2))

l(mI+ Ag)z| = m|z|| YV z € D(Ay).

According to Proposition 3.1.2, — Ay is dissipative, i.e., Re(Apz,z) > 0 for all
z € D(Ap). Since Ay is self-adjoint, this implies that (Apz,z) > 0,1.e., 49 > 0. O

Remark 3.3.4. Let Ay : D(Ap) — H be self-adjoint and A € R. Then Ag > M iff
o(Ap) C [A,00). Indeed, this follows from the last proposition, with A9 — Al in
place of Ag. Hence, Ag > 0 iff o(Ag) C (0, 00).

Proposition 3.3.5. If Ay > 0, then —Aq is m-dissipative.

Proof. Since Ay is closed (as remarked at the beginning of this section) and clearly
— Ay is dissipative, according to Proposition 3.1.11, — Ag is m-dissipative. g

If Ag : D(Ap) — X is self-adjoint, then the spaces X; and X{ from Section
2.10 coincide. Similarly, their duals with respect to the pivot space X, denoted
X_; and X%, coincide. Recall the higher-order space Xy = D(A2) introduced in
Remark 2.10.5. If the pivot space is denoted by H instead of X, then we write
Hy, Hy, H_; instead of X, X1, X_1. Thus, if Ay : D(A4p) — H is self-adjoint, then
we have

HQCH1CHCH,1,

densely and with continuous embeddings. We have Ag € L(H2,H1), Ao€ L(H1,H)
and Ag can be extended such that Ay € L(H, H_1).

Proposition 3.3.6. If Ay is a self-adjoint operator on H, then A3 > 0.

Proof. Tt is easy to see that A2 is symmetric. To show that it is self-adjoint, we
use Proposition 3.2.4 with s = —1. Thus, we have to show that for every f € H
there exists z € Hy such that (I + A%)z = f. The graph norm on H; is induced
by the inner product

(2, 0)gr = (2,9) + (402, Aop) -
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Take f € H. According to the Riesz representation theorem on H;, with the above
inner product, there exists z € H; such that

<Zv <)0> + <A027A0§0> = <f7 <P> v p e H. (334)

This formula shows that the functional ¢ — (Agz, App) has a continuous extension
to H. Therefore, Aoz € D(Af) = D(Ag) = Hi, so that z € D(AZ). With this
information, (3.3.4) can be rewritten as z + A%z = f. We have shown that A2 is
self-adjoint. It is obvious that <A(2)z7 z) 2 0, so that A(z) > 0. O

Remark 3.3.7. If Ay is a self-adjoint operator on H and 0 € p(Ag), then A3 > 0.
Indeed, from the last proposition we know that A2 > 0. From Proposition 2.2.12
we see that 0 € p(A2). Thus, by Remark 3.3.4 we obtain A2 > 0.

Example 3.3.8. Let J be an interval in R and let f : J — R be measurable. On
H = L?(J) consider the pointwise multiplication operator Ay defined by

Aoz(z) = f(x)z(z) for almost every x € J,
D(Ayg) = {z€ L*(J) | fz€ L*(J)}.

It is not obvious that D(Ag) is dense in H. To prove this, introduce for each
n € N the set J,, = {z € J | |f(z)| > n}. Then (J,) is a decreasing sequence
of measurable sets whose intersection is empty. This implies that, denoting the
Lebesgue measure by A, lim,, _, o, A(J,,) = 0. Denote the characteristic function of
J\ Jpn by xn. For every z € H, the sequence of functions (z,,) defined by z,, = x»z
has the following properties: z, € D(Ap) and lim,, _, o 2z, = z. This shows that
D(Ap) is indeed dense in H.

It is now easy to see that Ay is symmetric. Moreover, for any s € C \ R, the
operator sI — Ay is onto. Indeed, for any g € H, the equation (sI — Ag)z = g
has a solution given by z(zx) = g(z)/[s — f(z)] for almost every z € J, and
IIzIl < llgll/|Im s|. According to Proposition 3.2.4, Ay is self-adjoint.

It is interesting to investigate the spectrum of Ay. We define the essential
range of f, denoted ess Ran f, as follows: A point p € R belongs to essRan f if
for any interval D centered at u, A(f~1(D)) > 0. Thus, for a continuous function,
its essential range is simply its range. For any measurable function f, changing
the values of f on a set of measure zero will not change its essential range. It is
now an easy exercise to check that

o(Ag) = essRan f.

The following statements are easy to verify: Ag > 0 iff f(x) > 0 for almost
every x € J, Ag > 0 iff there exists m > 0 such that f(z) > m for almost every
x € J. Ap is bounded iff ess Ran f is bounded, which is equivalent to f € L>(J).

Example 3.3.9. Take H = L?[0, ),
d2

D(Ao) = H*(0,00) N HE(0,00), Ag = — =
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An integration by parts shows that Ay is symmetric. By elementary techniques
from the theory of linear differential equations we can verify that I + Ag is onto.
Indeed, for every f € L?[0,00), the Laplace transform of z € D(Ap) satisfying
(I + Ap)z = f is given by

-1 e - j)
s+1 s—1

2(s) = VseCo\{1}.

For s = 1 we take the obvious extension of Z by continuity. Note that 92(0) =
f(1). We mention that the same conclusion (that I 4+ Ay is onto) could have
been obtained also from the Riesz representation theorem on the space H3 (0, 00).
Consequently, by Proposition 3.2.4, the operator Ay is self-adjoint. Since

> |dz |?
(Aoz,z) = /0 T

we have that Ay is positive. According to Proposition 3.3.3 we have o(4g) C [0, 00).

The above properties of Ay are shared by its counterpart on a bounded
interval, introduced in Example 2.6.8. It is easy to check that Ag has no eigenvalues
so that, unlike the operator introduced in Example 2.6.8, the resolvents of Ag are
not compact. Another interesting property is that o(Ag) = [0,00). Indeed, for
every A > 0, the equation (A\2] — Ag)v = f has no solution for f(t) = e~! (many
other functions could be used instead of e¢™*). To see this, consider that v is a
solution of the equation. Then, denoting the Laplace transform of v by v, we get

dz YV z € D(Ap),

1

(A2 + 5%)i(s) — sv'(0) = ST

This shows that ¥ is rational and has poles at £i), so that v cannot be in L?[0, 00).
Thus, \? € o(A). This being true for every A > 0, we obtain that o(Ag) = [0, 00).

3.4 The spaces H% and H_:

N

In this section, H is a Hilbert space and Ay : D(Ap) — H is strictly positive
(Ao > 0). We shall introduce the square root of Ay, based on the concept of the
square root of a bounded positive operator (see Section 12.3 in Appendix I). Then

we define the space H 1= D(A; ) with a suitable norm, and H_1 will be the dual

of H 1 with respect to *the pivot space H. These spaces are useful in the analysis
of certain systems described by PDEs which are of second order in time.

To introduce A§7 we use the facts that Ay € L(H), Ay > 0and Ker Ay' =
{0}, which follow from Proposition 3.3.2. Denote

Ay® = (A71)}, D(AZ) = Ran 4, .
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Then A, P.m —>’D(A§) is invertible on its range and its (possibly unbounded)
i 1
inverse is denoted by Ag. Thus, by definition, A; = ((Agl)%)*l.

1
Proposition 3.4.1. For Ay as above, we have A§ > 0.

Proof. Since A, 3 is self-adjoint, it follows from Proposition 2.8.4 that Aé is self-
adjoint. According to Proposition 2.2.12, O’(Aé) = (0(Ap))=. Slnce Ay > 0, by
Remark 3.3.4, we have o(Ag) C [\, 00) for some A > 0, hence G(AO) Az, 00),
hence (using again Remark 3.3.4) Aé > A2]. O
Remark 3.4.2. For Aj as above, there is a unique operator S : D(S) — H with the

properties that S > 0, S? = Ag, and this is Aé . Indeed, clearly S > 0, hence we
have S~! € £(H) and S=! > 0 (see Proposition 3.3.2). We have S~—2 = Ag ,

that according to the uniqueness part of Theorem 12.3.4 we have S~! = A, 2.

We define H; as the space D(Ay) with the norm || f||1 = ||Aof]|, which is
equivalent to the graph norm of Ay and it is induced by the inner product

(fsg)1 = (Aof, Aog) vV f,g€ H.

1 1
Similarly, we define the Hilbert space Hy = D(A¢) with the norm ||f||% = ||Ag 1,

1
which is equivalent to the graph norm of Aj and it is induced by

(f.o)y = (Aif.ASg) Y geH,.
Clearly, if f € D(Ap), then the above formula simplifies to (f, g>% = (Aof, 9).
Proposition 3.4.3. We have Hy C H% C H, densely and with continuous embed-
1 1
dings. Moreover, Ag € L(Hy,Hy) and Ag € L(Hy, H) are unitary.
Proof. From the definitions it is clear that Hy C H 1 C H. Since A is self-adjoint,
its domain H1 is dense in H. To prove that H; is *dense in H17 take z € H17 SO
that z = A0 x for some z € H. Let (z,,) be a sequence in H% such that z, — x.

It is easy to see that Aa%xn € H, and Aa%xn —>Aa%x =zin H%.

The continuity of the embeddings follows immediately from the definition
of the norm on these spaces and the fact that Aé > 0 (see Proposition 3.4.1).
The fact that Aé is unitary between the spaces indicated in the proposition is an
immediate consequence of the definition of the norm on these spaces. O

Remark 3.4.4. It follows from the last proposition that H 1 may also be regarded
as the completion of D(Ay) with respect to the norm

171y = V&L Ve D(A).
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1
2
We define the spaces H_ 1 and H_; as the duals of H 1 and H1, respectively,

with respect to the pivot space H (see Section 2.9). Then we have the dense and
continuous embeddings

chHéchH_ CH_,.

1

2
1

Proposition 3.4.5. A;] and Ay have unique extensions such that

Af €L(HH_y), AoeL(HH_y). (3.4.1)

Using the inverses of these extensions, the norms on H_1 and on H_y can also

1
3
be expressed as

_1 —
2l g = 140 22l llzll-1 = 145 "Il

so that the operators in (3.4.1) are unitary. These operators can also be regarded
as strictly positive (densely defined) operators on H_% and on H_1, respectively.

Proof. We can apply Propositions 2.10.2 and 2.10.3 (with H in place of X, Ag
in place of A and 0 in place of 3) to conclude that Ay has unique extension
in £(H,H_1), Ay" has a unique extension in £(H_1,H) and these operators
are unitary. This implies, in particular, that the norm on H_; can indeed be
expressed as stated. The strict positivity of the extended A, follows from the fact
that it is the image of the original Ay : D(Ag) — H through the unitary operator
Ag € E(H, H_l).

1
Repeating the above argument with A; in place of Ay and H_ 1 in place of
H_1, we obtain the remaining statements in the proposition. O

Corollary 3.4.6. Ay has a unique extension such that
Ay € E(H%,Hfé),

and this is unitary. Moreover, this extension of Ag can be regarded as a strictly
positive (densely defined) operator on H_1.

[N

Proof. We know from the previous proposition that Aé € L(H 1, H) and Aé €
L(H,H 7%). The combination of these unitary operators is a unitary operator Ay €
L(H 1, H
densely defined strictly Qositive operator on H, then Ay is the image of Ay through

1 ) and Ay is clearly an extension of the original Ag. If we regard A as a
the unitary operator A € L(H, H—%)7 so that Ag is a strictly positive densely
defined operator on H_1. As in the previous proposition, we use the notation Ag

for extensions of the original Ay by continuity, in particular for Ag. O

Remark 3.4.7. In this remark, we use the notation Ay for the extension of Ay to
a strictly positive (densely defined) operator on H = H_ 1 introduced in the last
- . - ~1
corollary. Then Hy = D(Ag) = Hi1 and Hi1 = D(A]) = H, with equal norms.
2 2
The proof is straightforward and we leave it to the reader.
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In the particular case when Ay > 0 is diagonalizable (see Section 2.6), it
follows from Proposition 3.2.9 that there exists an orthonormal basis (¢y) in H
consisting of eigenvectors of Ay (here we take k € N). If we denote the correspond-
ing sequence of eigenvalues of Ag by (Ar), then Ay can be written as in (3.2.4) and

1
(3.2.5). In this case, there are simple explicit formulas for AZ and for its domain,
as follows.

Proposition 3.4.8. Suppose that Aq is diagonalizable, with the orthonormal basis
of eigenvectors (py) and the corresponding sequence of eigenvalues (A,). Then

ZM (2, 0n)|* < OO} : (3.4.2)
Agz=3" N (=00 VzeDAD). (3.4.3)

Moreover, the dual space H_% = H' can also be described as

)

H

=<zeH_, Z/\,Zl [z, o) < oo} , (3.4.4)
k=1

1
2

and its norm is

2]y = <Z>\ (2, 0n) ) VzeH 1. (3.4.5)

Proof. We shall need several times the approximation formula

=

M

N

y = Nuinoo;@,@kmk in H, VzeH,, (3.4.6)

which is true in any of the spaces H, under consideration (o = 1, 3 0, —1)
and in which the coefficients (z, ) (understood as a duality pairing between
z € H, and ¢, € H_,,) depend on z but they are independent of «.
1
In order to prove (3.4.2) we recall that D(Ag) is the completion of D(Ay)
with respect to the norm ||z[|1 = \/(Aoz, 2). Using (3.2.5) we obtain that

lzlly = (Z Ak |<z,¢k>l2> Vz € Hj.
k=1

Using (3.4.6) we obtain that the above formula for |[z[|1 remains valid for all
z € Hy and (3.4.2) holds. To prove (3.4.3) we notice that the operator defined
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1
2
by the right-hand side of (3.4.3) is positive and its square is Ag. Because of the
1
uniqueness of the square root (see Remark 3.4.2) this operator is in fact AZ.
1 1 1
The formula for A > is easy to obtain from (3.4.3): replace A with A, 2.

(Indeed, this is true for z € H and by continuous extension it must be true for
z € H_,.) From here and from Proposition 3.4.5, formula (3.4.5) follows.

To prove (3.4.4), note that H_, is the completion of H with respect to the
norm in (3.4.5). Now use again the approximation (3.4.6). O

Proposition 3.4.9. Let Ag > 0 and Q@ = Q* € L(H) be such that Ay = Ag+Q > 0.
We define the norm || - ||} induced by Ay on D(Ag) by ||z||} = ||A1z]|. Then the
1 1
norms || - ||5 and || - ||1 are equivalent. Moreover, D(A}) = D(AE) and the norm
1 1
|- |y defined on D(AE) by ||| = [|A} 2| is equivalent to || - ||%
2 2

Proof. Let m > 0 be such that Ag > mI. Then for all z € D(Ay),
1<
o1k = 140 + @02l < ozt + - It < (14 120 jage,

so that the norm || - ||; is stronger than || - ||{. By a very similar argument, the
norm || - ||} is stronger than | - [|;. Thus, these two norms on D(Ay) are equivalent.

Note that there exists a number k > 0 such that Q < kAg. Indeed, denoting
_ lel

m

we have

o <liel-1 =180 < ka,.
m

We know from Remark 3.4.4 that D(Al% ) is the completion of D(Ag) with respect

to the norm
2l = Ve, 7).

Since
(A12,2) = (Apz,2) + (Qz,2) < (1 +k){Aoz,2),

the norm || - ||, on D(Ay) is stronger than || - || 1. By a similar argument, the norm
2
1
II- ||% is stronger than ||-||, . Thus, these two norms are equivalent, whence D(Ag) =
2

1 1
D(A?) and the extensions of the two norms to D(AZ) are also equivalent. O

Remark 3.4.10. We state without proof two results (probably the simplest ones)
from an area of functional analysis called interpolation theory. We use the notation
of Proposition 3.4.3. The first statement is as follows: If L € L(H) is such that
LHy C Hy (hence L € L£(Hy)), then also LHy C Hy (hence L € £(Hy)). This is

a particular case of Lions and Magenes [157, Theorem 5.1, Chapter 1].
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The second statement is as follows: Suppose that T = (T¢):>0 is a family of
operators in £(H) such that T;H; C H; for all t > 0,

tlirrb Tiz =z (in H) VzeH, (3.4.7)

and a property similar to (3.4.7) holds with H; in place of H everywhere. Then
a similar property holds also with H 1 in place of H. This is a particular case of
[157, Theorem 5.2, Chapter 1]. Thus, it follows that if T is a strongly continuous
semigroup on both H and Hj, then it is also on H%.

For positive operators, the Courant—Fischer theorem (Proposition 3.2.13) can
be reformulated as follows.

Proposition 3.4.11. Let H be an infinite-dimensional Hilbert space and let Ag :
D(Ag) — H be a positive operator with compact resolvents. We order the eigenval-
ues of Ag to form an increasing sequence (L )ken such that each py is repeated as
many times as its geometric multiplicity. Then

= min ma. VkeN, 3.4.8
Mk V subspace of H1 zEV\?O} || ||2 ( )
dim V=k
= V ke N.
HE 14 sgbsggcig{of H1 zEVL\{O} ||Z||2

Note that we have replaced the space D(Ap) in Proposition 3.2.13 with the
larger space H 1 but this does not change the result. This can be seen either by a
density argument, or by redoing the proof of Proposition 3.2.13 in the new context.

Example 3.4.12. Let H = L2[0,7] and let Ay : D(Ag) — H be the operator
defined by

D(Ao) = {26H2(0,7r) ’ %(0):2(@:0}7
Agz = —% VZED(A())

Note that Ag = —A, where A is the operator introduced in Example 2.6.10, so
that Ag is diagonalizable, with the eigenvalues

1 2
)\k:(k_§> VEkeN,

and with an orthonormal basis of eigenvectors, given in Example 2.6.10. By Re-
mark 3.2.11, Ay is self-adjoint. Since Ay > 1/4, it follows that Ag > 0. Moreover,
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a simple integration by parts shows that

2
(Aoz, z) = Hj—i YV z € D(Ap), (3.4.9)

1
so that the space H (which is D(A¢) with the graph norm) is the completion of
D(Ap) with respect to the norm
dz

a0y = |

On D(Ap), this norm is obviously equivalent to the norm [|z|y = ,/||z]|? + ||z]|3,
2 2

which is the standard norm on H!(0,7) (see (13.4.1)). It is easy to check (using
the density of D(0,7) in HS(0, 7)) that the closure of D(Ap) in H(0,7) is

Hp(0,7) = {f e H'(0,7) | f(m)=0}.
Therefore we conclude that Hy =H L(0,).

Example 3.4.13. Let H = L?[0,1] and let Ay : D(Ag) — H be the operator
defined by

D(Ag) = H*(0,1) N'H3(0,1),
d4
af=SE v en(a)
(for the notation HZ(0, 1) see the beginning of Chapter 2). A simple integration
by parts shows that
d2f d?g
Aofg) = (—,—5 ) = ([, A Vv f,g9 € D(Ap), 3.4.10
(Aof,9) <dx2 da:2> (f Aog) fi9 (Ao) ( )
so that Ay is symmetric. Simple considerations about the differential equation
Aof = g, with g € L?[0,1], show that Ay is onto. Thus according to Proposition
3.2.4, Ay is self-adjoint and 0 € p(Ap). Since we can see from (3.4.10) that Ag > 0,
it follows that o(Ap) C (0,00), so that by Remark 3.3.4, Ag > 0.
In order to compute H 1 we note that, according to Remark 3.4.4 and formula

(3.4.10), the space H (which is ’D(Aé) with the graph norm) is the completion
of D(Ap) with respect to the norm

&f
da?

191 = V@R 75 = |

It is not difficult to check that the above norm is equivalent on D(Ag) to the
standard norm of H?(0,1). Since D(Ap) is dense in H32(0,1) with the H? norm,
we obtain that Hy = H3(0,1).
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3.5 Sturm-Liouville operators

In this section we investigate an important class of self-adjoint operators. More
precisely, we consider Sturm—Liouville operators, which are linear second order
differential operators acting on a dense domain in L?(J), where J is an interval.
These operators occur in the study of linear PDEs in one space dimension, with
possibly variable coefficients.

Throughout this section a € H'(0,7) and b € L>°[0, 7] are real-valued, there
exists m > 0 with a(z) > m for all x € [0, 7] and we denote H = L?[0, ).

Proposition 3.5.1. Let Ay : D(Ag) — H be the operator defined by
D(Ag) = H2(0,7) NHL(0, ),
d dz
Aoz = 1 <a£> V z € D(Ay).
Then Ag > 0 and

Hy, = D(A7) = Hy(O,7),  H_, = H ' (0,m). (3.5.1)

_1
2

Proof. The operator Ag is symmetric. Indeed, from a simple integration by parts,
(Apz,w) = / a(z)——dx = (z, Apw) YV z,w € D(Ap). (3.5.2)
0 x

Simple considerations about the differential equation Aoz = f, with f € L?[0, 7],
using the fact that % € H'(0, ), show that Ag is onto. Thus according to Propo-
sition 3.2.4, Ay is self-adjoint and 0 € p(Ap). Since we can see from (3.5.2) that
Ap > 0, it follows that o(Ag) C (0, 00), so that by Remark 3.3.4, Ag > 0.

In order to prove (3.5.1) we note that, according to Remark 3.4.4 and formula
1

(3.5.2), the space H; (which is D(AE) with the graph norm) is the completion of
D(Ap) with respect to the norm

dz

™ 2 %
l2lly = V{Aoz,2) = </0 a(z) o dx) .

For a = 1 this would be the standard norm on H(0,7). Our assumptions on a
imply that || - [|1 is equivalent to the standard norm on H§(0, 7). Since D(Ap) is
dense in ‘HY(0, m) with the standard norm, we obtain (3.5.1). O

Proposition 3.5.2. Let Ay : D(A1) — H be the operator defined by
D(A1) = H*(0,7) NH (0, 7),

Az = _i( dz)+bz VzeD(A),

dx a@

with a and b as at the beginning of the section.
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Then Ay is self-adjoint, it has compact resolvents and there is an orthonormal
basis (i )ken in H consisting of eigenvectors of Ay. If X € R is such that \+b(z) >
0 for almost every x € [0,7], then o(A1) C (—A,00). The sequence (\y) of the
eigenvalues of Ay is such that lim A\, = co. Each eigenvalue of Ay is simple (i.e.,
its geometric multiplicity is one). If b is such that Ay > 0 (for example, this is the

case if b(x) = 0 for almost every x € [0,7]), then D(Al%) = H(0, 7).
Proof. We introduce the operator M € L(X) by
(Mz)(x) = b(x)z(z) Ve [0,n].

It is easy to check that M is self-adjoint (in fact it belongs to the class described
in Example 3.3.8). The boundedness of M follows from b € L*°[0,n]. We have
Ay = Ay + M, where Ay > 0 is the operator introduced in Proposition 3.5.1,
so that A; is self-adjoint. If A > 0 is such that A + b(z) > 0 for almost every
x € [0,7], then clearly A\l + M > 0 and hence A + A; > 0. This implies that
(A1) C (=A,00).

The operator A; is a generalization of —A = —(fl—; from Example 2.6.8
(indeed, —A corresponds to taking @ = 1 and b = 0). We want to show that A;
is diagonalizable, and we do this by using the fact (already shown in Example
2.6.8) that A is diagonalizable, with the eigenvalues —k? (where k € N). It follows
from the results in Section 2.6 that (—A)~?! is diagonalizable with the eigenvalues
1/k2. According to Corollary 12.2.10 from Appendix I, (—A)~! is compact. Since
D(A;) = D(A) and A is closed, it follows from the closed-graph theorem that
L=—A\ + Ay)~Yisin £(H). Therefore, (Al + A1)~ = (—A)~'L is compact.
According to Proposition 3.2.12, A; is diagonalizable, there is an orthonormal
basis (pr)ken in H consisting of eigenvectors of A; and the sequence (M) of the
eigenvalues of A; satisfies lim [\x| = oo. Since A\ > — A\, it follows that lim A\, = oo.

To show that each eigenvalue of A; is simple, we notice that an eigenvector
z corresponding to the eigenvalue A must satisfy az” + a'2" + (A — b)z = 0, and
such a z is completely determined by its initial values z(0) = 0 and 2/(0). Thus,
any solution z is a multiple of the solution obtained for z’(0) = 1.

If b(x) > 0 for almost every x, then M > 0 and hence A; = Ag+ M > 0 (but
we may have A; > 0 also for other b). If A; > 0, then the property D(Alé) = D(Aé)
follows from Proposition 3.4.9 (with M in place of Q). O

Remark 3.5.3. According to Proposition 2.6.5, —A; is the generator of a strongly
continuous semigroup T on H:

Tz = Z ef)"“t(z, Ok) Pk -
keN

It is easy to see that for every ¢t > 0, T, is self-adjoint (see Remark 3.2.10) and
compact. This semigroup corresponds to a non-homogeneous heat equation that
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is a slight generalization of the one described in Remark 2.6.9:

%—T(z,t) = (‘% (a(x)%(x,t)) —b(x)w(x,t), x e (0,m), t>0,

with Dirichlet boundary conditions w(0,t) = w(m,t) = 0.

In order to have more information on the eigenvalues of A; we first do a
change of variables, by using the function g : [0, 7] — R defined by

o va(f)

Since a is bounded from below, we clearly have that g is one-to-one and onto
from [0,7] to [0,1], where I = [ —2Z—. We can thus introduce the function

va(x)
h:[0,1] — [0, 7] defined by h = g~*.

Lemma 3.5.4. With the above notation, assume that a € C?[0, 7] and b € C[0, ],
let o € H?(0,7) NHE(0, ) and let ) : [0,1] — C be defined by

g(z) vV el0mn. (3.5.3)

b(s) = la(h()]F e(hls)  Vse ..
Then ¢ is an eigenvector of Ay corresponding to the eigenvalue X if and only if
d2y
B +1Y = A,
where v € C[0,1] is defined, for every s € [0,1], by
2
(s) = WD {4a<h<s>>%<h<s» - | Seaneen] } PO (354)

Proof. Tt is not difficult to check that
2
% (a(g;)j—;f(g;)> - a*%(a:)%(g(w))
_s 2, a 2
TRAIC {m(@%m - [j—xm)} }wg(x)).

The above relation implies, after some simple calculations, our claim. O

Proposition 3.5.5. Assume that a € C?[0, 7] and b € L*°(0, 7). Then the eigenval-
ues of Ay can be ordered to form a strictly increasing sequence (A,)ren Ssatisfying

k2

Me— | <C VkeN, (3.5.5)

where | = foﬂ \/df—) and C > 0 is a constant depending only on a and b.
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Proof. We know from Proposition 3.5.2 that the eigenvalues (Ag)ren of A; are
simple and that lim A\, = co. Thus, without loss of generality, we may assume that
(Ak) is strictly increasing.

Now we introduce the operator Ay : D(Ay) — L2[0,1] defined by

a2y

D(As) = H*(0,1) N H(0,1), Agz = — =

+ry V1 € D(Az),

where r € C[0,1] is defined, for every s € [0,1], by

a S 2a a 2
r(s) = A0E) {mmw»%m(s))— ) }+b(h(s>>.

16 dz

The above definition of A; and Lemma 3.5.4 imply that ¢ is an eigenfunction of
A; corresponding to the eigenvalue A iff ¢ is an eigenfunction of Ay corresponding
to the same eigenvalue \. It is clear that the eigenvalues of A are bounded from
below so that, according to Proposition 3.2.13, they can be ordered to form an
increasing sequence (py)ren and we have

= i R VkeN, 3.5.6
Hie 1% sub?artrcle}%f D(Az) 2613%?0} Az (2) ( )

imV=k

where R4, is defined as in (3.2.6). We set D(A43) = D(A2) and we define As :
D(A3) — L?[0,1] by

d?z
Asz = — — vV € D(A3).
32 2 ¥ € D(A3)
Clearly Az > 0 is diagonalizable and the kth eigenvalue of Ag, with k € N, is kjg 2
By applying Proposition 3.2.13 it follows that
k272
— = min max  Ra,(2) VkeN. (3.5.7)
l \% subs&g;arft‘e/c;ka(Ag) zeV\{0}

On the other hand, it is easy to see that
|Ra,(2) = Ray (2)] < [I7llzeeo,) Vz € D(A2) \ {0}.

This estimate, together with (3.5.6), (3.5.7) and the fact that A; and Ay have the
same eigenvalues, yields the estimate (3.5.5) with C' = [|r|| o0,y O
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3.6 The Dirichlet Laplacian

In this section we investigate an important example of an unbounded positive
operator derived from the Laplacian on a domain in R™. This operator appears in
the study of heat, wave, Schrodinger and plate equations. We shall frequently use

concepts and results from Appendix II (Sobolev spaces).

Suppose that Q@ C R™ is an open bounded set. We denote by D(Q2) the space
of C-valued C'* functions with compact support in Q, and by D’(Q) the space
of distributions on 2. The operators a%k_ are continuous on D’()) with a certain
concept of convergence (see Section 13.2 in Appendix II for details). We introduce

the Laplacian A, a partial differential operator defined by
n 82
A= —,
; ox?

which acts on distributions in D’(€2). We shall define a self-adjoint operator Ay by
restricting —A to a space of functions which, in a certain sense, are zero on the
boundary of 2. To make the definition of Ay precise, we need some preliminaries.
We denote by H(2) the space of those ¢ € L?(2) for which the gradient
Vo= (aa—fl, ce aaz—‘i) (in the sense of distributions in D’(€2)) is in L?(2;C").
According to Proposition 13.4.2, H*(Q2) is a Hilbert space with the norm
Il - |l defined by

lelZn = llelie + Vel
It will be useful to note that for every z € H1(2) and ¢ € D(Q),

(Az,¢)pp = —/ Vz-Vepdzx, (3.6.1)
Q

where - denotes the usual inner product in C". We denote by H}(£2) the closure
of D(Q2) in H(2). Clearly, the space H}(€2) is a Hilbert space.

To understand this space better, assume for a moment that the boundary of
Q, denoted 09, is Lipschitz. (We refer the reader to Section 13.5 in Appendix IT
for the definition of a Lipschitz boundary.) This implies that the boundary trace
(restriction to the boundary) of any ¢ € H!(Q) is well defined as an element of
L2(09); see Section 13.6. Then HJ(Q) is precisely the space of those ¢ € H!()
for which the trace (the restriction) of ¢ on 0f) is zero; see Proposition 13.6.2.
Thus, any ¢ € H () satisfies

p(z) =0 for x € 0N.

This boundary condition imposed on ¢ is called a homogeneous Dirichlet boundary
condition. In what follows we do not assume that €2 has a Lipschitz boundary.
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According to Proposition 13.4.10 in Appendix II, the Poincaré inequality
holds for Q: there exists m > 0 such that

/ V(@) Pdz > m / p@)Pde Ve HYQ).
Q Q

Here, |a| denotes the Euclidean norm of the vector ¢ € C™. This implies that on
H3(2) the norm inherited from H!(2) is equivalent to the following norm:

el = IVellzz. (3.6.2)

In this section, we use the above norm on H}(2) and the corresponding inner
product. We define the operator Ag : D(Ag) — L*(Q) by

D(Ap) = {d € H{(Q) | Ap € L*(Q)}, Ao = — Ad. (3.6.3)

The space H~1(Q) is defined as the dual of H}(Q) with respect to the pivot space
L?(Q); see Section 13.4 in Appendix II.

Proposition 3.6.1. The operator Agy defined above is strictly positive and
D (Aé) — H(9). (3.6.4)

If H = L*(Q) and the spaces Hy and H_, are defined as in Section 3.4, then

1
2

H: = Hy(Q), H_1=HYQ).

N|=

1
3
The norm on Hy as introduced in Section 3.4 is the same as in (3.6.2).

The operator — Ay is called the Dirichlet Laplacian on Q. (We note that the
Dirichlet Laplacian can be defined also for domains €2 that are not bounded, and
if the Poincaré inequality holds for €2, then the above proposition is true.)

Proof. Suppose that ¢, ) € D(Ap). Then, according to (3.6.1),

(Aop, )1z = — /Q ApTdz = /Q Ve Vide = (o, Aoz, (3.65)

so that Ag is symmetric. According to Proposition 3.2.4, in order to show that
Ayg is self-adjoint it suffices to show that Ag is onto. For this, we take f € L?(Q)
and we prove the existence of z € D(Ap) such that Agz = f. First note that
the mapping ¢ — [, @fdx is a bounded linear functional on H}(92). By the Riesz
representation theorem, there exists z € Hj(Q) such that

(o, 203y = {05 f)r2 Vo€ HH(Q). (3.6.6)
This implies, by using (3.6.1), that

(A2, P)p,p = (2, 0)ry = ([, ¢) 12 V€ D).
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This shows that —Az = f in D'(Q2). Since f € L*(), we get that
Az e L*(Q) and —Az=f in L*(Q).

Thus z € D(Ap) and Agz = f, hence Ag is onto. Thus, Ay is self-adjoint. It is
clear from (3.6.5) that

(Apz,2) = ||Vz||22 V z € D(A). (3.6.7)

Using this and the Poincaré inequality, we see that Ay > 0.

According to Remark 3.4.4, H 1 may be regarded as the completion of Hy =
D(Ap) with respect to the norm ||z||% = (Agz, 2)%. Thus, according to (3.6.7), H,
is the completion of H; with respect to the norm defined in (3.6.2). By using the
fact that H} () with the norm in (3.6.2) is complete, it follows that HyC H(Q).
On the other hand, D(Ap) D D(). Since the completion of D(£2) with respect
to the norm in (3.6.2) is H3(€), it follows that Hy O Hj(Q2). Thus we have
Hi = H{(Q). By definition H_1 is the dual space of Hi with respect to the

2 32 2
pivot space H = L*(f2). By using the definition of H~1(Q2) we conclude that
H_. =HYQ). O

1
2

Under additional assumptions, the domain of Ay consists of smoother func-
tions. More precisely, from Theorem 13.5.5 in Appendix II we obtain the following
theorem.

Theorem 3.6.2. Suppose that OL) is of class C*. Then
D(Ag) = HA(Q) NHL(Q). (3.6.8)
The concept of boundary of class C™ is explained in Section 13.5.

Remark 3.6.3. By Proposition 3.4.5 and Corollary 3.4.6, Ag has unique extensions
such that
Ao € L(HG(Q),H™' (), AoeL(H,H ),

and these are unitary operators. If, as in Remark 3.4.7, we introduce a different
notation Ay for the extension of Ay to a strictly positive operator on H = H~1(Q),

- - ~1
then Hy = Hy(Q) and Hy = D(A§) = L*(Q), with equal norms.

Note that if f € HS(Q), then Agf coincides with —Af calculated in D’(€2)
(this follows because D(12) is dense in H}(€2)). By contrast, if f € H = L?(Q),
then Agf is, in general, different from —Af calculated in D’(Q2). This is because
Ao f is now in the dual of H2(Q2)NHE (), and D(Q) is not dense in H?(Q)NH ().
Indeed, if f is a non-zero constant, then Af = 0, but Ay f cannot be zero since
Ao > 0.

Remark 3.6.4. Since 2 is bounded, according to Proposition 13.4.12, the embed-
ding D(Ag) C L?(Q) is compact. Thus A, is compact and hence, by Proposition
3.2.12, Ay is diagonalizable with an orthonormal basis (¢x) of eigenvectors and
the corresponding sequence of eigenvalues (\x) satisfies A\ > 0 and Ay — 0.



3.6. The Dirichlet Laplacian 95

Example 3.6.5. Let a, b > 0 and let Q = [0,4a] x [0,b] C R%. We show that (3.6.8)
holds also for this domain. It is easy to check that the eigenvalues of Aj are

m2 TL2

with m,n € N. A corresponding orthonormal basis formed of eigenvectors of Ay
is given by

Pmn(T,y) = \/% sin (mgx) sin (n—zy) ¥ m,n € N. (3.6.10)

It is clear that 9 is not of class C?, so we cannot use Theorem 3.6.2 to characterize
D(Ap). However, this domain can be characterized by a direct calculation. Indeed,
let us assume that

z = Z CmnPmn € D(Ap).

m,neN
This implies, by using (3.2.4) and the fact that Ay is diagonalizable, that

D (m® +n®) el < oo (3.6.11)

m,neN

For p € N, we set
P
Zp = Z CmnPmn -
m,n=1
It is clear that
pli»moo||Z_Zp||D(AO) = 0. (3.6.12)

On the other hand, by a simple calculation we can check that, for p,q € N with
p < qand ai, az € {0,1,2} with oy + a2 < 2,

2 a
H 012 (2, — 24) _ Zm2a1n2ag|c 2
- mmn .

L2 "

Qx1 Qye2

The above relation, combined with (3.6.11), implies that (z,) is a Cauchy sequence
in H2(2) NHS(Q). Thus there exists Z € H?(2) NHS(Q) such that (z,) converges
to Z with respect to the topology of H?(€2). Since both convergences in D(A4g) and
in H2(Q) NHY(Q) imply convergence in L?(Q), it follows that z = Z so we have
that z € H?(Q) NHE(Q). We have thus shown that D(Ag) C H?(Q) NHE(Q). The
opposite inclusion is obvious, so we conclude that (3.6.8) holds.

Remark 3.6.6. The computations in the above example can be generalized easily
to rectangular domains in R™, to conclude that (3.6.8) holds. We mention that
this equality remains valid for more general domains whose boundary is not of
class C?, such as convex polygons R?. However, in general we only have D(4g) D
H2(2) NHS(). We refer the reader to Grisvard [77] for a detailed discussion.
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Consider © to be the hypercube [0,a]™, where a > 0. By using the multi-
index notation introduced at the beginning of Appendix II, it is not difficult to
check that the eigenvalues of Ag are

Aa = (2)2 Iéai VaeN". (3.6.13)

A corresponding orthonormal basis formed of eigenvectors of Ay is given by

valz) = <g> : ﬁ sin (akaxk> VaeN" zeQ. (3.6.14)

k=1

Formula (3.6.13) has the following consequence.

Proposition 3.6.7. Letn € N, a > 0, Q = [0,a]™ and let (A\o)aenn be the eigen-
values of Ay, as given by (3.6.13). For w > 0 we denote by d,,(w) the number of
terms of the sequence (Ao) which are less than or equal to w. Then

lim @) _ Vo (3.6.15)
w—00 (W2 2nqn

where V,, is the volume of the unit ball in R™.

Proof. According to (3.6.13), d,(w) is the number of points having all the co-

ordinates in N which are contained in the closed ball of radius a;{D. We denote
by B, (r) the part of the closed ball of radius r centered at zero where all the
coordinates of the points are non-negative. Clearly the volume of B, (r) is " ¥

~ 2TL .
Let d,(w) be the number of points having all the coordinates in Z; which are

contained in B, (“¥*). With each point o € Z7 N Bn(“;{z) we associate the cube

K

Co = a1, a1 +1] X [ag,aa + 1] X -+ X [ay, o + 1].

It can be seen that the union of these cubes is contained in l’:)’n(a\/5 + \/ﬁ) and it

™
contains By, (42 — \/n). Therefore we have

E(‘W—ﬂ) <dn(w)<ﬁ<a “’+ﬁ) 7
n T 2n T

which clearly implies that

dﬂ " n
lim (:d) _ 4 v .
w—oo WZ ngn

This and the fact that dy(w) — ndp_1(w) < dn(w) < dp(w) imply (3.6.15). O
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Corollary 3.6.8. With the assumptions and the notation of Proposition 3.6.7, we
reorder the eigenvalues of Ag to form an increasing sequence (\i)ken such that
each A\ is repeated as many times as its geometric multiplicity. Then

A Ar?
lim 2% = (3.6.16)
k—oo kw a2V,

Proof. By applying Proposition 3.6.7 and the fact that d,,(A\x) = k for every k € N,
we obtain that

. k a"V,
lim —& = ,
k—o0 >\k§ 2ngn
which easily yields (3.6.16). O

Before the next proposition, recall from Remark 3.6.4 that the Dirichlet
Laplacian has compact resolvents, hence it is diagonalizable.

Proposition 3.6.9. Let Q@ C R™ be an open bounded set, let —Aq be the Dirichlet
Laplacian on Q and let (A )ken be the eigenvalues of Ag in increasing order, such
that each \j is repeated as many times as its geometric multiplicity. Then

limian—§>0, limsupA—§<oo.

k—oo [k koo k=
Proof. By combining (3.4.8) and (3.6.7) we obtain that

\V4 2
Ak = min IV

max 5 VEkeN.
1% subs&)_ace of Hé(ﬂ) 2eV\{0} ”Z”L2
imV=~k

Let a > 0 be such that  is contained in a cube @, of side length a. Since any
function in H} () can be seen, after extension by zero outside €, as a function in
H(Qu) (see Lemma 13.4.11), it follows that Ay is greater than the kth eigenvalue
of minus the Dirichlet Laplacian on @,. Similarly, if 2 contains a cube @} of side
length b > 0, then A is less than or equal to the kth eigenvalue of minus the
Dirichlet Laplacian on Q. The conclusion follows now by Corollary 3.6.8. g

Remark 3.6.10. The result in the last proposition is sharpened by Weyl’s formula
(see, for instance, Zuily [246, p. 174]) which asserts that if  is connected, then

. /\k 47T2
lm —— = ——
[V, Vol()] =

k—oo k% ’

where Vol(Q) stands for the n-dimensional volume of €.

Remark 3.6.11. Let A = — Ay be the Dirichlet Laplacian on a bounded domain
Q C R"™. After extending Ag as in Remark 3.6.3, we regard Ag as a strictly positive
(densely defined) operator on X = H~1(€2), so that D(Ag) = H}(2). According to
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Remark 3.6.4, A = — Ay is diagonalizable with an orthonormal basis of eigenvec-
tors and with negative eigenvalues converging to —oo. According to Proposition
2.6.5, A generates a strongly continuous contraction semigroup T on X. This semi-
group is associated with the heat equation with homogeneous Dirichlet boundary
conditions on €, and it is called the heat semigroup. We have encountered the one-
dimensional version of this semigroup in Example 2.6.8. It follows from Proposition
2.6.7 that we have

T:z € D(A®) C Hp(Q) VzeH HQ), t>0.

We have D(A>) C Hj,.(Q) for every p € N, according to Remark 13.5.6 in Ap-
pendix II. According to Remark 13.4.5, it follows that D(A>) C C™(2) for every
m € N, so that

Tiz € C™(Q) NHH(Q) VzeHYQ), t>0.

3.7 Skew-adjoint operators
Let A : D(A)— X be densely defined. A is called skew-symmetric if
(Aw,v) = — (w, Av) Y w,v € D(A).

Tt is easy to see that this is equivalent to G(—A) C G(A*), and also to the fact that
iA is symmetric. It follows from Proposition 3.2.2 that (still assuming dense D(A))
A is skew-symmetric iff Re (Az, z) = 0 for all z € D(A). It now becomes obvious
that skew-symmetric operators are dissipative. Our interest in skew-symmetric
operators stems from the following simple result.

Proposition 3.7.1. Let A be the generator of an isometric semigroup on X. Then
A is skew-symmetric and Co C p(A).

Proof. Take zg € D(A) and define z(t) = Ty2o (where T is the semigroup generated
by A). Then a simple computation shows that, for every ¢ > 0,

d 2
1217 = 2Re (A2(1), 2(1))..

Since T is isometric, the above expression must be zero. Taking ¢ = 0 we obtain
that Re (Azg, z9) = 0 for all zg € D(A). As remarked earlier, this implies that A
is skew-symmetric. Since T is a contraction semigroup, according to Proposition
3.1.13, A is m-dissipative. Now Theorem 3.1.9 implies that Cy C p(A). O

A densely defined operator A is called skew-adjoint if A* = —A (equivalently,
iA is self-adjoint). If A* = —A, then clearly o(A) C iR. We shall see in Section
3.8 that A is skew-adjoint iff it is the generator of a unitary group.
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Proposition 3.7.2. For A:D(A)— X, the following statements are equivalent :

(a) Both A and —A are m-dissipative.
(b) A is skew-adjoint.

Proof. Suppose that A and —A are m-dissipative, then Re (Az,z) = 0 for all
z € D(A). As remarked at the beginning of this section, this implies that A is
skew-symmetric, so that G(—A) C G(A*). Since A and —A are m-dissipative, by
Proposition 3.1.10 the same is true for A* and —A*. Repeating the above argument
with A* instead of A, we obtain that A* is skew-symmetric, so that G(—A*) C
G(A**). Since A** = A, we obtain that G(A*) C G(—A). This inclusion, combined
with the one derived earlier, shows that —A = A*.

Conversely, if A is skew-adjoint, then clearly both A and A* are dissipative.
Since A* is closed and A = —A*, A is also closed. Thus, by Proposition 3.1.11, A
is m-dissipative. By a similar argument, — A is also m-dissipative. O

Proposition 3.7.3. Suppose that A is skew-symmetric.

(a) If both I + A and I — A are onlo, then A is skew-adjoint.
(b) If A is onto, then A is skew-adjoint and 0 € p(A).

Proof. Part (a) follows from the last proposition, but alternatively it can also be
derived from Proposition 3.2.4 (with s = i and Ay = iA). Part (b) follows from
Proposition 3.2.4 (with s =0 and Ag =iA). O

Remark 3.7.4. The condition that only one of the operators I — A and I + A is
onto would not be sufficient in part (a) of the above proposition. Indeed, consider
the space X = L?[0,00) and on the subspace

D(A) = {¢ € H'(0,00) | ¢(0) =0}
define the skew-symmetric operator A : D(A) — X by

d
(Ag)(z) = —d—f(x) Va>0.
This is the generator of the unilateral right shift, encountered in Example 2.4.5.
We can easily check that I — A is onto, so A is m-dissipative. On the other hand,
if we consider g € L?[0, 00) defined by g(z) = e~2, then the equation (I + A)z =g

has no solution in D(A). Thus, I + A is not onto, so —A is not m-dissipative.
Another consequence of Proposition 3.7.2 is the following.

Corollary 3.7.5. Let T be a strongly continuous group of operators on X with
generator A. If T satisfies ||T¢|| <1 for allt € R, then A is skew-adjoint.

Proof. 1t follows from Remark 2.7.6 and Proposition 3.1.13 that both A and —A
are m-dissipative. Now the statement follows from Proposition 3.7.2. g
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In what follows we want to introduce a class of skew-adjoint operators which
arise as semigroup generators corresponding to second-order differential equations
in a Hilbert space, of the form

w(t) + Aow(t) =0, with Ag > 0.

Many undamped wave and plate equations are of this form. The natural state of
such a system is the vector z(t) = [58 ] We shall say more about the solutions
of such a differential equation at the end of Section 3.8.

Proposition 3.7.6. Let Ay : D(Ag) — H be a strictly positive operator on the Hilbert
space H. The Hilbert space H% is as in Section 3.4. Define X = H% x H, with the
scalar product

(][] = ctbon, Abun+ 0.

Define a dense subspace of X by D(A) = D(Ap) x ’D(Aé) and the linear operator
A:DA)—X by

a=[8 1 e af] = [1]. -

Then A is skew-adjoint on X and 0 € p(A). Moreover,

Xl:HlXH%’ X,1:HXH7

1
2

Proof. 1t is easy to see that A is skew-symmetric. The equation

@ f
A8 = ] <
is equivalent to the relations ¥ = f € H% and —App = g € H. Since Ay > 0,
it is invertible (see Proposition 3.3.2), so that there exists a (unique) ¢ € D(A4y)
satisfying the last equation. Thus, A is onto. By Proposition 3.7.3, A is skew-
adjoint and 0 € p(A). It is clear that D(A), with the norm ||z|; = [|Az], is
X1 = H1 X H%

Note that A= = [? “(‘)51 }, so that, using Proposition 3.4.5,

L]

Taking the completion of X with respect to this norm, we get X_1=H x H_

2
-1

el + iz, v [f]ex.

O

1.
2



3.7. Skew-adjoint operators 101

Proposition 3.7.7. With the notation of Proposition 3.7.6, ¢ = [f;] € D(A) is an
eigenvector of A, corresponding to the eigenvalue iy (where u € R), if and only if
@ is an eigenvector of Ay, corresponding to the eigenvalue p? and v = iup.

Now suppose that Ay is diagonalizable, with an orthonormal basis (p)ken in
H formed of eigenvectors of Ay. Denote by A\, > 0 the eigenvalue corresponding to
or and p = /Ax. For all k € N we define p_j, = —@r and p_, = —pp. Then A
1s diagonalizable, with the eigenvalues ipy, corresponding to the orthonormal basis
of eigenvectors

b = —= | FF

%

Recall that Z* denotes the set of all the non-zero integers. Recall also that
if Ay 1is compact, then Ay is diagonalizable, with an orthonormal basis of eigen-
vectors and a sequence of positive eigenvalues converging to oo (see Proposition
3.2.12).

Vkez. (3.7.2)

Proof. Suppose that [ ] € X\ {[§]} is such that A [)] =iu [ ]. Then, accord-
ing to the definition of A, we have that 1) = iup and —Agp = iu), which implies
that Agp = pu?p with ¢ # 0. Thus, x? is an eigenvalue of Ay corresponding to the
eigenvector . Note that p # 0, according to Proposition 3.7.6.

Conversely, if ¢ is an eigenvector of Ay corresponding to the eigenvalue u?,
it follows immediately from the structure of A that A[;7, | =iu[5,]-

Now suppose that Aj is diagonalizable, and let A, (with k € N) and ¢, px
(with k € Z*) be defined as in the proposition. Then it follows from the first part
of the proposition (which we have already proved) that the vectors ¢y defined in
(3.7.2) are eigenvectors of A. It is also easy to verify that these eigenvectors are
an orthonormal set (for the orthogonality of ¢ and ¢; with k # j, we have to
consider separately the cases k = —j and k # —j). Denote B = {¢r | k € Z*}.
To show that (¢g)kez+ is an orthonormal basis in X, it remains to show that
B+ = {0} (see Section 1.1). Take [/] € B*. Since (¢r)ren is an orthonormal

g
basis in H, by Proposition 2.5.2, there exist sequences (fx) and (gx) in I? such

that
= fuon, 9= 9kPr-

keN keN

Applying Proposition 3.4.8 to f € D(Aé), we have that (uxfr) € 1% and A(%f =
> ken Mk frwr. This implies that for all k& € Z*,

\/§<m 7¢k> = iuk(f, 0x) + (9, ) -

Since [/] € B+, by taking in the last formula k € N and then —k, we obtain

ipr(f, or) + (9, 06) =0, —ipk(f o or) + (g, ¢1) =0 VkeN.
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This implies that

(fror) =0, (g,01) =0 VkeN.
Thus, f =g =0, so that B is an orthonormal basis in X. O

Note that the above proposition is a generalization of Examples 2.7.13 and
2.7.15.

3.8 The theorems of Lumer—Phillips and Stone

The main aim of this section is to show that any m-dissipative operator is the
generator of a contraction semigroup. For this, we need a certain type of approxi-
mation of unbounded operators by bounded ones, called the Yosida approximation.

Definition 3.8.1. Let A : D(A) — X satisfy the assumption in Proposition 2.3.4.
Then the £(X)-valued function

Ay = MM — A7 = X2\ - A~ =), (3.8.1)
defined for A > Ag, is called the Yosida approzimation of A.

Notice that if A is the generator of a strongly continuous semigroup on X, or
if A is m-dissipative on X, then it satisfies the assumption in the above definition.
For generators this was explained after Proposition 2.3.4, while for m-dissipative
operators it follows from Proposition 3.1.9.

Remark 3.8.2. The word “approximation” in the name given to Ay above is jus-
tified by the property

)‘lim Ayz = Az VzeD(A).
To see that this is true, notice that Ayz = A(A — A)~tAz for all z € D(A). Now
the above limit property follows from Proposition 2.3.4.

Proposition 3.8.3. Let A be an m-dissipative operator on X and let Ax, A > 0, be
its Yosida approzimation. Then the following statements hold:

(i) [le'*| < 1 for all t >0 and all X > 0.
(ii) [Je!4 2 — etAuz|| < t||Axz — Auz|| forall t=0, \,u >0 and 2z € X.

Proof. (i) According to (3.8.1) we have

2 _ -1 _
ptAn — NHAI-A)T! At

This, together with (2.1.2) and (3.1.5), implies that (i) holds.
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(ii) Consider t, A, ;x> 0. Since Ay and A, commute, we have

d

E {e‘rtA,\e(lfr)tAuz} — te‘rtA,\e(lfr)tAu (A)\Z o Auz)

for all 7 € [0,1] and for all z € X. In particular, it follows from property (i) that

From here, we obtain (ii) by integration:

1
d TtAN (1—T)tA,
/0 I {e e z}dr

The following result is known as the Lumer—Phillips theorem.

d
E {eftAxe(l—‘r)tA“Z}

’ < t]|Axz — A,z VT e|0,1].

|et4rz — etAuz| = ’ StllAxz—Auz| . O

Theorem 3.8.4. For any A : D(A) — X the following statements are equivalent:

(1) A is the generator of a contraction semigroup on X.
(2) A is m-dissipative.

Proof. The fact that (1) implies (2) was proved in Proposition 3.1.13.
Conversely, let A be m-dissipative and let Ay be its Yosida approximation.
Our aim is to define T (the semigroup generated by A) by

Tiz = lim ez Vze X. (3.8.2)

n — oo

For this, first we consider w € D(A). By part (ii) of Proposition 3.8.3 we have
HetAmw - etA"wH < tAnw — Apw|| Vm,neN, t>0. (3.8.3)

Using Remark 3.8.2 it follows that the sequence (e!“»w) is a Cauchy sequence in
X, for every t > 0. Thus, we can define Tyw (for w € D(A) and ¢ > 0) as the limit
of this Cauchy sequence. From statement (i) of Proposition 3.8.3 it follows that

ITrw] < fwl] Vw e D(A).

Since D(A) is dense in X, it follows that (for every ¢t > 0) T; can be extended to
an operator in £(X), also denoted by Ty, and we have ||T;|| < 1. Taking limits in
(3.8.3) as m — oo, we obtain that for w € D(A),

HTtw—etA"wH < t||Aw — A w| VneN, t>0. (3.8.4)

Now we show that the limit in (3.8.2) holds uniformly on bounded intervals,
for every z € X. Let z € X and w € D(A). We use the decomposition

ITez — et 2] < |ITe(z = w)ll + [ Tew — el + e (w — 2)]I.
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For a fixed z, by choosing w € D(A) such that ||z — w|| < £, the first and the
last terms on the right-hand side above become < § (we have used statement (i)
of Proposition 3.8.3 again). Once such a w has been chosen, for every bounded
interval J C [0,00) we can find (according to (3.8.4) and Remark 3.8.2) an index
N € N such that for t € J and n > N, the middle term on the right-hand side
above becomes < . Thus, given a bounded interval J C [0,00), we can find N € N
such that ||T;z — et4»z|| < € holds for all ¢t € J and for all n > N, which is the
uniform convergence property claimed earlier.

The uniform convergence of (3.8.2) on bounded intervals implies that the
functions ¢ — Tz are continuous (for every z € X); i.e., the family T = (T;)¢>0 is
strongly continuous. The properties

Tiyr =TT, Vi, 720 and Ty =1

follow from the corresponding properties of e, by taking limits. Thus, we have
shown that T is a contraction semigroup on X.

It remains to be shown that the generator of T is A. For each z € D(A) we
have, using Remark 2.1.7 applied to Ay,

t t
Tz —z = lim ¢z —2= lim " Ay zdo = / T,Azdo.

A — o0 A—o0 Jg 0

Denote the generator of T by 117 so that A is m-dissipative. If we divide both sides
of the above equation by ¢ and take limits as ¢ — 0, we obtain that z € D(A) and
Az = Az. Thus, A is a dissipative extension of A. Since A was assumed to be

m-dissipative, this implies that A = A. O

Proposition 3.8.5. Let A: D(A) — X, A< 0. Then A generates a strongly contin-
wous semigroup T on X. For allt > 0 we have Ty > 0 and

[Tell = e ™", where —m =max o(A).

Proof. If —m = maxo(A), then A = —mI — Ay where Ay > 0 and 0 € o(Ay).
(The fact that Ag > 0 follows from Proposition 3.3.3.) According to Proposition
3.3.5 and the Lumer—Phillips theorem, —Ay generates a contraction semigroup
T° on X. Since 0 € o(—A), we have the growth bound wo(T?) = 0. According
to Remark 2.2.16 we have 7(T9) = 1 for all t > 0. Since 7(TY) < |ITY|, this

implies that ||TY|| = 1 for all ¢ > 0. The operator A generates the semigroup
T, = e™ T}, which implies that ||T;|| = e~™" for all ¢ > 0. Proposition 2.8.5
implies that T; = T;. Since T; = T?/z = T;‘/2Tt/2, it follows that T; > 0. O

Bibliographic notes. Theorem 3.8.4 is a basic tool for establishing that the Cauchy
problem for certain linear systems of equations is well posed. It is due to E. Hille,
K. Yosida, G. Lumer and R. Phillips (in various versions) in the period 1957-1961
and it is known as the Lumer—Phillips theorem, based on [162]. A related but
more complicated theorem is the Hille—Yosida theorem, which gives necessary and
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sufficient conditions for a densely defined linear operator on a Banach space X to
be the generator of a strongly continuous semigroup T on X satisfying the growth
estimate (2.1.4). The conditions are that every s € C with Res > w belongs to
p(A) and for every such s,
M

[(sI —A)~"| < m VneN. (3.8.5)
It is enough to verify that s € p(A) and (3.8.5) holds for all real s > w. We omit
the proof of this theorem, because it is not needed in this book.

Using Proposition 3.1.9, the Lumer—Phillips theorem may be regarded as
a particular case of the Hille—Yosida theorem. Going in the opposite direction,
it is not difficult to obtain the Hille-Yosida theorem from the Lumer—Phillips
theorem (the version for Banach spaces). This approach to prove the Hille-Yosida
theorem is adopted in Pazy [182, around p. 20]. We mention that the terminology
is not universally agreed upon: what we (and many others) call the Lumer—Phillips
theorem is called by some authors the Hille—Yosida theorem.

An important result, the theorem of Stone given below, characterizes the
generators of unitary groups. It can be proven using the Lumer—Phillips theorem,
as we do it here. Actually, it was published by M.H. Stone in 1932, many years
before the paper of Lumer and Phillips [162], and the original proof used the
spectral theory of self-adjoint operators, as in Rudin [195, p. 360].

Theorem 3.8.6. For any A : D(A) — X the following statements are equivalent:

(1) A is the generator of a unitary group on X.
(2) A is skew-adjoint.

Proof. Assume that A is the generator of a unitary group T on X. We introduce
the inverse group S, as in Remark 2.7.6, then according to the same remark the
generator of S is —A. But from the definition of a unitary group it follows that S
is the adjoint group of T. According to Proposition 2.8.5 we obtain that —A = A*.
An alternative way to see that (1) implies (2) is to use Corollary 3.7.5.
Conversely, suppose that A is skew-adjoint. Then according to Proposition
3.7.2, both A and — A are m-dissipative, hence they both generate semigroups of
contractions, denoted T and S. We extend the family T to R by putting T_; = S;
for all t > 0. By Proposition 2.7.8, this extended T is a strongly continuous group
on X, so that S; = (T;)~!. On the other hand, —A = A*, so that by Proposition
2.8.5 we have S; = Ty. This shows that T; is unitary for all £ > 0. O

We present an application of Stone’s theorem to certain second-order differ-
ential equations on a Hilbert space H.

Proposition 3.8.7. We use the notation of Proposition 3.7.6. Then A generates a
unitary group on X = H% x H.
If wg € Hy and vy € H%, then the initial value problem

w(t) + Aow(t) = 0, w(0) = wo, w(0) = vo, (3.8.6)
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has a unique solution

w € C([0,00); Hi) N CH([0,00); Hy) N C*([0,00); H), (3.8.7)
and this solution satisfies

@I + oI = llwolld + llvoll* Vit>0. (3.8.8)
Proof. If we denote z(t [Iwu } then w satisfies (3.8.6) and (3.8.7) iff ~ satisfies

the initial value problem 2(t) = Az(t), z(0) = zg, where zo =[] € D(A) and
z € O([0,00); X1) N C*(]0,00); X). (3.8.9)

According to Proposition 3.7.6, A is skew-adjoint on X. According to Stone’s
theorem, A generates a unitary group on X. We know from Proposition 2.3.5 that
the initial value problem 2(t) = Az(t), 2(0) = zo, has a unique solution satisfying
(3.8.9). Thus, we have proved the existence of a unique solution w of (3.8.6) which
satisfies (3.8.7). The energy identity (3.8.8) is a consequence of the fact that the
semigroup generated by A is unitary. O

In particular, if we take Ag = —A, where A is the Dirichlet Laplacian from
Section 3.6, then (3.8.6) becomes the wave equation with Dirichlet boundary con-
ditions and Proposition 3.8.7 becomes an existence and uniqueness result for the
solutions of this wave equation; see Proposition 7.1.1.

3.9 The wave equation with boundary damping

In this section we show, as an application of the Lumer—Philips theorem, that the
wave equation, with a Dirichlet boundary condition on a part of the boundary
and with a dissipative condition on the remaining part of the boundary, defines
a contraction semigroup on an appropriate Hilbert space. Our approach follows
closely the presentation in Komornik and Zuazua [132]. Other papers which study
well-posedness and other issues for the same system are Malinen and Staffans
[165], Rodriguez-Bernal and Zuazua [192], and Weiss and Tucsnak [235].

Notation and preliminaries. We denote by v - w the bilinear product of v,w € C"
(n € N), defined by v -w = viwy + -+ + vywy,, and by | - | the Euclidean norm
on C™. The set Q C R" is supposed bounded, connected and with a Lipschitz
boundary 092. We assume that I'g, I'; are open subsets of 02 such that

clos T'gUclos 'y = 09, I'onTy =0, To#0.

Let Hp, (€2) be the space of all those functions in H'(€2) which vanish on T.
This space is presented in more detail in Appendix I (Section 13.6). According
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to Theorem 13.6.9, the Poincaré inequality holds for Q and I'y; i.e., there exists a
¢ > 0 such that

/ F@)Pde < ¢ / (VH@Pdr Y feHh (@)
Q Q

This implies that H%O (€2) is a Hilbert space with the inner product

(F.9), @) = /Q VioVgde Y/ geHh (@),

and that the corresponding norm is equivalent to the restriction to 'H%O (€2) of the
usual norm in H'(Q). This implies in turn that the space

X = Hp, () x L*(9),

endowed with the inner product

<m m> - /QVf.wdx+/Qgde v [ﬂ m cX., (39.)

is a Hilbert space. The induced norm on X, which we simply denote by || - ||, is
equivalent to the restriction to X of the usual norm on H!(Q) x L?*(Q).

For f € 'H%O (©2) we cannot define the Neumann trace % on I'y, in the sense
of the trace theorems in Section 13.6. However, for f € Hy, (Q) with Af € L*(Q)

and for h € L*(T1) we can define the equality %|F1 = h in a weak sense by

(Af o) 2@ + (VYO 2@ = (hy0) 2 r)) Ve eHr Q). (392)

The above definition clearly coincides with the usual one if f is smooth enough
(in H2(Q)). If OTy and OT'; have surface measure zero in dQ and f and h satisfy
(3.9.2), then h is uniquely determined by f. Indeed, in this case, the traces of
functions ¢ € Hy, () on Ty are dense in L*(T';), as follows from Remark 13.6.14.

Finally, we assume that b € L>°(I'1) is real valued. The equations of the
system considered in this section are

Z(x,t) = Az(x,t) on ) x [0, 00),

z(x,t) =0 on I'y x [0, 00),

) - (3.9.3)
o2z, t) + 0% (x) 2(z,t) = 0 on I'y x [0,00),

z(x,0) = zo(x), 2(z,0) = wo(x) on Q.

The functions zy and wg are the initial state of the system. The part 'y of the
boundary is just reflecting waves, while on the portion I'y we have a dissipative
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boundary condition. This terminology can be justified by a simple formal calcu-
lation. More precisely, if we assume that z is a smooth enough solution of (3.9.3),
then simple integrations by parts show that for every ¢ > 0,

d . .
T (||VZ('at)”[2L2(Q)]" + ||Z('at)||%2(m) = - Q/F b?2(, 1) do. (3.9.4)
1
Therefore the function ¢ +— ||z(-,t)||[2L2(Q)]n + ||z'(-,t)||2L2(Q), which in many appli-
cations is the total energy of the system, is non-increasing.

To transform the above formal analysis into a rigorous one, we introduce the
space D(A) C X formed of those [/] € Hf () x HE (€) such that Af € L2(1)
and

(Af, 0 20+ (VI VO 2 = — (0°9,9)12(ry) V€M, (Q). (3.9.5)

As explained a little earlier, (3.9.5) means that, in a weak sense, % Ir, +b%g = 0.
Moreover, if Oy and OI'; have measure zero in 952, then b?g is determined by f.

The above definition of D(A) takes an easier-to-understand form if we make
much stronger assumptions on the sets €2, I'yg and I';.

Proposition 3.9.1. Assume that 02 is of class C?, clos Ty =T'g, clos I'y =Ty and
be CH0R). Then

o) = { 7] e @, @] <ty @ | Hie = ~valn . G0

where %|p1 and g|r, are taken in the sense of the trace theorems from Section
13.6.

Proof. Let [4] € D(A). We know from Remark 13.6.15 that g|r, € H2(T1), so

that —b?g|p, € Hz (I'1). According to Proposition 13.6.16, there exists a unique
f e H*(Q) N'Hf, (92) such that

of

Af = Af in L*(Q), 5

|F1 = _b2g|F1'

Taking the inner product of the first formula above with ¢ € Hf, (€2) and using
Remark 13.7.3, it follows that

(Af, Q) r20) + (VI VO 2@ = — (020, 0)2(m) Vo€ Hp, ().

Comparing the above formula with (3.9.5) it follows that
(VI Vo) @p = (VF Vo) @ Vo € Hr, (Q),

sothat f=f¢€ H2(2) and %hﬁ = —b%glr,. O
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The operator A : D(A) — X is defined by

AB}:{&J v[ﬂepum (3.9.7)

The main result of this section is the following.

Proposition 3.9.2. The operator A defined above is m-dissipative.
Proof. We first note that from (3.9.1) and (3.9.7) we obtain that

([ []) = o v+ @rome v [l eoe.

Using (3.9.5) with ¢ = g it follows that

Re (a[fL[7]) = ooty <0 v |!] eota,

so that A is dissipative. To show that A is m-dissipative, we prove that I — A is
onto. For this we take [$] € X and we prove the existence of [/] € D(A) such
that A [ch ] = [%] First note that, by the Riesz representation theorem, for every
[f]} € X there exists a unique f € V such that

<Vf, v<p> L2(Q <f7 > <b fa >L2 (T'1)
—%£+m>mmywb&@m@ﬂ VeHL (Q). (3.9.8)

Taking ¢ = v, with ¢ € D(Q), it follows that

[ osgopde = [@rmude veeD@),
Q Q
so that in D' (€2) we have
Af = f—€—ne LXQ). (3.9.9)
Substituting the above formula in (3.9.8) and setting

g=17r-¢, (3.9.10)

obtain that [/] satisfies (3.9.5) which, combined with (3.9.9), implies that

we
[ 7] € D(A). Moreover, using (3.9.7), (3.9.9) and (3.9.10) we see that (I—A) [/ ] =
[f]} so that I — A is onto. Thus A is m-dissipative. O

We say that z is a strong solution of (3.9.3) if
E}ecmumypm», (3.9.11)

and the first equation in (3.9.3) holds in C([0, 00); L*(12)).
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As a consequence of Proposition 3.9.2, we obtain the following result.

Corollary 3.9.3. For every [u] € D(A), the initial and boundary value problem
(3.9.3) admits a unique strong solution. Moreover, the energy estimate (3.9.4) holds
for every t > 0.

Proof. We know from the last proposition that A is m-dissipative, so that, by
applying the Lumer—Phillips theorem (Theorem 3.8.4) it follows that A is the
generator of a contraction semigroup T on X. We denote as usual by X; the space
D(A) endowed with the graph norm. We set, for every ¢ > 0, [fu((?)} =T¢[an]-
According to Proposition 2.3.5 it follows that

[{j € C([0,00), X1) N C*([0,00), X), (3.9.12)
EIE S R e

Using (3.9.7) it follows that w(t) = £(t), so that we have (3.9.11) and the first
equation in (3.9.3) holds in C([0, 00); L?(£2)). We have thus shown that for every
[a0] € X there exists a strong solution of (3.9.3) which is given by

[?(t)} — T, [20} V0. (3.9.14)

To show that this solution is unique, we note that if z is a strong solution of
(3.9.3), then, denoting 2(t) = w(t), we have that {Z(t) ] satisfies (3.9.12), (3.9.13)

w(t)
so that, according to Proposition 2.3.5, z satisfies (3.9.14).
We still have to prove (3.9.4). A direct calculation combined with the fact
that 2(t) = Az(t) gives

d .
dt (”Vz(.,t)||[2L2<m]" + ||Z(wt)lliz(m)
= Re ((Vz(t), VA (@ + (£(0), Az(0) 1) Vt>0.

N =

Using (3.9.5) with f = z(¢) and ¢ = 2(t) we obtain (3.9.4). O



Chapter 4

Control and Observation Operators

Notation. Throughout this chapter, U, X and Y are complex Hilbert spaces which
are identified with their duals. T is a strongly continuous semigroup on X, with
generator A : D(A) — X and growth bound wo(T). Recall from Section 2.10 that
X1 is D(A) with the norm ||z||; = ||[(BI — A)z||, where 8 € p(A) is fixed, while
X _; is the completion of X with respect to the norm ||z||_1 = [[(B] — A)~z|.
Remember that we use the notation A and T; also for the extension of the original
generator to X and for the extension of the original semigroup to X_;. Recall also
that X{ is D(A*) with the norm ||z|/{ = ||(BI — A*)z| and X%, is the completion
of X with respect to the norm [|z||¢; = ||(B] — A*)~1z||. Recall that X_; is the
dual of X{ with respect to the pivot space X.

Let u,v € L ([0,00);U) and let 7 > 0. Then the 7-concatenation of u and

loc

v, u<> v is the function in L2 ([0,00);U) defined by

loc

(uQu)(t) =

T

{u(t) for t e [0,7),

v(t—71) for t>T.

For u € L% ([0,00);U) and 7 > 0, the truncation of u to [0,7] is denoted by
P.u. This function is regarded as an element of L?([0,00);U) which is zero for

t > 7. Equivalently, P,u = u <{ 0. For every 7 > 0, P is an operator of norm 1 on
T

L?([0,00); U). We denote by S, the operator of right shift by 7 on L2 ([0, 00); U),

loc

so that (S;u)(t) = u(t —7) for t > 7, and (S;u)(t) =0 for ¢ € [0, 7]. Thus,

(uov)(t) = Pru+ S;v.

For any open interval .J, the spaces H!(J;U) and H?(J;U) are defined as
at the beginning of Chapter 2. H] .((0,00);U) is the space of those functions
on (0,00) whose restriction to (0,n) is in H'((0,n);U), for every n € N. The
space HZ,.((0,00);U) is defined similarly. Recall that C, is the half-plane where
Res > a.

111
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4.1 Solutions of non-homogeneous differential equations

The state trajectories z of a linear time-invariant system are defined as the solu-
tions of a non-homogeneous differential equation of the form z(t) = Az(t) + Bu(t),
where u is the input function. For this reason, we should clarify what we mean by
a solution of such a differential equation, and then give some basic existence and
uniqueness results. In this section, the operator B is not important, so that in our
discussion we shall replace Bu(t) by f(t), and we call f the forcing function.

Definition 4.1.1. Consider the differential equation

2(t) = Az(t) + f(t), (4.1.1)
where f € L ([0,00); X_1). A solution of (4.1.1) in X_; is a function

loc
% € Lige([0,00); X) N C([0, 00); X 1)

which satisfies the following equations in X _;:
t
A1) — 2(0) = / [Ax(0) + f(0)] do ¥ie0,o00). (4.1.2)
0

The above concept could also be called a “strong solution of (4.1.1) in X_1”,
because (4.1.2) implies that z is absolutely continuous with values in X_; and
(4.1.1) holds for almost every ¢ > 0, with the derivative computed with respect
to the norm of X_;. Equation (4.1.1) does not necessarily have a solution in the
above sense.

Remark 4.1.2. We could also define the concept of a “weak solution of (4.1.1) in
X _1”, by requiring instead of (4.1.2) that for every ¢ € X{ and every ¢ > 0,

(G0 =200 0x_xe = [ [(0). A0 + 1(0) 0 g do

However, it is easy to see that this is an equivalent concept to the concept of
solution defined earlier. For this reason, we just use the term “solution in X_1”.

Sometimes it is convenient to use the above equivalent definition of a solution
of (4.1.1). Sometimes it is also convenient to do this without identifying X with
its dual X’. This can be done in the framework of Remark 2.10.11.

Remark 4.1.3. If f € L} ([0,00); X), then the concept of a solution of (4.1.1) in X
can be defined similarly, by replacing everywhere in Definition 4.1.1 X_; by X and
X by X;. This concept of a solution appears often in the literature. Similarly, we
could introduce solutions of (4.1.1) in X_5 (this space was introduced in Section
2.10). It is easy to see that if z is a solution of (4.1.1) in X, then it is also a
solution of (4.1.1) in X_; (and any solution in X_; is also a solution in X_5). For

our purposes, the most useful concept is the one we introduced in Definition 4.1.1.
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Proposition 4.1.4. With the notation of Definition 4.1.1, suppose that z is a solu-
tion of (4.1.1) in X_1 and denote zy = z(0). Then z is given by

2(t) = Tyzo + /0 T, f(0)do. (4.1.3)

In particular, for every zo € X there exists at most one solution in X_1 of (4.1.1)
which satisfies the initial condition z(0) = zp.

Proof. For t > 0 and ¢ € D(A*?) fixed, introduce the function g : [0,¢] — C by

9(0) = (T1-o2(0), @)x_, x¢

Moving T;_, to the right side of the above duality pairing and using the fact that
the function o — T;__¢ is in C*([0,t], X{), we see that g is absolutely continuous
and its derivative is given, for almost every o € [0, ], by

d
35 9(0) = (A2(0) + f(0), Ti_op)x_, xg = (2(0), AT o) x_, xg

= <f(o)ﬂT>tkfa§D>X,1,X{i = <thaf(0)790>x,1,xf-

Integrating from 0 to ¢ we obtain

g(t) — 9(0) = < /0 t Tt_af(a)da,¢>X1)Xd .

By the density of D(A*?) in X{, we obtain the desired formula:

2(t) = Ty2(0) = /O T, . f(c)do. 0

Definition 4.1.5. With the notation of Definition 4.1.1, the X_;-valued function z
defined in (4.1.3) is called the mild solution of (4.1.1), corresponding to the initial
state zp € X and the forcing function f € LL ([0,00; X_1).

loc

In the last proposition we have shown that every solution of (4.1.1) in X_1 is
a mild solution of (4.1.1). The converse of this statement is not true. However, the
following theorem shows that for forcing functions of class H!, the mild solution
of (4.1.1) is actually a solution of (4.1.1) in X_;, and moreover this solution is a
continuous X-valued function.

Theorem 4.1.6. If zg € X and f € H[, ((0,00); X_1), then (4.1.1) has a unique
solution in X_1, denoted z, that satisfies z(0) = zo. Moreover, this solution is such
that

2 € C(0,00); X) N C([0,50); X_1),

and it satisfies (4.1.1) in the classical sense, at every t > 0.



114 Chapter 4. Control and Observation Operators

Note that from the above theorem it follows immediately that
Az+ f € C([0,00); X_1).

Proof. Let (S;)i>0 be the unilateral left shift semigroup on L?([0,00); X_1) (see
Example 2.3.7 for the scalar case X = C). The generator of S is the differentiation
operator - with domain H'((0,00); X_1). We introduce the forcing function to

state operators
, € L(L*(]0,00); X_1), X_1)

defined for all 7 > 0 by
O, f = / T,_of(0)do.
0

Then the mild solution z of (4.1.1) is given by z(t) = Tizo + ®;f. It is a routine
task to verify that on X = X_; x L?([0,00); X_1) the operators

T, @,
m- [ 3

form a strongly continuous semigroup, and the generator of this semigroup is

A m - [AZO g_if(oq L D(A) = X x H((0,00); X_1).

The graph norm on the space X; = D(A) turns out to be equivalent to the usual
product norm of X x H*((0,00); X_1). Thus, we shall use this product norm on X} .

First we prove the theorem for f € H*((0,00); U). Choose [} | € D(A) and
define ¢(t) = 7; [ 7 ]. We know from Proposition 2.3.5 that ¢ satisfies

q € C([0,00); X1) N CH([0,00); X).

The first component of ¢ is the mild solution z of (4.1.1), corresponding to zp and
f. Therefore,
z € C([0,00); X) N C([0,00); X_1).

We want to show that z is a solution of (4.1.1) in X_;. According to Remark 2.1.7

we have .
<31 =L [+
for every t > 0. Looking at the first component only, we obtain that
() — 20 = /Ot [Az(0) + f(0)] do.
Since this holds for all ¢ > 0, z is indeed a solution of (4.1.1) in X_;. Differentiating

the above equation in X_, we obtain that z satisfies (4.1.1) at every ¢ > 0. Thus,
we have proved the theorem for the special case when f € H((0,00);U).
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Now let us consider zp € X, f € H].((0,00); X_1) and let z be the corre-
sponding mild solution of (4.1.1). Choose 7 > 0. It will be enough to prove that
the restriction of z to [0, 7], denoted Pz, has the desired properties, i.e.,

P,z € C([0,7; X)N Cl([O,T];Xfl),

A(t) — 2 = /O [Az(0) + f(o)] do  Vielo7].

On [r, 00) we modify f such that f € H?([0,00); X_1). Since P,z depends only on
zo and on P, f, z does not change on [0, 7]. Thus, P,z has the desired properties
listed earlier, due to the special case of the theorem proved earlier. O

Remark 4.1.7. The last theorem remains valid for forcing functions f that satisfy
f(t) — f(0) = fg v(o)do for every t > 0, where v € L ([0,00); X_1). The proof
is similar, using a semigroup acting on the Banach space X_1 x L'([0,00); X_1).

Remark 4.1.8. Let 29 € X_1, f € L], .([0,00); X_1) and let z be the corresponding
mild solution of (4.1.1) (i.e., given by (4.1.3)). Then =z satisfies (4.1.2), still as an
equality in X_1, but with the integration carried out in X _».

Indeed, we know from the last theorem that (4.1.2) holds if zp € X and
f € H'Y((0,00); X_1) (with the integration carried out in X_1). Since both sides
(as elements of X_5) depend continuously on zp (as an element of X_;) and
on f (as an element of Lj, ([0,00); X_1)) and since H'((0,00); X_1) is dense in
L ([0,00); X_1), it follows that (4.1.2) holds as an equality in X_5. But clearly
the left-hand side is in X _1, so that in fact we have an equality in X _1, as claimed.

An easy consequence of the statement that we have just proved is that every
mild solution of (4.1.1) corresponding to 29 € X_1 and f € L ([0,00); X_1) is a

solution of this equation in X_s.

Remark 4.1.9. For f € L] ([0,00); X_1) the Laplace transform of f and its do-
main (the set of points s € C where f(s) exists) are defined in Appendix I (around
(12.4.5)). If 2 is the mild solution of (4.1.1) corresponding to zp € X and f, then

its Laplace transform is
2(s) = (sT = )7 [200) + f(s)] .
and this exists at all the points s € C for which Res > wo(T) and f(s) exists

(and possibly also for all s in a larger half-plane). This follows from Remark 4.1.8,
applying the Laplace transformation to (4.1.2).
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4.2 Admissible control operators

The concept of an admissible control operator is motivated by the study of the so-
lutions of the differential equation #(t) = Az(t)+ Bu(t), where u € L% ([0, 00); U),
2(0) € X and B € L(U, X_1). We would like to study those operators B for which
all the mild solutions z of this equation (with v and z(0) as described) are contin-
uous X-valued functions. Such operators B will be called admissible.

Let B € L(U,X_1) and 7 > 0. We define ®, € L(L*([0,0);U), X_1) by
bru = / T,_sBu(o)do. (4.2.1)
0

We are interested in these operators because they appear in (4.1.3) if we take f =
Bu. It is clear that we could have defined ®, such that ®, € L(L*([0,7];U), X_1),
but we wanted to avoid later difficulties which would occur if the domain of &,
depended on 7. It is easy to see that &, = ®,P, (causality) and that for every
t,7 >0,

Dy (uOv) =Ty dru+ Pyv. (4.2.2)

The latter property is called the composition property.

Definition 4.2.1. The operator B € L(U;X_1) is called an admissible control
operator for T if for some 7 > 0, Ran ¢, C X.

Note that if B is admissible, then in (4.2.1) (with ¢ = 7) we integrate in X_1,
but the integral is in X, a dense subspace of X_;.

The operator B (as in the above definition) is called bounded if B € L(U, X)
(and unbounded otherwise). Obviously, every bounded B is admissible for T.

Proposition 4.2.2. Suppose that B € L(U,X_1) is admissible; i.e., Ran &, C X
holds for a specific T > 0. Then for every t > 0 we have
Py € ‘C(L2([O7 OO)? U)7 X) .

Proof. Choose 3 € p(A) and define By = (81 — A)~'B. Then By € £L(U, X) and

b u= (Bl - A) /OT T,_s Bou(o)do,

which shows that ®. is closed. By the closed-graph theorem, @, is bounded.
Let ¢ € [0,7). We rewrite (4.2.2) with v = 0 and with 7 — ¢ in place of 7 as
follows: ®,(0 ¢ v) = ®;v. This shows that ®; € L(L*([0,00); U), X).
T—t1

The identity (4.2.2) with ¢ = 7 implies that ®», is bounded. By induction,
®, is bounded for all ¢ of the form ¢t = 2”7, where n € N. Combining this with
what we proved in the previous paragraph, we obtain that ®; is bounded for all
t>0. O
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The operators ®; as in the above proposition are called the input maps cor-
responding to (4, B). B can be recovered from them by the following formula:

1
Bv = tlimo ;'I)tv vVveU, (4.2.3)

where we have used the notation v also for the constant function equal to v, defined
for all t > 0. (The above limit is taken in X_;.) The proof of (4.2.3) is easy, using
the fact that T is strongly continuous on X_; (see Proposition 2.10.4).

Remark 4.2.3. By a step function on [0,7] (or a piecewise constant function) we
mean a function that is constant on each interval of a partition of [0, 7] into finitely
many intervals. We have the following equivalent characterization of admissible
control operators: B € L(U, X_;) is admissible iff, for some 7 > 0, there exists a
K, > 0 such that for every step function v : [0,7] = U,

1@l < Kool e (4.2.4)

Indeed, if v is a step function, then ®,v € X (regardless if B is admissible), as it
follows from Proposition 2.1.6 (with X_; in place of X). If (4.2.4) holds, then, by
the density of step functions in L?([0,7];U) (see Section 12.5), ®, is bounded, so
that B is admissible. The converse statement follows from Proposition 4.2.2.

Proposition 4.2.4. Suppose that B is an admissible control operator for T. Then
the function

p(t,u) = dru

is continuous on the product [0,00) x L?([0,00);U).

Proof. Taking in (4.2.2) u = 0 and taking the supremum of the norm over all
v € L*([0,00); U) with ||v]| = 1 we get, denoting T = 7 + t,

1@ < ||O7] for ¢t<T, (4.2.5)

so that ||®¢]| is non-decreasing.

First we prove the continuity of (¢, u) with respect to the time ¢, so for the
time being let u € L?([0,00); U) be fixed and let

Inequality (4.2.5), together with causality (®; = ®,P;), implies that
IF@OI < @]l - [Pyl Vite(01].

Obviously ||P;u|| —0 for ¢ — 0, so that lim,_ o f(t) = 0. The right continuity of
f in any point 7 > 0 now follows easily from the composition property (4.2.2).
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To prove the left continuity of f in 7 > 0 we take a sequence (e,) with
€ [0,7] and &, — 0 and we define u,(t) = u(e, +1), so that u, € L?([0,0);U)

and wu, — u. We have u = u < u,,, so that according to (4.2.2),
En

(I)anJr(‘rfen)u =Tr ¢, ®c,u+ D7 ¢ up -
From here
D u— (I)T—snu = PH“r—an)snu + q)‘r—sn (un - u) s
which yields

[®ru —@rc ull < M- ||f(en)ll + (1Pr]l - [Jun —ull,

where M is a bound for | T¢|| on [0,7]. Since f(e,)— 0, the left continuity of f
in any point 7 > 0 is now also proved.
The joint continuity of ¢ follows now easily from the decomposition

v —Du =D (v—u) + (P — Pr)u,
where (t,v) — (1, u). O

The following proposition shows that if B is admissible and u € LIOC([O, );U),
then the initial value problem associated with the equation 2(t) = Az(t) + Bu(t)
has a unique solution in X_1, in the sense of Definition 4.1.1.

Proposition 4.2.5. Assume that B € L(U, X_1) is an admissible control operator
for T. Then for every zo € X and every u € L2 ([0,00);U), the initial value
problem

Z(t) = Az(t) + Bu(t), 2(0) = 2o, (4.2.6)

has a unique solution in X_1. This solution is given by
z2(t) = Tyzo + Pru (4.2.7)

and it satisfies
z € C([0,00); X) N Hige((0,00); X—1).

Proof. With B, zp and w as in the proposition, define the function z by (4.2.7).
According to our concept of a solution of (4.2.6) in X_;, we have to show that
z € L ([0,00); X)NC([0,00); X_1) and it satisfies (4.1.2) with f = Bu, i.e.,

A1) — 2(0) = /0 [A2(0) + Bu(o)] do  Vte[0,00), (4.2.8)

with the integration carried out in X_;. According to Remark 4.1.8 the above
equality holds in X_;, with the integration carried out in X_5. It follows from
Proposition 4.2.4 that z € C([0,00); X ). Hence, the terms of (4.2.8) are in fact
in X and what we integrate is in L2 ([0,00); X_1), so that we may consider the
integration to be done in X_ ;. Thus, z is a solution of (4.2.6). It also follows that
z € Hi.(0,00; X_1). The uniqueness of z follows from Proposition 4.1.4. O
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Remark 4.2.6. The above result implies the following: With the assumptions of
Proposition 4.2.5, for every zgp € X and every u € L2 ([0,00);U) there exists a
unique z € C([0,00); X) such that, for every ¢t > 0,

(2(t) = 20,¢)x = /O [(2(0), A"Y) x + (u(0), B Y)u] do Vi€ D(AY).

Sometimes it is more convenient not to identify X with its dual X’. Then A* €
L(X¢, X" and B* € L(X{,U), where X{ is as in Remark 2.10.11, and the inner
product in X has to be replaced with the duality pairing between X and X'.

Example 4.2.7. Take X = L?[0,00) and let T be the unilateral right shift semi-
group on X (i.e., Tyzg = S;20), with generator

d

dz’
(recall that H}(0,00) consists of those p € H'(0,00) for which (0) = 0). Then
D(A*) = H*(0,00) and X_; is the dual of H' (0, 0o) with respect to the pivot space
X (see Section 2.9 for the concept of duality with a pivot). We have encountered
this semigroup (and its dual) in Examples 2.4.5, 2.8.7 and 2.10.7.

We take U = C, so that £(U, X_1) can be identified with X_;. For every

a > 0 we define d, (the “delta function at o) as an element of X_; by

(0, 0a)xe.x_, = (@) Ve X{ =H(0,00).

Clearly, Tido = dq+t. We take the control operator B = dg. Then it is not difficult
to check that

A= D(A) = Hy(0,0)

u(t—z) for xe€0,t,
0 for =z >t.

(Pru)(z) = {

Intuitively, we can imagine the system described by 2(t) = Az(t) + Bu(t)
as an infinite conveyor belt moving to the right, with information entering at its
left end and being transported along the belt with unity speed. It is clear that
Ran ®; C X, so that B is admissible. In fact, we have ||®¢| £(12[0,00),x) = 1 for all
t > 0. We shall reformulate this system as a boundary control system in Example
10.1.9.

Let B € L(U, X_1). We introduce the space
Z =X+ (B3I -A)"'BU = (B - A)~'(X + BU), (4.2.9)

where 8 € p(A) (Z does not depend on the choice of 3). The norm on Z is defined
by regarding Z as a factor space of X x U:

I21% = inf {|l2|* + |v|* |z € X, v € U, z = (B] = A) ™ (z + Bv)} ,

so that Z is a Hilbert space, continuously embedded in X. On the space X + BU
we consider a similar norm, but omitting the factor (31 — A)~!. Clearly Z may
be regarded as the image of X + BU through the isomorphism (31 — A)~*.
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Lemma 4.2.8. Let B € L(U,X_1) be an admissible control operator for T. Then
for any u € HY((0,T); U) with u(0) = 0, the solution z of

z = Az+ Bu (4.2.10)
with z(0) = 0 is such that
z € C([0,T]; Z)n C*([0,T); X).
Proof. Let u € HY((0,T);U) with u(0) = 0 and denote by w the solution of
W= Aw + B, w(0) = 0.

As B is an admissible control operator we have that w € C([0,T]; X). Moreover, it

is easily checked that the function z defined by z(t) = fot w(s)ds satisfies (4.2.10).
Since the solution of (4.2.10) with z(0) = 0 is unique, we obtain

0= [ w)s
which obviously yields that
z € CY[0,T]; X). (4.2.11)
On the other hand, (4.2.10) gives
(BI — A)z(t) = B=(t) — 2(t) + Bu(t) Vtelo,T]. (4.2.12)
Since 3z — 2+ Bu € C([0,T],X + BU), relation (4.2.12) with 3 € p(A) implies
2 e C(0,7); 2). (4.2.13)

From (4.2.11) and (4.2.13) we clearly obtain the conclusion of the lemma. O

Remark 4.2.9. In Lemma 4.2.8 we may replace the condition that B is admissible
with the condition that u € H2((0,7);U) (we still assume that u(0) = 0). The
conclusion remains the same, and the proof is also the same, except that now, to
show that w € C([0,T]; X), we use Theorem 4.1.6 instead of the admissibility of B.

Proposition 4.2.10. Let B € L(U, X_1) be an admissible control operator for T. If
20 € X and u € Hi.((0,00); U) are such that Az + Bu(0) € X, then the solution
z of (4.2.6) satisfies

z € C([0,00); Z) N CH([0,00); X).
Proof. We decompose z = z,, + z., where z, satisfies

Zn = Azp + Blu —u(0)], zn(0) = 0,
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and z. satisfies
2. = Az. + Bu(0), 2:(0) = 2.

It follows from Lemma 4.2.8 that z, € C([0,00); Z) N C1([0,0); X). It is easy to
see (using Remark 2.1.7) that for every ¢ > 0,

Az.(t) = T, [Azo + Bu(0)] — Bu(0). (4.2.14)

This shows that Az, € C([0,00); X + BU), whence z. € C([0,0); Z). We also see
from (4.2.14) that 2.(t) = T;[A2zo + Bu(0)], whence z. € C1([0, 00); X). O

In Proposition 4.2.10 we may replace the condition that B is admissible with
the condition that v € HZ _((0,00); U).

Proposition 4.2.11. If B € L(U,X_1), 20 € X and u € H: ((0,00); U) are such
that Azp + Bu(0) € X, then the solution z of (4.2.6) satisfies

z € C([0,00); Z) N CY([0,00); X).

The proof is very similar to the proof of Proposition 4.2.10, except that now
we use Remark 4.2.9 in place of Lemma 4.2.8.

4.3 Admissible observation operators

We now introduce the concept of an admissible observation operator, which will
turn out to be the dual of the concept of an admissible control operator.
Let C € L(X1,Y). We are interested in the output functions y generated by

the system
{ it) = Az(@t),  2(0) = 20,
y(t) = Cz(t),
where zg € X1 and t > 0. According to Proposition 2.3.5, the initial value problem
2(t) = Az(t), z(0) = zo, has the unique solution z(t) = T;zo. This motivates the
introduction of the operators from zy to the truncated output P,y:

CTizg for te[0,7],

(4.3.1)
0 for t> .

(Wrzo)(t) = {

We shall regard these operators as elements of £(X7, L?([0,00);Y)). Clearly, we

could just as well define ¥, such that ¥, € £(X1, L([0,7];Y)), but we want to

avoid later difficulties which would occur if the range space of ¥, depended on 7.
It is easy to see that ¥, = PV, and that for every ¢t,7 > 0,

\IJTth zZ0 = \I/T 20 <> \I/t TTZO. (432)

We shall call this formula the dual composition property. We shall see in the proof
of Theorem 4.5.5 that (4.3.2) is indeed the dual counterpart of (4.2.2).
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Definition 4.3.1. The operator C € £(X;,Y) is called an admissible observation
operator for T if for some 7 > 0, ¥, has a continuous extension to X.

Equivalently, C' € £(X1,Y) is an admissible observation operator for T iff,
for some 7 > 0, there exists a constant K > 0 such that

/ ICTozol2dt < K2|20]1% ¥ 20 € D(A). (4.3.3)
0

The operator C' (as in the above definition) is called bounded if it can be
extended such that C € £(X,Y) (and unbounded otherwise). Obviously, every
bounded C' is admissible for T. If Y is finite dimensional and C is closed (as
a densely defined operator from X to Y'), then it is bounded (this follows from
Remark 2.8.3). Usually, C' is not closed and it also has no closed extension.

If C is an admissible observation operator for T, then we denote the (unique)
extension of ¥, to X by the same symbol. It is now clear that the norm of the
extended operator, || U, ||, is the smallest constant K, for which (4.3.3) holds. The
following result is similar to Proposition 4.2.2.

Proposition 4.3.2. Suppose that C € L(X1,Y) is admissible; i.e., ¥, has a con-
tinuous extension to X for a specific T > 0. Then for every t > 0 we have

U, € L(X,L*([0,00);Y)).

Proof. If t < 7, then from ¥, = P;¥, we see that ¥; is bounded, by which we
mean that U, € £(X,L?([0,00);Y)). If we take t = 7 in (4.3.2), then we obtain
that Wy, is bounded. By induction, we see that W, is bounded for all ¢ of the form
t = 2”7, where n € N. Combining all these facts, we obtain that ¥; is bounded
for all t > 0, as claimed in the proposition. O

The operators ¥, as in the above proposition are called the output maps
corresponding to (A, C). C can be recovered from them as follows: For any 7 > 0,

CZO = (\I/TZO)(O) Y zo € X1

Indeed, this follows from the continuity of ¥, zy on the interval [0, 7], which in turn
is due to the strong continuity of T on X; (see Proposition 2.3.5). If we regard
W, 2y as an element of L2([0,00); Y), then a point evaluation at zero is not defined,
but we can rewrite the formula in a valid form as follows:

1 t
Czy = thInO E (\I/TZO)(O')CIO' Vzo € X1. (434)
- 0
Note that this is now similar to formula (4.2.3).

We now examine || ¥,|| as a function of . An obvious observation is that ||¥,||
is non-decreasing. More information is in the following proposition.
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Proposition 4.3.3. With the notation of the previous proposition, let w € R and
M > 1 be such that ||Ty|| < Me*t, for all t > 0 (see Section 2.1).

(1) If w > 0, then there exists K > 0 such that ||| < Ke“t, for all t > 0.
(2) If w = 0, then there exists K >0 such that |¥,|| < K(14t)z, for all t > 0.
(3) If w <0, then there exists K > 0 such that ||¥¢|| < K, for all t > 0.

Proof. 1t is easy to see that for any zp € X and any n € N,
1Wnz0]1? = [[®1z0|* + | @1 T120[* + - - + [ W1 Tn—120]?,
whence

1
1@ zoll < 0] (14 D262 4o M2e20D) ). (4.3.5)

For w > 0 it follows that for all ¢t € [n — 1,n],

L
e < 1l < o (S ) T < e et
ew —1 Ve2w —1
< Ke¥', where K = ||\I/1||M\/%.
For w = 0 we see from (4.3.5) that for all t € [n — 1,n],
19l < 1%all < [91] Mn* < K(1+1)3.
For w < 0 we see again from (4.3.5) that || ¥, is bounded. O

We regard LZ ([0,00);Y) as a Fréchet space with the seminorms being the
L? norms on the intervals [0,n], n € N. (This means that in L2 ([0,00);Y) we
have yr — 0 iff ||y || L2(0,n) — 0 for every n € N.) Let C' € £(X1,Y") be an admissible
observation operator for T. Then it is easy to see that there exists a continuous
operator ¥ : X — LZ ([0,00);Y") such that

(Uz)(t) = C'Ty 20 Y 2 € D(A), t > 0. (4.3.6)

The operator ¥ is completely determined by (4.3.6), because D(A) is dense in X.
We call U the extended output map of (A,C). Clearly,

P.U =0, V7>0.
It follows from (4.3.2) that the extended output map satisfies the functional equa-

tion
\IJZO = \IJT 20 <> \IJTTZO . (437)
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Proposition 4.3.4. If C and ¥ are as above, then for every zo € D(A) we have
Uz € HL.((0,00);Y) and for every t >0,

t
CTtZO = CZO +/ (\I/AZ())(O')dO'
0

Proof. Take zy € D(A?), so that
(\IJAZ())(t) = OTtAZ() Vit Z 0. (438)

The derivative of T;zg, as an X;-valued function of ¢, is T; Az, see Proposition
2.10.4, so that fot CT,Azgdo = CTyzg — Czg. Thus, integrating both sides of
(4.3.8), we obtain the desired formula for zg € D(A?). Since D(A?) is dense in
X; and C is bounded on X7, the formula in the proposition must be true for all
2o € X7. O

Remark 4.3.5. Assume that T is exponentially stable and C' € £(X;,Y) is an
admissible observation operator for T. Denote by ¥ the extended output map of
(A,C). Then

U € L(X,L*([0,00);Y)).

Indeed, it follows from part (3) of Proposition 4.3.3 that there exists K > 0 such
that ||¥,]| < K for all ¢ > 0. Take zp € X. By taking the limit of ||¥;z20| 12 (as
t — o0), we obtain that Wz € L%([0,00);Y) and ||[Wzol|z2 < K||20l-

Proposition 4.3.6. Let C € L(X1,Y) be an admissible observation operator for
T and let U be the extended output map of (A,C). For each o € R we define
v X — L2 ([0,00);Y) by

loc
(U2)(t) = e “"(Wzo)(t).
Then for every a > wo(T) we have
T € L(X,L*([0,00);Y)).

Proof. Let a > wo(T). Introduce the operator semigroup T% generated by A — al.
Tts growth bound is wo(T*) = wo(T) — a < 0. Hence, there exist w < 0 and M > 0
such that

T < Me*t Vit=0.
Clearly C' is admissible for T<. The extended output map of (A—al, C) is exactly
U<, According to Remark 4.3.5, we have U € £(X, L%([0,0); Y)). O

Theorem 4.3.7. Let C € L(X1,Y) be an admissible observation operator for T
and let U be the extended output map of (A,C). Then for every zo € X and every
s € C with Res > wo(T), the function t — e %4 (VUz)(t) is in L1([0,00);Y), so
that the Laplace transform of Wzy exists at s. This Laplace transform is given by

—

(Uzp)(s) = C(sI — A) 'z,
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Moreover, for every a > wo(T) there exists Ko > 0 such that
K
VRes —«a

Proof. For s € C with Res > wy(T), choose o € (wo(T),Res) and denote
¢ = Res — a (so that € > 0). According to Proposition 4.3.6, we have U® ¢
L(X,L?([0,00);Y)). Using the Cauchy—Schwarz inequality we have

|C(sT — A7 < VseC,. (4.3.9)

-

1(W20) () S/OOO Ie_StI-II(\I/Zo)(t)IIdt=/OOO ™= ]+ lle™ " (Wzo)(t) | dt

Ko
< le™ 2 - [[#20] L2 < NG [Izoll - (4.3.10)
This implies that for any fixed s with Res > wo(T), @(s) defines a bounded
linear operator from X to Y.

For every zg € D(A), t — T2 is a continuous Xi-valued function. Since
C € L(X1,Y), we obtain from Proposition 2.3.1 that

(P20)(s) = / e St CTyzpdt = C(sI — A) 2.
0

The left- and right-hand sides above have continuous extensions to X, so that
their equality remains valid for all zg € X, as claimed. Combining this fact with
(4.3.10), we get the estimate in the theorem. O

The last theorem gives an upper bound for ||(C(sI — A)~!]| for large values
of Res, but it gives no information at all about the size of ||(C(sI — A)~!| for
Re s close to wy(A). However, such information is sometimes needed. The following
simple proposition provides such an upper bound for contraction semigroups. The
estimate given is valid for all s € Cy, but what is important here is the region of
small positive Re s. For large Re s, Theorem 4.3.7 gives a stronger estimate.

Proposition 4.3.8. Assume that T is a contraction semigroup and C € L(X1,Y)

is an admissible observation operator for T. Then there exists K > 0 such that

|C(sI — A7 < K(H—%) VseCy.

Proof. Clearly wo(A) < 0. Take s = A+iw € Cy, so that A > 0. Denote s1 = 1+iw,
then according to the resolvent identity (see Remark 2.2.5) we have

C(sI —A) ™ =C(si] —A) " [T+ (1 -\ (sI—A)7'].

According to Theorem 4.3.7 with a = %, there exists k = V2 - K 1 such that for
all s1 as above, ||C(s1] — A)~!| < k (k is independent of w). Thus,

[C(sI—A)7" | <k[1+[1=A (sl —A)7"] Vs e Co.
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We know from Proposition 3.1.13 that A is m-dissipative. This implies, accord-
ing to Proposition 3.1.9, that we have |(sI — A)~!|| < 1/Res, for all s € Cy.
Substituting this into the previous estimate, we obtain

[C(sT — A7 <k<1+|1;)\|> V¥ se Cy, A=Res.

From here it is easy to obtain the estimate in the proposition, with K = 2k. 0O

4.4 The duality between the admissibility concepts

In this section we show that the concept of admissible observation operator is dual
to the concept of admissible control operator. This duality allows us to translate
many statements into dual statements which might be easier to prove or under-
stand.

If B € L£(U, X_1), then, using the duality between X and X_; (see Section
2.10) and identifying U with its dual, we have B* € L£(X{,U). The adjoint of
@, from (4.2.1), which is in £(X{, L?([0,00);U)), can be expressed using B* as
follows.

Proposition 4.4.1. If B € L(U, X_1), then for every T > 0 and every zy € X{,

B*T%_,zg  for te[0,7],

(4.4.1)
0 for t>rT.

(@720)(t) = {

If B is an admissible control operator for T, so that ®, can also be regarded as an
operator in L(L*([0,00);U), X), then its adjoint in L(X, L*([0,00);U)) is given,
for zo € D(A*), by the same formula (4.4.1).

Proof. For every zp € X and u € L?([0,00); U) we have

<<I>Tu7zo>X_17Xf:/ (T,—sBu(0), 20) y_, x4 do
0

:/ <u(0)7B*Ti_Uzo>Udo = (U, V) 12([0,00):U) »

0
where v is the function on the right-hand side of (4.4.1). This implies (4.4.1).
Now assume that B is admissible and regard ®, as a bounded operator from

L3([0,00); U) to X. Then, because of the equality

(Pru,20)x = (Pru,20)x_, x4

formula (4.4.1) gives the restriction of ®%zy to D(A*). O
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Remark 4.4.2. Let us denote by ¥¢ the output maps corresponding to the semi-
group T* with the observation operator B* (defined similarly as for T and C, see
Section 4.3). Recall the time-reflection operators $I, introduced in Section 1.4.
Then Proposition 4.4.1 shows that (without assuming admissibility)

drzy = S, Wz V29 € D(A*), 7> 0, (4.4.2)

as in Proposition 1.4.3. If B is admissible, then we have a choice between regarding
@, as an element of L£(L*([0,00);U), X) or of L(L?*([0,00);U), X_1). Proposition
4.4.1 tells us that regardless of the choice, the above formula holds.

Theorem 4.4.3. Suppose that B € L(U,X_1). Then B is an admissible control
operator for T if and only if B* is an admissible observation operator for T*. If
B is admissible, then

|@2z0] = Wi VaeX, T>0,

where W (with T > 0) are the output maps of T* and B*.

Proof. Suppose that B is an admissible control operator for T and for some
7> 0, let ®, € L(L?([0,00);U), X) be the operator from (4.2.1). Clearly ®* €
L(X,L*([0,00);U)). Since (4.4.2) holds for all zg € D(A*), T* and B* satisfy con-
dition (4.3.3) with K, = ||®.||. It follows that B* is an admissible observation
operator for T*, i.e., ¥¢ € L(X, L?([0,00);U)). The equality of norms claimed in
the theorem follows easily from (4.4.2), since I, has no influence on the norm.

To prove the converse implication, assume that B* is admissible for T*. Then
for every 7 > 0 there exists K, > 0 such that for all zg € D(A*), || ¥2z| < K, |20
Take a step function v : [0,7] — U, then according to (4.4.2),

(<I>70720>X717X{1 = <U,HT\I/sz>L2 )
Since for any step function v we have ®,v € X (see Remark 4.2.3), we obtain
(@rv, 20) x| < |lvllLz- K- |l20llx V 2o € D(A").

This implies that || P v||x < K, ||v| 2 holds for every step function v : [0,7] = U.
Thus, the admissibility criterion in Remark 4.2.3 is satisfied. O

Example 4.4.4. We describe a system that is dual to the one discussed in Example
4.2.7. Take X = L?[0,00) and let T be the unilateral left shift semigroup on X
(i.e., Tyzo = S}z0), with generator

_d
T oda’

A D(A) = H'(0,00).

Then the adjoint semigroup is the unilateral right shift semigroup, so that D(A*) =
H$(0,00). Thus, X_; is the dual of H{(0,00) with respect to the pivot space
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X, which is denoted H~1(0,00). (We have met this semigroup (and its dual) in
Examples 2.3.7, 2.4.5 and 2.8.7.) We take Y = C and define C' € L(X;,Y) by
Cy = p(0). (With the notation of Example 4.2.7, we have C' = dp.) Then it is not
difficult to check that for every z € D(A),

(W2)(t) = =(t).

By continuous extension, this formula remains valid for every z € L?[0, o).

Intuitively, we can imagine that the information is being transported to the
left on an infinite conveyor belt, and the information that reaches the left end of
the belt becomes the output. It is clear that ¥ = I is bounded from X to L?[0, o),
so that C is admissible. The operators A and C defined in this example are the
adjoints of A and B defined in Example 4.2.7.

The duality theorem (Theorem 4.4.3) permits us to translate results about
the admissible control operators into results about admissible observation opera-
tors, or the other way round. For example, we have the following from Proposition
4.3.3.

Proposition 4.4.5. Let w € R and M > 1 be such that | T¢|| < Me“*, for allt > 0.
Let B € L(U,X_1) be an admissible control operator for T.

(1) If w > 0, then there exists K > 0 such that ||®:| < Ke“!, for all t > 0.
(2) If w =0, then there exists K > 0 such that ||®,| < K(1+1t)z, for all t > 0.
(3) If w <0, then there exists K > 0 such that ||®¢|| < K, for all t > 0.

From Theorem 4.3.7 we obtain by duality the following proposition (note
that it is not exactly a mirror image of Theorem 4.3.7, because certain parts of
this theorem are difficult to translate into the control context).

Proposition 4.4.6. Let B € L(U,X_1) be an admissible control operator for T.
Then for every a > wo(T) there exists Ko > 0 such that

Ka

I-A)'B| < —=—
(7 = 47 Bl € =t

VseC,.

4.5 Two representation theorems

When we introduced the concept of an admissible observation operator in Section
4.3, we have assumed that C € L£(X;,Y). It is legitimate to ask if this is not
introducing an artificial constraint into our theory. Maybe for some semigroup T
we could find a dense T-invariant subspace W C X, other than D(A), and an
operator C : W —Y which is admissible in a similar (but clearly more general)
sense; i.e., for some 7 > 0 there exists K, > 0 such that

/ 1CTyz0|2dt < K2|20]2 Ve W,
0
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In this case C is meaningful as an observation operator for T, but it does not
fit into the framework developed in Section 4.3. Such an observation operator
would give rise, using the obvious generalization of Proposition 4.3.2, to a family
of bounded operators ¥, € £(X,L?([0,00);Y)) (the output maps corresponding
to (A, C')) which would again satisfy the dual composition property (4.3.2).

The answer is that it is indeed easy to find observation operators defined on
spaces other than D(A), and which are admissible in this more general sense; see
Example 4.5.4 below. However, such observation operators will not lead to any new
family of output maps. Indeed, any family of output maps ¥, € £(X,L?([0,00);Y))
satisfying (4.3.2) is generated by a unique admissible observation operator C' €
L(X1,Y). Thus, we may start with C: W =Y, but if this C is admissible for T,
then we can find an equivalent C' € £(X,,Y). (Here, C' being equivalent to C
means that they give rise to the same output maps.) This is a consequence of the
first representation theorem in this section, Theorem 4.5.3 below.

Lemma 4.5.1. Suppose that (V). is a family of operators in L(X, L*([0,00);Y))
that satisfies the dual composition property (4.3.2) and ¥ = 0.

Then for every 7,77 > 0 with 7 < T we have P, Uy = V.. Moreover, for
every w > 0 with w > wo(T) there exists K > 0 such that

[Py < Ke“? Viz>0. (4.5.1)

Proof. Taking ¢t = 0 in (4.3.2) we see that P,¥, = ¥,. Using this and again
(4.3.2) with T = 7 + ¢, we obtain that indeed P,V = V..
Now notice that Proposition 4.3.3 remains true for the family (¥,),>0, with

)
the same proof. Hence, for w as described, we can find K such that (4.5.1) holds.
O

Remark 4.5.2. The above lemma implies that there exists a unique operator ¥ €
L(X, L2 ([0,00);Y)) such that

loc
U, =P,V V7>0. (4.5.2)

Indeed, we may define ¥ using limits in the Fréchet space L2 ([0, 00);Y):

loc

Uzg = lim W,z Vzoe X.

T — 00

This operator ¥ is like the extended output map introduced in the previous section,
but here we do not know (yet) that ¥ is determined by an operator C' as in (4.3.6).
Moreover, it follows from (4.3.2) and (4.5.2) that ¥ satisfies (4.3.7).

Theorem 4.5.3. Suppose that (V):>0 is a family of bounded operators from X to
L3([0,00);Y) that satisfies (4.3.2) and ¥ = 0.
Then there is a unique admissible C' € L(X1,Y) such that for every T > 0,

(U,20)(t) = CTy 2 V2o € D(A), t €[0,7]. (4.5.3)
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Proof. We define the extended output map ¥ as in Remark 4.5.2. Let, for any
s € C with Re s > w, the operator A; : X — Y be defined by the Laplace integral

Az = / U (H)dt  VreX.
0

We have to check that this definition is correct, i.e., the above integral converges
absolutely. We have, using (4.5.1) and (4.5.2) and denoting A = Res,

/ le=st(w2) @)l dt = 5 / 0 far
0 n=1v"1""
<A e 0,
n=1
< Ke Ze*u*“)”HzH.
n=1

(We have used above that on [n — 1,n], the L'-norm is smaller than or equal the
L?-norm.) Thus we have got that for Res > w, A, is well defined and, moreover,
A € L(X,Y).

The functional equation (4.3.7) implies that for every z € X and every 7 > 0,

oo

Asz:/ e S (W2)(t) dt+/ e (U T,2)(t —7)dt
0 T
_ / e (W2)(t)dt + e T AT, 2.
0
Rearranging, we have

1 (7 1—e™°7 T,z —
—/ e (W) (t)dt = 761\32 —e TAg S (4.5.4)
0

T T T

For z € D(A) the right-hand side of (4.5.4) converges as 7 — 0, so the left-hand
side has to converge too. Moreover, the limit does not depend on s, because of the
simple fact that (¥z being in L{ ([0, 0);Y))

loc

T—0|T T

1 /" 1 (7
lim [— / =t (U2 (1) dt — 1 / (W2)(1) dt} —0. (4.5.5)
0 0
Let us denote, for every z € D(A),
T—0T

1T
Cx= lim L /O (W2)(t) dt.

Then (4.5.4) and (4.5.5) imply that for every z € D(A),
Cz = shsz — A Az, (4.5.6)
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and since A € L£(X;,X), we get that C € L(X1,Y). Denoting w = (sI — A)z,
(4.5.6) can be written in the form

Aw = C(sI—A) w, (4.5.7)

which holds for every w € X, because sI — A maps D(A) onto X.

Let Y be the space of those strongly measurable functions y : [0,00) =Y
whose Laplace integral is absolutely convergent for Re s > w (we identify functions
which are equal almost everywhere). We have seen at the beginning of the proof
that Yw € Y for any w € X. On the other hand, for z € D(A), the function
1, : [0,00) =Y defined by 7,(t) = CT;z belongs to V. This follows from the fact
that T is a strongly continuous semigroup on X, having the same growth bound
as on X, and C € L(X1,Y). Since the Laplace transformation is one-to-one on
Y (see the comments on the generalization of Proposition 12.4.5 in Section 12.5),
it follows from (4.5.7) that ¥z = 7., i.e., (4.5.3) holds. The uniqueness of C' is
obvious. g

Remember that at the beginning of this section we have introduced a more
general concept of an admissible observation operator for T (defined on a dense T-
invariant subspace of X). We have called two such observation operators equivalent
if they give rise to the same output maps. The following example shows that it
may happen that observation operators having domains whose intersection is zero
are equivalent. The same example shows that even if two equivalent observation
operators have the same domain, they do not have to coincide on it.

Example 4.5.4. Let X be the closed subspace of L?[0,27] defined by

X = {zeLz[O,Qw] ‘/O%z(x)da::O}.

Let T be the periodic left shift group on X (this is similar to the operator group
discussed in Example 2.7.12); i.e.,

(T z)(x) = 2(x+t—k-2m) for k-2n<z+t<(k+1)-2m.
The space D(A) consists of all z € H!(0,27) such that

/ 7rz(srx)da: =0, z(0) = z(2m).
0

By a step function on [0, 27] we mean a function constant on each of a finite
set of non-overlapping intervals covering [0, 27]. Let W be the vector space of
step functions contained in X, let Wy = Wj and let W3 be the vector space of
trigonometric polynomials contained in X (i.e., any function in W3 is a finite linear
combination of the functions sin nx and cosnz, where n € N). For i € {1,2,3},
let C; : W; — C be defined by

Ciz = 2(0)
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(i.e., the value of z on the first interval of constancy),
Cyz = z(2m)

(i.e., the value of z on the last interval of constancy) and
Csz = 2(0).

Then for Cy, Co and C3 are admissible and equivalent, despite the facts that C;
and Cy do not coincide on their (common) domain and W7 N W3 = {0}. The
unique admissible observation operator C' € £L(X7,C) that is equivalent to Cy, Cy
and Cj is given by Cz = z(0) = z(2m).

Let us now state the dual version of the problem discussed at the beginning
of this section. When we introduced the concept of an admissible control operator
in Section 4.2, we have assumed that B € L(U,X_1). It is legitimate to ask if
this is not overly restrictive. Maybe for some semigroup T we could find a Hilbert
space V other than X 4, such that X is a dense subspace of V', T has a continuous
extension to an operator semigroup acting on V', and an operator B : U —V which
is admissible in the sense that for some 7 > 0,

/ T;_oBu(o)do € X Vue L*([0,7];U).
0

In this case B is meaningful as a control operator for T, but it does not fit into the
framework developed in Section 4.2. Such a control operator would give rise, using
the obvious generalization of Proposition 4.2.2, to a family of bounded operators
®, € L(L*([0,00); U), X) (the input maps corresponding to (A, B)) which would
again satisfy the composition property (4.2.2).

The answer is of course similar to the one in the case of admissible observation
operators. It is indeed easy to find control operators whose range is in spaces
other than X_;, and which are admissible in this more general sense. However,
such control operators will not lead to any new family of input maps. Indeed, any
family of input maps ®, € L(L?([0,00);U), X) satisfying (4.2.2) is generated by
a unique admissible control operator B € L(U, X_1). This is a consequence of our
second representation theorem given below.

Theorem 4.5.5. Suppose that (P:)r>0 s a family of bounded operators from
L?([0,00);U) to X that satisfies the composition property (4.2.2).
Then there is a unique admissible B € L(U, X_1) such that for every 7 > 0,

O u = /T T;_,Bu(o)do Y u e L*([0,00);U). (4.5.8)
0

Proof. Taking t =7 = 0 in (4.2.2) we see that ®; = 0. Recall the time-reflection
operators I, introduced in Section 1.4 and denote, for every 7 > 0,

U, = 51,0 (4.5.9)



4.5. Two representation theorems 133
Let us rewrite (4.2.2) (for ¢, 7 > 0 fixed) in the form
u u 2
O, [P S/] [v} = [T, @, ¢ [v} Vu,v e L*(]0,00);U).

Eliminating u, v and taking adjoints, we obtain that

P O*T*
| er,. - uﬂ.
|:ST:| i |: (I)t

Multiplying both sides with [P- S;], we obtain
@5, = P.IT; +8,9;,
whence
Q7,20 = @jszo?q):zo VzoeX.
Applying f;, to both sides and using the elementary identity
s (u <T> v) = Hyo <t> S,u,
we obtain

Ht_;_q-q):JrTZo = th):Z() OHTQiT:ZO A 20 € )(7
t

which is the same as Uy .z = Wizo O U, Ty 20, for all zg € X. This is the dual
t

composition property (4.3.2), with T* in place of T and with the roles of 7 and ¢
reversed. We denote, as usual, X{ = D(A*), with the graph norm. It follows from
Theorem 4.5.3 that there exists a unique C' € £(X{,U) such that

CT;z for t€][0,7]

YV zo € D(A").
0 for t>r1 =0 (4%)

(\IJTZO)(t) = {

Define B € L(U,X_1) by B = C*. Then from &} = .V, (a consequence of
(4.5.9)) we obtain that ®X is given by (4.4.1). According to Proposition 4.4.1,

®* is the same as the adjoint of ®, as defined by (4.5.8). Hence, ®, is given by
(4.5.8). 0
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4.6 Infinite-time admissibility

Assume that B is an admissible control operator for T. Remember from (4.2.5)
that ||®,|| is a non-decreasing function of 7. It is worthwhile to examine when this
function remains bounded. In the latter case, B is called infinite-time admissible.

Definition 4.6.1. An operator B € L(U, X_1) is called an infinite-time admissible
control operator for T if there is a K > 0 such that

||(I)T||L(L2([O,oo);U),X) <K V7>0. (4.6.1)

Obviously, every infinite-time admissible control operator for T is an admis-
sible control operator for T. It follows from part (3) of Proposition 4.4.5 that if
T is exponentially stable and B is an admissible control operator for T, then B is
infinite-time admissible. The control operator from Example 4.2.7 is infinite-time
admissible, but the semigroup in this example is not exponentially stable (it is
isometric).

If B is infinite-time admissible, then we define the bounded operator ®_
from
L?((—00,0};U) to X by

0
d_u = lim T_,Bu(o)do. (4.6.2)

o0 T — oo _T

The above limit exists, because for 0 < 7 < T,

_r 2 -7
H / T_,Bu(o)do| < K? / lu()|2do,
_T -T

where K is as in (4.6.1). The intuitive interpretation of ®_ is that it gives the
state z(0) if the state trajectory z (defined for ¢ < 0) satisfies 2(¢) = Az(t) 4+ Bu(t)
(in X_1), u(t) is the input signal for ¢ < 0 and if lim; _, o 2(t) = 0. Thus, ¢
allows us to solve something similar to a Cauchy problem on the interval (—oo, 0].
We call the operator @ the extended input map of (A, B).

It is tempting to write ®__u as an integral from —oo to 0, but this would
be wrong in general (the function we would like to integrate is not necessarily
Bochner integrable on (—o0, 0], see Section 12.5 for the concepts). It is easy to see
that

Jes) = lim [,

We denote by BC([0,00); X) the Banach space of bounded and continuous
X-valued functions defined on [0, 00), with the supremum norm.
Remark 4.6.2. If B is an admissible control operator for T, then for every 1" > 0
and for every u € L([0,T];U), the function z(t) = ®;u satisfies

lzlleqo,m;xy < 1@l - llull 20,50y - (4.6.3)
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If B is infinite-time admissible, then the above estimate implies

2l Be(o,00):x) < 1P|l - 1wl 2(0,00):0) -

We also have the following converse statement: If for every u € L*([0,0); U) the
function z(t) = ®;u is bounded (on [0,00)), then B is infinite-time admissible.
This follows from the uniform boundedness theorem applied to the operators ..

Recall the time-reflection operators f; introduced in Section 1.4. In addition,
we introduce the infinite time-reflection operator I which acts on any function u
defined on R by (5Iu)(t) = u(—t). Thus, SIL?((—o00,0];U) = L?([0, 00); U).

Proposition 4.6.3. Suppose that B € L(U, X_1) is an infinite-time admissible con-
trol operator for T. We denote by WU? the extended output map of (A*, B*). Then
U e L£(X,L*([0,00);U)) and

d_A = (v, (4.6.4)

Proof. As in Remark 4.4.2, we denote by U? the output maps of (A*, B*). The
definition of the operator ®__ can be rewritten in the form

O u = lim ¢ A Au.

T — 00

We rewrite (4.4.2) (using continuous extension to X) in the form
q.08 = 0! V7 >0.
This can be rewritten equivalently as
(20, P u) = (W20, u) V2o € X, ue L*[0,00);U), 7 € [0,00). (4.6.5)

It follows from the uniform boundedness of the operators ®, and from Theorem
4.4.3 that U? € L£(X,L*([0,00);U)). Using that v = fA*u and taking limits in
(4.6.5) as 7 — oo, we obtain the desired formula. O

Definition 4.6.4. Let C € L(X1,Y). We say that C is an infinite-time admissible
observation operator for T if there exists a K > 0 such that

/ ICT, 0|2 dt < K2|20]% ¥ 2 € D(A). (4.6.6)
0

Clearly the above condition is equivalent to the requirement that C' is admis-
sible and the operators ¥, from (4.3.1) (extended to X) are uniformly bounded
by K. It is also clear that C' is infinite-time admissible iff

U e L(X,L*([0,00);Y)),

where ¥ is the extended output map from (4.3.6). As we already noted in Remark
4.3.5, if T is exponentially stable and C' is an admissible observation operator for
T, then C' is infinite-time admissible.
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The simplest example of an infinite-time admissible observation operator cor-
responding to a semigroup that is not exponentially stable is the point observation
of a left shift semigroup, as described in Example 4.4.4.

Remark 4.6.5. It follows from Theorem 4.4.3 that B € £L(U, X_1) is an infinite-
time admissible control operator for the semigroup T iff B* is an infinite-time
admissible observation operator for the adjoint semigroup T*.

We have the following simpler version of Theorem 4.3.7.

Proposition 4.6.6. Let C € L(X1,Y) be an infinite-time admissible observation
operator for T, so that (4.6.6) holds. Then

_K
Vv2Res

in the following sense: The function C(sI — A)~L, originally defined on some right
half-plane in p(A), has an analytic continuation to Cy that satisfies the estimate.

|C(sT — A)~Y|| < Vs e Co

The proof is similar to that of Theorem 4.3.7, but simpler: the boundedness
of U is already known, and now we take a = 0. For any z € X, the analytic
continuation of C(sI — A)~'z is the Laplace transform of ¥z. The dual version of
this proposition should be obvious, and we refrain from stating it.

Remark 4.6.7. Replacing in Proposition 4.6.3 A* with A and B* with C and then
using the definition (4.6.2) of ®_, we obtain the following formula:

U*y = lim Ty C*u(t)dt Vu e L*([0,00);Y).

T — 00 0

4.7 Remarks and bibliographical notes on Chapter 4

General remarks. The area of admissible control and observation operators has
probably reached maturity, and an excellent survey paper on it is Jacob and Part-
ington [112] (the paper Jacob, Partington and Pott [116] also has good survey
value). A systematic presentation of admissibility is available in Staffans [209,
Chapter 10].

Sections 4.1 and 4.2. We cannot trace the origin of the material in Section 4.1.
Relavant material can be found in many books such as Lions and Magenes [157],
Pazy [182], Staffans [209]. We have used Malinen et al. [167] and Weiss [228].

To our knowledge, the first paper to formulate the concept of an admissible
control operator (with scalar input function) was Ho and Russell [100]. Soon after-
wards, the admissibility assumption, formulated in the same abstract framework
as in this book (but not under this name) has been an important ingredient in
the theory of neutral systems developed in Salamon [202]. This assumption was
also present in the first systematic treatment of well-posed linear systems in the
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papers Salamon [203, 204]. It should be noted that long before the emergence
of the abstract concept of admissibility, systems described by either PDEs with
boundary control or by delay differential equations that have unbounded control
operators, have been analyzed without using the concept of a control operator.
For example, the paper Lasiecka, Lions and Triggiani [143] is essentially a paper
on admissibility for the boundary control of the wave equation, but without us-
ing control operators. Already in the 1970s there were various admissible control
operator concepts available that were suitable mainly for analytic semigroups; see
Curtain and Pritchard [38, Chapter 8], Lasiecka [142], Pritchard and Wirth [184]
and Washburn [225]. Most of the material (and the terminology and notation) in
Section 4.2 is based on [228].

Sections 4.3 and 4.4. Admissible observation operators in the sense defined here
have appeared for the first time in Salamon [202], as far as we know. Other relevant
early references are Curtain and Pritchard [38, Chapter 8], Dolecki and Russell
[61], Pritchard and Wirth [184]. Admissible observation operators appeared as an
ingredient of the theory of well-posed linear systems in Salamon [203, 204], Weiss
[232, 231] and many later papers.

A systematic study of admissible observation operators was undertaken in
Weiss [229], and most of the material in these two sections is based on [229]. The
exceptions are: Proposition 4.4.6 has appeared in Weiss [230, Proposition 2.3] (and
the estimate (4.3.9) is its dual counterpart). Theorem 4.3.8 is new, as far as we
know.

The duality between the theory of observation and control (of which admis-
sibility is just one aspect) has been known for a long time and we cannot trace
its origins, but at least in the infinite-dimensional context, Dolecki and Russell
[61] deserve some of the credit. Duality has been used extensively in Lions [156].
However, there are many facts and problems in each theory (observation and con-
trol) that do not have a natural dual counterpart. This is reflected in this book:
our Sections 4.2 and 4.3 are not mirror images. Duality becomes more problematic
when we work with Banach spaces and L functions — see [209, 229] for discussions.

Section 4.5. The representation theorem for output maps (Theorem 4.5.3) ap-
peared in [204, 229] (actually, in [229] X and Y were Banach spaces and the
output functions were required to be in L ). The dual representation theorem
for input maps (Theorem 4.5.5) appeared in [204, 228]. (Actually, in [228] X and
U were Banach spaces and the input functions were in LY | p < oo. The proof
was direct, not by duality. One of the other results in [228] is that if X is reflexive
and p = 1, then any admissible B is bounded.) The paper [228] considered also
the Banach space of all the admissible control operators for given U, X and T,
with the natural norm that makes this space complete.

Section 4.6. Infinite-time admissible observation operators (with Y = C) have
been formally introduced in Grabowski [74], but the infinite-time admissibility
condition has been present already in Grabowski [73]. Infinite-time admissible
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control operators were considered in Hansen and Weiss [89]. All of these papers
were mainly concerned with the particular case when the semigroup is diagonal,
and they all considered the connection between infinite-time admissibility and a
Lyapunov equation.

Concepts related to admissibility. An important part of [229, 231, 232] that is not
considered in this book is the study of two extensions of an admissible observation
operator C', defined as follows:

-
Crz = lim C’1 T, zdt, Cprz = lim CAM — A)*lz.
T —0 T Jo A — 400

Each of these operators has the “natural” domain; i.e., the space of those z € X
for which the limit defining the operator converges. Cy is an extension of Cp. If
we replace in (4.3.1) C by Cp, then the formula becomes valid (for almost every t)
for every initial state zy € X. More importantly, a similar simplification is true
for the formula giving the input-output map of a well-posed system (see [231],
Staffans and Weiss [210]), and the extensions of C' are also useful to express the
generating operators of closed-loop systems obtained from well-posed systems via
output feedback (see [232]). The papers [229, 232] studied also the invariance of
Cp, and Cy under certain perturbations of the semigroup.

The following concept has been introduced in Rebarber and Weiss [188]: Let
T be a strongly continuous semigroup on the Hilbert space X, with generator A,
and let B € L(U,X_1). The degree of unboundedness of B, denoted by «(B), is
the infimum of those o > 0 for which there exist positive constants §,w such that

]

”()‘I_ A)ilB”E(U,X) < /\1—_a

VA€ (w,00). (4.7.1)
It is clear from Proposition 4.4.6 that for any admissible B € £L(U, X_1) we have
o(B) < %, and if B is bounded, then a(B) = 0.

If C € L(X1,Y), then the degree of unboundedness of C, denoted by «a(C),
is defined similarly as «(B) (with C(sI — A)~! in place of (s — A)~'B). We have
a(C) = a(C*), where C* is regarded as a control operator for T*. This concept is
sometimes useful to establish the well-posedness or the regularity of systems.
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Testing Admissibility

This chapter is devoted to results which can help to determine if an observation
operator or a control operator is admissible for an operator semigroup. We use the
same notation as listed at the beginning of Chapter 4.

5.1 Gramians and Lyapunov inequalities

Suppose that C is an admissible observation operator for T. As usual, we denote
by ¥, are the output maps corresponding to (A,C) (7 > 0). For each 7 > 0, we
define the observability Gramian Q, € L(X) by

Q. = VU,

If C is infinite-time admissible and ¥ is the extended output map of (A, C), then
(as explained after Definition 4.6.4) ¥ € L£(X, L%*([0,00);Y)). In this case, the
operator @ € L(X) defined by

Q = U0

is called the infinite-time observability Gramian of (A, C). We have encountered
the finite-dimensional version of these concepts in Section 1.5.

We introduce some stability concepts for strongly continuous semigroups. T
is called uniformly bounded if sup, - || T¢|| < co. T is called weakly stable if

75lim (Tyz,q) =0 Vz,qeX.
T is called strongly stable if

tlim T¢z]| = 0 VzeX.

The above stability properties are related to Lyapunov inequalities and to
infinite-time admissibility, as the following theorem shows.

139
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Theorem 5.1.1. Let C € L(X1,Y). The following four statements are equivalent:
(a) C is infinite-time admissible for T.
(b) There exists an operator Q € L(X) such that for any z € D(A),

T

Qz = lim T;C*CT; zdt. (5.1.1)

T — 00 0

(¢) There exist operators 11 € L(X),II > 0, which satisfy the following equation
in X%, :
A*llz + 1Az = — C*Cxz VzeD(A). (5.1.2)
(Equivalently, 2Re (I1z, Az) = —||Cz||? for all z € D(A).)
(d) There exist operators 11 € L(X),II > 0, which satisfy the inequality

2Re (I1z, Az) < — ||Cz|? VzeD(A). (5.1.3)

Moreover, if C is infinite-time admissible, then the following statements hold:

(1) @ from (5.1.1) is the infinite-time observability Gramian of (A, C).

(2) Q satisfies (5.1.2).

(3) Q is the smallest positive solution of (5.1.3) (hence, also of (5.1.2)).

(4) We have lim; _, o Q2Tyz =0 for every z € X. (In particular, if @Q > 0 then,
T is strongly stable.)

(5) If T is strongly stable, then Q is the unique self-adjoint solution of (5.1.2).

(6) If T is uniformly bounded and Ker @ = {0}, then T is weakly stable.

Equation (5.1.2) is called a Lyapunov equation, and (5.1.3) is a Lyapunov
inequality. Note that (5.1.1) can also be written as Qz = lim, _,, Q2.

Proof. First we shall prove that (a) < (b) = (¢) = (d) = (a).

(a) = (b): Assume that (a) holds. We define Q = U*W, so that @ € £(X). Then
Remark 4.6.7 implies that @ is given by (5.1.1), so that (b) holds.

(b) = (a): Assume that Q € £(X) satisfies (5.1.1) (this formula determines @
since D(A) is dense in X). For any z € D(A) and 7 > 0,

1022 = (Qrz,2) = </O T;o*omzdt,z> < Q2 2),

which shows that the operators ¥.. (with 7 > 0) are uniformly bounded.

(b) = (c): Let Q € L(X) be defined by (5.1.1). We show that (5.1.2) is satisfied
for I1 = Q. Let z,w € D(A?) and for t > 0 define f(t) = (CT;z, CT;w). Then f is
continuously differentiable and

%f(t) = (CTiAz,CTiw) + (CTiz, CTiAw) .



5.1. Gramians and Lyapunov inequalities 141

Integrating both sides on [0, 7] gives

£(7) = £(0) = </OT T;‘O*C”H‘tAzdt,w> + </O T;‘C’*Othdt,Aw> . (5.1.4)

Since Az € D(A), by (b) each of the above integrals converges (in X) as 7 — oo.
Hence lim, _, » f(7) also exists. Since by (b) the integral fOT f(t)dt has a finite
limit as 7 — 0o, we must have f(7) —0 as 7 — oo. We then let 7— oo in (5.1.4)
to find that
(QAz,w) + (Qz, Aw) = — (Cz, Cw).

Since D(A?) is dense in X1, by continuity the above equality remains valid for all
z,w € D(A). This implies that @ satisfies (5.1.2).

(¢) = (d): Assume that IT € £(X), II > 0 and II satisfies (5.1.2). Take the
duality pairing of the terms of (5.1.2) with z, and by simple manipulations we

obtain

2Re (Ilz, Az) = — ||Cz|)? VzeD(A).
Obviously this implies (d).
(d) = (a): Assume that IT € £(X), IT > 0 and II satisfies (5.1.3). For all z € X
and t € [0,00), we define E;(z) by Ey(z) = (IIT;z, T;z). Then E(z) > 0 and for
every fixed z € D(A), Ei(z) is a continuously differentiable function of ¢. Using
(5.1.3) we derive that for every z € D(A),

d
aEt(z) = 2Re (IIT; 2, AT, 2) < —||CT2|]* <0, (5.1.5)

so that Fi(z) is non-increasing. Since F¢(z) is a continuous function of z, from the
density of D(A) in X we conclude that for any z € X, E;(z) is non-increasing.
This can be written in the following form: for 0 < 7 < ¢,

T/IT, < T:IT,.

We know that any non-increasing positive operator-valued function has a strong
limit; see Lemma 12.3.2 in Appendix I. Thus, there exists I, € £(X), I > 0,
such that for all z € X,

tlgr;o T; Tz = Moz (in X). (5.1.6)
Tt is clear that 0 < Il < II. Integrating (5.1.5) on [0, c0), we get that for z € X7,
(02, 2) — (Maz, 2) > /OOO 1CT2|2dt = (W22, (5.1.7)

From here we see that ¥ is bounded, so that (a) holds.
In what follows we assume that C' is infinite-time admissible and we prove

(1)—(6). Statement (1) has been already proved when we proved that (a) = (b).
Statement (2) has been already proved when we proved (b) = (c).
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We prove statement (3). We have seen earlier that () satisfies (5.1.2). If
IT € £(X), I >0 and (5.1.3) holds, then by (5.1.7) (using that ||Vz||? = (Qz, 2))
we have that for all z € D(A4),

(Qz,2) < (Ilz,2) — (w2, 2). (5.1.8)

By continuity, this remains true for all z € X, so that @ < II, as claimed in (3).
To prove (4), we take IT = @ in (5.1.6) and (5.1.8) and obtain 11, = 0. By
(5.1.6) this implies lim; _, 5o (QT;2, Tyz) = 0 for any z € X, which implies (4).
To prove (5), assume that T is strongly stable and II = IT* is a solution of
(5.1.2). Define again E;(z) = (IIT,z, T;z). Then by the argument in the proof of
(d) = (a), the equality version of (5.1.5) holds:

d
3 F(2) = 2Re (IITy 2, AT, z) = — |CTy2||® < 0.

From the strong stability of T we have lim; _, o, E¢(z) = 0. We obtain a version of
(5.1.7) by integration:

(2, 2) = / ICTe2]2dt = 10212 0 ey

This shows that (I1z, z) = (Qz, z) for all z € X, whence II = Q.

To prove (6), denote V = Ran Q2, then V is dense in X (because clos V is
the orthogonal complement of Ker Q2 = Ker Q = {0}, see (1.1.7)). It follows from
statement (4) of the theorem that for any z € X and any v € V, limy _, oo (T2, v) =
0. Let z,qg € X be fixed. We claim that for any € > 0 we can find 7" > 0 such that
(Tyz,q) < € for each t > T Indeed, let v € V' be such that (T;z,q —v) < 5 for
all t > 0 (this is possible by the uniform boundedness of T). Now if T is such that
(Tz,v) < % for all t > T, then T is the desired number. The existence of such a
T for any € > 0 means that (T;z,q) — 0. O

Example 5.1.2. Let (A,C) be as in Example 4.4.4, so that T is the left shift
semigroup on X = L%[0,00), Y = C and Cz = z(0) for each z € D(A) = H(0, 00).
Then it is clear that C is infinite-time admissible and @@ = I. We have that T is
strongly stable, as claimed in statement (4) of Theorem 5.1.1. The operator @ is
the unique solution of (5.1.2), according to statement (5) of the theorem.

If instead we look at the adjoint semigroup T* with C' = 0 (which happens
to be the restriction of the earlier C' to D(A*)), then obviously @ = 0, but any
multiple of the identity I satisfies the Lyapunov equation (5.1.2). T* is only weakly
stable.

As an application of Theorem 5.1.1 we give a simple sufficient condition for
admissibility for semigroups generated by negative operators.
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Proposition 5.1.3. Let A: D(A) — X be self-adjoint and A < 0. Define X1 as the
completion of D(A) with respect to the norm

||z||25 = (I —A)z,z2) YV zeD(A).

If C e E(X%,Y), then C' is an admissible observation operator for the semi-
group T (of positive operators) generated by A on X.

Proof. The fact that A generates a contraction semigroup of positive operators
on X has been shown in Proposition 3.8.5. The space X1 is similar to the space
H1 discussed in detail in Section 3.4, if we take H = X and Ay =1 —-A. In

1
particular, we know that H, = D(A¢Z) and A0 is an isomorphism from X to X.
Our boundedness assumptlon on C means that there exists K > 0 such that

1C2)> < K*{((I — A)z,2) VzeD(A).
If we denote II = KTQI , then this can be written as
2Re (I1z, (A —I)z) < —||Cz|]? YV z € D(A),

which is like (5.1.3), but with A — I in place of A. Theorem 5.1.1 implies that C
is an infinite-time admissible observation operator for the semigroup generated by
A — I. Hence, C is an admissible observation operator for T. O

We will show at the end of Section 5.3 that for A < 0, the condition in
Proposition 5.1.3 is not necessary for an observation operator to be admissible.

Example 5.1.4. Let @ C R™ be an open bounded set and put H = L?(2). Let A
be the Dirichlet Laplacian on €, as defined in Section 3.6, so that —A is a strictly
positive densely defined operator on H. Its domain is D(A) = {¢ € H{(Q) | Ag €
L3(Q)}. According to Proposition 3.6.1 we have Hy = D((—A)2) = H} (), with
the norm [[z[|y = [|[Vz|z2. We know from Remark 3.6.11 that A generates a
strongly continuous and diagonalizable semigroup T on H, called the heat semi-
group.

Let Y = L%(Q) (the output space), b € L>°(Q; C") and ¢ € L>=(2). We define
C e L(H,Y) as follows:

Cz=b-Vz+cz.

According to Proposition 5.1.3, C' is an admissible observation operator T.
In terms of PDEs, this means that for every 7 > 0 there exists K, > 0 with
the following property: If z is the solution of the heat equation

Tt =xw), €9 120,

z(x, t) =0, x eI, t=0,
z(x,0) = zo(x), x €,
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where zg € H}(2), Az € L*(2), then

/ /|b-Vz+cz|2dxdt < KZ|z0l12-
0 Q

We shall see an application of this example in Section 10.8.

5.2 Admissible control operators for
left-invertible semigroups

Consider the initial value problem
2(t) = Az(t) + Bu(t), z(0) = 2o,

with B € L(U,X_1), z0 € X_1 and u € L2 ([0,00);U) (which is contained in
Li ([0,00);U)). Let z(t) = Tyzo + ®;u be the mild solution of this problem (see
Definition 4.1.5), which is an X_;-valued continuous function of time. We know
from Remark 4.1.9 that the Laplace transform of z is given, at the points s € C

where 4(s) exists and Res > wo(T), by
2(s) = (s — A) "z + (sI — A)"' Ba(s). (5.2.1)

Thus, taking zo = 0 we see that @ gets multiplied with (sI — A)~!B, which is an
analytic £L(U, X)-valued function on the half-plane where Re s > wg(T). The usual
terminology is to call (sI — A)~!B the transfer function from u to z.

An important topic in the theory of admissibility is to give necessary and/or
sufficient conditions for the admissibility of B in terms of the transfer function
mentioned above. We have already seen a necessary condition for admissibility in
terms of the function (sI —A)~! B in Propositions 4.4.6. Now we turn our attention
to left-invertible operator semigroups, to give a simple sufficient condition for
admissibility. (Left-invertible semigroups have been introduced in Section 2.7.)

Lemma 5.2.1. Suppose that T is left-invertible.
If z€ X_1 and t > 0 are such that Tyz € X, then z € X.

Proof. For all n € N we define I,, € L(X_1) by

1

Inz:n/n'll‘tzdt VeeX .
0

These operators are approximations of the identity: We know from Proposition
2.1.6, applied to the extended semigroup T acting on X _1, that for every z € X_;
we have I,z € X and limI,z = z (in X_;). Similarly, we know that if z € X,
then I,z € D(A) and lim I,z = z (in X).
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Now assume that z € X_; and £ > 0 are such that T;z € X. We claim that
(I,2) is a Cauchy sequence in X. Indeed, since T; is left-invertible, there exists
m > 0 such that ||T;z|| > m]z| for all z € X; see the beginning of Section 2.7. It
follows that

1

[ 1nz — Imz|| < EHTt(InZ —In2)|
1
m

Since (I,,T;z) is convergent in X (to T;z), we see that indeed (I,,z) is a Cauchy
sequence in X. Since X is complete, this sequence has a limit zp € X (and hence
lim I,z = 2p also in X_1). But the same sequence has the limit z in X_;. Since
the limit in X_; must be unique, it follows that z = zg € X. O

Theorem 5.2.2. Suppose that T is left-invertible and let B € L(U,X_1). If for
some a > wo(T) we have

Sup [(sI = A)™'Bllc.x) < o0,

then B is an admissible control operator for T.

Proof. Under the assumptions of the theorem, first we prove that for some M > 0,
[(sI —A)"'Bllzwx) < M VseC,. (5.2.2)

For this, the argument is similar to the one in the proof of Proposition 4.3.8. Take
s = A+ iw € C,, so that A > a. Denote s; = a + iw, then according to the
resolvent identity (see Remark 2.2.5) we have

(sI —A)'B = [I+(a—A)(s] —A)7'](s1] — A)~'B.

According to our assumption, there exists k > 0 such that for all s; as above,
||(s1I — A)~B|| < k (k is independent of w). Thus,

(s — A" Bl < k[1+ (A —a)-|[(sT — A)7Y] VseC,.

According to Corollary 2.3.3 there exists M, > 1 (independent of s = A+ iw) such

that
M,

A—a’

Substituting this into the previous estimate, we obtain that indeed (5.2.2) holds.
Introduce the shifted semigroup T by T, = e~ T, (this semigroup is expo-

nentially stable and its generator is A — aJ). For all ¢ > 0 define the input maps

corresponding to T and B by

I(sI = A7 <

t
B = / TioBu(o)do  Yue L*([0,00); U).
0
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If we define z,(t) = ®,u, then, as explained at the beginning of this section, z, is
an X_j-valued continuous function of ¢. According to (5.2.1),

Zu=((s +a) — A)~'Ba(s) VseCo.

By the Paley—Wiener theorem (the version in Section 12.5), we have @ € H?(Cq;U).
According to (5.2.2) we obtain that Z, € H?(Co; X) (its norm is < M||a|e2).
Using again the Paley—Wiener theorem we obtain that z, € L?([0,00); X). In
particular, this means that z,(¢) € X for almost every ¢ > 0.

Take u € L?([0,1]; U) and extend u to all of L2([0, c0); U) by putting u(t) = 0
for t > 1. According to the composition property (4.2.2),

Zu(t) = ']NI‘t_1<i>1u Vi>1.

According to our earlier conclusion that z,(t) € X for almost every t > 0, we can
find ¢ > 1 such that 2,(t) € X. Since T is left-invertible, Lemma 5.2.1 implies that
®,u € X. This means that B is admissible for T, and hence also for T. O

Corollary 5.2.3. Suppose that T is left-invertible and let B € L(U,X_1). If for
every v € U we have that Bv € L(C,X_1) is an admissible control operator for
T, then B is an admissible control operator for T.

Proof. Choose o > wy(T). It follows from Proposition 4.4.6 that (sI — A)~!Bv
(regarded as an X-valued function of s) is bounded on the vertical line where
Res = a. It follows from the uniform boundedness theorem that (sl — A)~!B
(regarded as an L(U, X)-valued function of s) is bounded on the same vertical
line. According to Theorem 5.2.2; B is an admissible control operator for T. O

By duality (i.e., using Theorem 4.4.3) we obtain from Theorem 5.2.2 the
following.

Corollary 5.2.4. Suppose that T is right-invertible and let C € L(X1,Y). If for

some a > wo(T) we have

sup [|C(sI — A) Ml zx,y) < 00,

Res=a
then C is an admissible observation operator for T.

This corollary can be proved also directly (i.e., not from Theorem 5.2.2) and
we give an alternative proof, because it is elegant.

Proof. Assume, without loss of generality, that T is exponentially stable and o = 0.
First we show by an argument similar to the first half of the proof of Theorem
5.2.2 that in fact we have

sup [|C(sI = A) Hzx,y) = 1 < 00.
s€Co
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The exponential stability of T implies (by the Paley—Wiener theorem from Section
12.5) that for every 2o € X, the function g(s) = ((s+1)I —A)" 1z is in H2(Cop; X)
and

l9ll#2(coix) < Kll2oll-

Combining the last two estimates, we see that the function f, defined on Cqy by
f(s) = C(sI — A" H(s+ 1) — A) "1z,

is in H2(Cp;Y) and its norm is < pkl/2]|. By the resolvent identity we have
f(s)=C(sI — A)"tzg — C((s + 1)I — A)~tzg. If 29 € D(A), then it follows that
f =19 with

y(t) = (1 —e H)COTs2.
Using again the Paley—Wiener theorem, we obtain that for zg € D(A),

[ 1= e RIC Tl < o).
0

Since 1 —e~t > % for t > 1, we obtain that

1 oo
1/ |CT20]?dt < p2k2| 202 V2o € D(A).
1

By continuous extension to X, we obtain that
[OT120]|L2 < 2uk| 20]| Vzoe X.
Since Ran Ty = X, the admissibility of C' follows. O

The dual counterpart of Corollary 5.2.3 is the following.

Corollary 5.2.5. Suppose that T is right-invertible and let C € L(X1,Y"). If for ev-
eryv €Y the functional CV € L(X;,C) defined by C¥z = (Cz,v) is an admissible
observation operator for T, then C is an admissible observation operator for T.

5.3 Admissibility for diagonal semigroups

In this section we consider only diagonal semigroups, as introduced in Example
2.6.6. Moreover, we restrict our attention to semigroups with eigenvalues in the
open left half-plane, as this does not lead to a loss of generality: if a semigroup
generator A is diagonal, we can always replace A by a shifted version A —~I, with
~ > 0 large enough, and the admissible observation (or control) operators for the
shifted semigroup remain the same. Of course, infinite-time admissibility changes
after such a shift, but infinite-time admissibility is at any rate only meaningful for
diagonal semigroups that have their eigenvalues in the open left half-plane.
Diagonal semigroups may seem a very narrow class of semigroups, but they
are not: many examples of semigroups that we deal with are diagonalizable, which
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means that they are isomorphic to diagonal semigroups, as explained in Example
2.6.6. For example, we have seen that self-adjoint or skew-adjoint generators with
compact resolvents are diagonalizable; see Proposition 3.2.12. Notationally, it is
more convenient to deal with diagonal semigroups than with diagonalizable ones.

We introduce the notation for this section. Our state space is X = [?, and
(k) is a sequence in C such that

ReAi <0 VEkeN.
The semigroup generator A : D(A) — X is defined by

(A2)r = Mgz, D(A) = {z cl?| Z(l + M)z )? < oo} . (5.3.1)

keN

As already explained in Example 2.6.6, o(A) is the closure in C of the sequence
(Ak) (this may contain points on the imaginary axis). We have

((sI — A) 1)y = —* Vs € p(A), (5.3.2)
S — >\k
and A is the generator of the diagonal contraction semigroup
(T 2), = ez, VkeN. (5.3.3)

We remark that T is strongly stable, as defined in Section 5.1 (this is easy to
verify).
The space X7 is, as usual, D(A) with the graph norm. This norm is equiva-

lent to
1202 = S len (1 + af?).
kEN
It is clear that the adjoint generator A* is represented in the same way, with
the sequence () in place of (\). Hence D(A*) = D(A) and the space X{ (the
analogue of X for the adjoint semigroup) is the same as Xj.
As explained in Example 2.10.9, X_; is the space of all the sequences z = (zi)

for which

vy

b L PP
and the square root of the above series gives an equivalent norm on X_;. The
space X%, (the analogue of X_; for A*) is the same as X_;.

Since X_; is (by definition) the dual of X{ = X; with respect to the pivot
space X, any sequence ¢ = (¢;) € X_; can be regarded as an operator C' €
L(X1,C), defined by

Cz = (z,¢) = chzk. (5.3.4)
keN
Conversely, every C € L(X7,C) can be regarded as a sequence in X_;.
For h > 0 and w € R we denote

R(h,w) = {s€C|0<Res<h, [Imz—w|<h}.
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Definition 5.3.1. A sequence (cy) satisfies the Carleson measure criterion for the
sequence (Ag) if for every h > 0 and w € R,

> el < Mh, (5.3.5)

—X}cER(h,w)
where M > 0 is independent of h and w.

The reason for the name of this criterion is that if (cg) satisfies it, then
the discrete measure on Cy with weights |c|? in the points —\; is a Carleson
measure, as defined in Section 12.4. (It does not matter if we write Ay in place of
A in (5.3.5), it would look simpler, but for the proofs it is more natural to write
it as above.)

Using the above concept, we give a characterization of admissible observation
operators for T with scalar output (i.e., the output space is Y = C).

Theorem 5.3.2. Suppose that c is a sequence that satisfies the Carleson measure
criterion for (Ag). Then ¢ € X_1 and, when regarded as an operator C € L(X1,C),
it is an infinite-time admissible observation operator for T.

Conversely, if ¢ € X_1 determines an infinite-time admissible observation
operator for T, then c satisfies the Carleson measure criterion for (Ag).

Proof. We have, denoting
An = R(2n+130) \ R(2n30) 9

that the union of the sets A, for n € Z is Cy. Hence, for any complex sequence c,

Cle* lex ]
Z 1+ [ Agl? Z Z 1+ [ |?

newz 7>\kEA
2
ne —ARER(27+1,0)

We get that if ¢ satisfies (5.3.5), then

- |Ck|2 1 +1

E ———— < E — M 2" < 0
2 2n ’

— 1+ |k = 1+2

so that ¢ € X_1, as claimed.

We show that if the sequence c satisfies the Carleson measure criterion, then
the corresponding operator C' € £L(X7, C) is infinite-time admissible. The operator
C* € L(C,X_1) = X_; is represented by the sequence (¢x). According to Remark
4.6.5 is it enough to prove that C* is an infinite-time admissible control operator
for the diagonal semigroup T* corresponding to the conjugate eigenvalues (\;,). We
denote by <I>dT the input map corresponding to the semigroup T* with the control
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operator C* and the time T (see Section 4.2). For every u € L?[0,0), k € N and
T > 0 we can express the kth component of @dTHTu by

T T _ _— _
(®F5ru), = </O T:C*u(t)dt) :/O M epu(t)dt = T (Pru)(—Mg),

k

where fr is the time-reflection operator from Section 1.4. It follows that

[@Frull® = Y lel® - [(Pru)(=Xe) . (5.3.6)
keN

Define a positive measure p on the Borel subsets E of Cy by

WE) = > el

7XkEE

It is easy to see that this is a Carleson measure and the right-hand side of (5.3.6)
can be regarded as an integral with respect to p. Therefore, by the Carleson mea-
sure theorem (see Section 12.4 in Appendix II) there exists m. > 0 (independent
of u and T') such that

|4 Apul? = / BrulPdu < m?|Prul2s.
Co

By the Paley—Wiener theorem (see again Section 12.4) we have
Prullse = [PrullL: < ullze.

Thus, we obtain that
[@FArull < mellul| 2

Since fI7 is a unitary operator on L2[0,T], it follows that ||®%| < m., so that
indeed C* (and hence also ') is infinite-time admissible.

Now assume that the sequence ¢ € X_; determines an infinite-time admis-
sible observation operator C' € £(X;,C) via (5.3.4). Hence its adjoint C* (repre-
sented by the sequence ¢ = (¢x)) is an infinite-time admissible control operator
for T*. As explained at the beginning of Section 4.6, for any u € L?[0,00) with
lu]l = 1 we have
<K

)

T
Jim / T: Cu(t)dt
0

T — oo

12
with K > 0 independent of u. Using the fact that the extension of T* to X_; is
still given by (5.3.3) (with A in place of A;), we can rewrite the last estimate as

e’} o
Sl | [ Mruteyar
k=1 0

(These integrals exist, there is no longer a need to write them as limits.)

2
< K2, (5.3.7)
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Let h > 0 and w € R. We have to prove that (5.3.5) holds with M indepen-
dent of h and w. For h > 0 we define

u(t) = {\/Eﬁi“’t for te0,+],

0 for t>%.

We have ||u|| = 1 and hence (5.3.7) holds. This means that

o * S Tepe )
h X . [ h —
N R A T I D e
k=1 ~ALER(h,w) h
Let us denote
. e*—1
m = min (5.3.8)
—z€R(1,0) 4

(for z = 0, we consider the extension by continuity). Since m > 0, the previous
inequality implies

K2
Z lexl® < oo h,
—X}cER(h,w)

which is equivalent to (5.3.5). O

Remark 5.3.3. Let (A;) be a sequence in C with Re A < 0. On the vector space
of all the sequences (c) which satisfy the Carleson measure criterion for (\g) we

define a norm by
1
el = sup_ 5 3l
h>0,we —A\LER(h,w)

If ¢ is such a sequence, we denote by V¢ the extended output map corre-
sponding to the diagonal semigroup T from (5.3.3) with the observation operator
C € L(X;,C) corresponding to the sequence c. Then we have

0.6[lclll <[]} < 20|

The proof of this fact is contained between the lines of the last proof. Indeed, the
left inequality follows from the last part of the proof, after we verify that the con-
stant m from (5.3.8) satisfies m > 0.6. The right inequality follows from the esti-
mate ||®4|| < m. that has been derived towards the middle of the proof of Theorem
5.3.2. Indeed, if we combine this with ||U¢|| = limr _, o || V5| = limr _, « || @]
and with the estimate m. < 20v/M, given as part of the Carleson measure the-
orem, we obtain ||¥¢| < 20v/M. Here, M is the constant from (5.3.5). If M is
chosen optimally (i.e., the smallest possible value for our c), then M = ||c|2.

Remark 5.3.4. Let T be a diagonal semigroup generated by A, and let (\x) be the
sequence of the eigenvalues of A. In this remark, we make no stability assumption
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on T. Often we want to check the admissibility of an observation operator C' for
T, not its infinite-time admissibility. To accomplish this, we may replace T by
the semigroup T generated by A — al, where a > 0 is large enough to make T
exponentially stable. Clearly C' is admissible for T iff it is admissible for T. As
already mentioned in Section 4.6, C' is admissible for T iff it is infinite-time admis-
sible for T. Thus, according to the last theorem, C' is admissible iff the sequence
(cr) satisfies the Carleson measure criterion for the sequence (A — ).

The following proposition shows that for diagonal groups (i.e., diagonal semi-
groups with Re A\ bounded from below, see Remark 2.7.9), admissibility can be
tested by a simpler condition than the Carleson measure criterion.

Proposition 5.3.5. Let T be a diagonal group on X = [, with generator A, as in
(5.3.1) and (5.3.3), and (as usual in this section) we assume that Re A\ < 0 for
all k € N. Let C € L(X1,C) be represented by the sequence (ci), as in (5.3.4).
Then C' is an admissible observation operator for T if and only if there exists
m > 0 such that
Z lek)> < m Vnez. (5.3.9)
Im A, €[n,n+1)

Moreover, we have the following numerical estimates: If (5.3.9) holds then

[I¥q]] < 20ev3m, (5.3.10)

where Wy is the output map of (A, C) for unit time.
Conversely, if C is admissible for T, then (5.3.9) holds for
25a

= _— " w2
m= sy 1Ml

where a > 1 is such that 1 — Re Ay < a for all k € N.

Proof. We shall use Remark 5.3.4 (which is based on Theorem 5.3.2). As in Remark
5 3.4 we replace A with A — I, which generates the exponentially stable semigroup
T. Admissibility for T is equivalent to admissibility for T.
First we prove that (5.3.9) is sufficient for admissibility. It is easy to see that
condition (5.3.9) implies that for all » > 0 and w € R we have the estimate

Y el < (h+2)m (5.3.11)

1-X,€R(h,w)

(for h € (0,1) the inequality is trivial). Since h + 2 < 3h, we obtain from (5.3.11)
that the Carleson measure criterion (5.3.5) holds with M = 3m, and with Ay — 1
in place of A\;. According to Remark 5.3.4, C' is admissible.

Conversely, suppose that C' is admissible, so that (c¢j) satisfies (5.3.5) with
Ar — 1 in place of Ax. Let a > 1 be such that 1 —Re A, € [1,a] for all k& € N. Since,
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for every n € Z, the set {s € C | Res € [1,a], Ims € [n,n+ 1)} is contained in
R(a,n), it follows that condition (5.3.9) holds with m = Ma.

To prove the “moreover” part of the proposition, assume that (5.3.9) holds,
so that (as proved earlier) (5.3.5) holds with M = 3m, and with \; — 1 in place of
k. We define the Carleson norm ||c|| as in Remark 5.3.3, with A;, —1 in place of A,
then clearly || c[| < v/3m. We denote by ¥° the extended output map corresponding
to T and C. According to Remark 5.3.3 we have || ¥¢| < 20||¢/| < 20v/3m. From
here it follows that for every z € D(A) we have

1 1
[Ty2]? = / e*||e tCTz||?dt < 62/ [OT:z||* < e[| P°z||* < €*20%3m)|z||%.
0 0

Clearly this implies the estimate (5.3.10).
To prove the converse numerical estimate, assume that C' is admissible, then
it is admissible also for T. According to Remark 5.3.3 we have
0.6]lefl < 1wl (5.3.12)

Let us denote by W¢ the output maps corresponding to T and C, so that || ¥¢|| =
lim, _, oo [[¥]|. Since ||T¢|| < et it follows from (4.3.5) that

1

3 1
Wl < || (1+e*2+---+e*2("*1))2 [ p——
5l < w5 [l =

Taking the limit as n — oo and then combining the result with (5.3.12), we obtain

\/%7 INStE

Since, by elementary considerations, ||¥|| < [|¥1]|, we obtain
25 ) 1

9 1—e2

Let again a > 1 be such that 1 —Re Ay € [1, a] for all k¥ € N. Since, for every

n € Z, the set {s € C | Res € [1,a], Ims € [n,n + 1)} (which contains all the
eigenvalues of A — I with Im Ay, € [n,n+1)) is contained in R(a,n), it follows that

1 ) 25 )
- — ||V ]|".
T X el < greem vl

Im A €[n,n+1)

3
o <
= el

llell* < @2

This shows that (5.3.9) holds with m as given at the end of the proposition. O

Remark 5.3.6. The first part of the above proposition remains valid also without
the assumption that Re A\ < 0 for all k € N (which is a standing assumption in this
section). Indeed, both condition (5.3.9) and the admissibility of C' are invariant
properties with respect to a shift of A (i.e., replacing A with A — oI for some
a € R). In the “moreover” part of the proposition, the condition Re A\ < 0 can be
relaxed to Re A\, < 0 (with the same proof). We mention that (5.3.9) is sufficient
for the admissibility of C' also for non-invertible diagonal semigroups.



154 Chapter 5. Testing Admissibility

Proposition 5.3.7. Let T be a diagonal semigroup on X = 12, as in (5.3.3), let Y
be a Hilbert space and let (ci) be a sequence in Y such that the sequence (||ck||)
represents an (infinite-time) admissible observation operator for T. Then the op-
erator

Cz= > oz, (5.3.13)

keN

first defined for sequences z = (zx) in C with finitely many non-zero terms, is in
L(X1,Y) and it is an (infinite-time) admissible observation operator for T.

Proof. Suppose that (||cg||) represents an admissible observation operator C for
T, so that in particular C' € £(X;,C). As explained around (5.3.4), the fact that
C € L(X;,C) implies that the sequence (||c||) is in X_1, which means that

I — Z ||Clc||2 < 00
— —— .
P 1+ |)\k|

Let z = (21) be a sequence with finitely many non-zero terms. We have

2
C
€2l < 3 llewl || < (Z %) <Z<1+|Ak|2>|zk|2> < LIl

keN keN keN

Hence, C can be extended such that C' € £(X;,Y).

We have to show that C' € £(X1,Y) is an admissible observation operator
for T. According to Remark 4.6.5 is it enough to prove that C* is an admissible
control operator for T*. We denote by ®4 the input map corresponding to T* with
the control operator C* and the time 7. We know that if u € L?([0,00);Y) is a
step function on [0, 7], then ®%u € X = [? (see Remark 4.2.3). For every T > 0,
every u € L%([0,00);Y) and every k € N we can express the kth component of
ddu by

T T _
(®Fu), = </O T:C*u(T—t)dt> :/O M u(T —t), e ) dt.

k

It follows that if u € L?([0,0);Y) is a step function on [0, 7], then

2
T _
||<I>§'l~u||2 = Z </0 eAktu(T—t)dt,ck>| < Z

keN keN

2

T _
/e’\ktu(T—t)dt lexl2.
0

Let (ej)jes be an orthonormal basis in YV and define u; € L?[0,00) by u;(t) =
(u,ej). Clearly

2

y

T _
/0 Mty (T —t)dt
JjeT

T _
/ e ety (T — t)dt
0
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Interchanging the order of summation, we obtain

2

e

[oFull> < Y (D)

JjETJ \keN

T _
/ My (T — t)dt
0

Let <i>dT be the input map corresponding to T* with the control operator C* and
the time T (C has been defined at the beginning of this proof). Then the last
formula can be rewritten as

1eFull® < ) I19Fu;l?.
€T

Since C* is an admissible control operator for T*, we have ®% € L(L?[0,00),1?).
Hence,
1RFull® < Y IBF - llugliZe = 19F] - lulZe-
JjeT
Since the functions u as above (which are step functions on [0,7]) are dense in
L3([0,00); U), it follows that C* is admissible, hence C'is admissible.

Note that in the above argument we have also proved that ||®4 < [|@4]|. If C
is infinite-time admissible, then so is C* (see Remark 4.6.5), so that the operators
@4 (with T > 0) are uniformly bounded. Tt follows that also the operators ®% are
uniformly bounded, so that C* is infinite-time admissible, hence so is C. O

Remark 5.3.8. If we combine Propositions 5.3.5 and 5.3.7, we obtain the following:
Let T be a diagonal and invertible semigroup on X = 2, let (cx) be a sequence in
a Hilbert space Y and assume that there exists m > 0 such that

Z lerl* < m VneZ.
Im A €[n,n+1)

Then C' defined by (5.3.13) (first for sequences with finitely many non-zero terms)
isin £(X1,Y) and it is an admissible observation operator for T.

Theorem 5.3.9. Let (\;), T, A, X1 be as at the beginning of this section and let
C € L(X1,C). Then C is an infinite-time admissible observation operator for T if
and only if there is a K > 0 such that

_K
vV2Res

Proof. The “only if” part has been proved in Proposition 4.6.6. We remark that
K is now the same constant as in the infinite-time admissibility estimate (4.6.6).

|C(sT — A7 < Vs e Co. (5.3.14)

To prove the “if” part, recall that C is represented by a sequence ¢ € X_;.
We show that ¢ satisfies the Carleson measure criterion for (A;). According to
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(5.3.2) the estimate (5.3.14) implies that

D

keN

2 K2

Ck <
~ 9Res

VseCy.

S—Ak

Take h > 0 and w € R. Restricting the above summation only to those k for which
=Xk € R(h,w), and then taking s = h — iw, we get

h , K2
2 s wr B
7)\kER(h,w)

Since
h 1

iRt Th—iw — M Bh’

the previous inequality implies that (5.3.5) holds with M = # According to
Theorem 5.3.2, C' is an infinite-time admissible observation operator for T. 0

We mention that in the last theorem we could replace the condition Re A\, < 0
with the weaker one sup Re A\, < oo, using the same proof. However, this is an
insignificant generalization, the components ¢ corresponding to A > 0 would
have to be zero, so that these components would play no role.

The following corollary is a partial converse of Theorem 4.3.7.

Corollary 5.3.10. Let T be a diagonal semigroup on X = 12 with generator A and
let C € L(X1,C). If there exists « € R and K, > 0 such that Re \j, < a and

K,
vVRes — a

then C is an admissible observation operator for T.

|C(sT — A)~Y| < Vs e Ca,

Proof. Introduce the semigroup T generated by A—al. Since A—al with C satisfy
the estimate (5.3.14), according to Theorem 5.3.9, C' is infinite-time admissible
(hence, admissible) for T. It follows that C' is admissible also for T. O

Example 5.3.11. As promised in Section 5.1, we show that for A < 0 the sufficient
condition €' € £(X1,Y) is not necessary for C' to be admissible.

Take X = [ and let T be the diagonal semigroup corresponding to the
sequence A\ = —2F as in (5.3.3). Let C € L£(X;,C) = X_; be defined by the
sequence cp = 25 It is easy to verify that (ci) satisfies the Carleson measure
criterion for (Ag). According to Theorem 5.3.2, C' is infinite-time admissible for
T. If ¢ were bounded on X, then C(—A)~2 would be bounded on X, so that

it would be a sequence in [?. However, C’(—A)_% =(1,1,1,...), so that C is not
bounded on X 1.
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5.4 Some unbounded perturbations of generators

In Section 2.11 we have seen that by adding a bounded perturbation to a semigroup
generator we get another semigroup generator. This property is actually true also
for many classes of unbounded perturbations, of which we present here a simple
one: perturbations that are admissible observation operators, multiplied with a
bounded operator. Moreover, we show that the admissible observation operators
for the perturbed semigroup are the same as for the original semigroup.
We continue to use the standard notation of this chapter, such as U, X, Y,
T, A, X1, X_1, P, and S, (the latter is the unilateral right shift operator on
L2 ([0,00);U)). In addition, we will need S%, the unilateral left shift operator by
7 = 0 on the space L ([0, 00); U), which means that (Stu)(t) = u(t + 7). Note
that
S:S, =1, S, S:=I1-P,. (5.4.1)

For the proof of the first lemma, the reader needs to recall the version of the
Paley—Wiener theorem for Hilbert space-valued functions; see Proposition 12.5.4
in Appendix I. As usual, if u is a function defined on [0,00) that has a Laplace
transform, then we denote this Laplace transform by .

Lemma 5.4.1. For every w € R and every Hilbert space U we define the space
L2([0,00);U) = e, L*([0,00); U), where ey(t) = e*t,
with the norm

oo
lul2 = / &2 u(t)| 2 dt.
0

Assume that wo € R and G : C,, — L(U,Y) is analytic and bounded. Then
for every w > wy there exists a unique operator

Fo € L(L5([0,00);U), LZ([0,00); Y))
such that y = Fyu if and only if § = Ga. Moreover,
IFullzzz) < sup 1G(s)]] Vw>wo (5.4.2)
sely

and
P.F,(I-P;)=0 V1>0. (5.4.3)

We mention that in fact we have equality in (5.4.2). This would require some
extra effort to prove but we do not need it, so we only state the inequality. The
identity (5.4.3) is called causality and G is called the transfer function of Fy,.

Proof. We shall regard the function e, also as a pointwise multiplication operator.
Then clearly e,, is a unitary operator from L?([0,00);U) to L2 ([0, 0); U), whose
inverse is e_,. It is easy to see that

(e-ou)(s) = (s +w). (5.4.4)
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Define a shifted transfer function G, (s) = G(s + w), so that G, is a bounded
analytic function on Cy. Hence, when we regard G, as a pointwise multiplication
operator acting from H?(Co; U) to H?(Cp;Y), then

1Gullcerzy < sup [|Gu(s)llcwyy = sup |G(s)|l .,y -
seCop seC,,

Indeed, this follows from the definition of the norm on H?(Cy;Y). We define F,, by
Fo, = eoL 'GyLe ),

where £ denotes the Laplace transformation, a unitary operator from L?([0, 0o); U)
to H(Co;U) (see Proposition 12.5.4). It is now clear that F,, € £(L2([0,00);Y))
and [|[F, || = ||G.]|, so that ||F,|| satisfies (5.4.2). It is now easy to see from (5.4.4)
that Fu = G, for all u € L2([0,00); U).

It is easy to see that ', satisfies the shift-invariance identity

S,F, = F,S, V1 >0.

Indeed, this follows from S/T\u(s) = e *74(s). Multiplying with S from the right
and using (5.4.1), we obtain

S, F,S: =F,(I—-P,).
Applying P to both sides, we obtain (5.4.3). O

Theorem 5.4.2. Assume that B € L(Y,X) and C : D(A)—Y is an admissible
observation operator for T. Then the operator A+ BC' : D(A) — X is the generator
of a strongly continuous semigroup T on X . This semigroup satisfies the integral
equation

t
’H‘Elzo = Tz —|—/ ’H‘t_UBC'Tf,lzoda V20 €D(A), t=0.
0

Moreover, for any Hilbert space Y1, the space of all admissible observation opera-
tors for T that map into Y7 is equal to the corresponding space for Te.

In the above context, BC is called a perturbation of the generator A and T
is called the perturbed semigroup (in the system theory community, T would also
be called the closed-loop semigroup).

Proof. The first step is to define an input-output map F associated with the op-
erators A, B,C. We denote by H},,,,((0,00);Y) the subspace of those functions
in H'((0,00);Y) that have compact support (contained in [0, 0)). We define the
operator

F:H: L ((0,00);Y) — C(]0,00);Y)

comp

by
t
(Fu)(t) = o/ T, , Bu(o)do Wi 0.
0
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First we show that this operator makes sense (i.e., the integral is in D(A) and
the resulting function is continuous in Y'). We apply Theorem 4.1.6 with the state
space X7 in place of X (hence with X in place of X_1) and with f = Bu, and
obtain that the function z defined by z(t) = fot T_,Bu(o) is in C([0,0); X7).
Since (Fu)(t) = Cz(t), we obtain that the definition of F is correct.

In terms of Laplace transforms, if y = Fu, then it follows from Remark 4.1.9
that for all s € C with Re s > wo(T) we have §(s) = G(s)u(s), where

G(s) = CO(sI - A)™'B for Res > wo(T).
Take o > wo(T). It follows from Theorem 4.3.7 that there exists K, > 0 such that

Kq

C(sl — A €« —2—=
JOGT = A7 < =t

VseC,.

It follows that for every w > a,

K,||B
sup [G(s)] < TelBl

. (5.4.5)
seCy, w—

i

According to Lemma 5.4.1, for every w > «, F has a continuous extension to a
bounded linear operator F,, acting on L2 ([0,00);Y). This extension is unique, be-
cause H oy ((0,00);Y) is dense in LZ([0, 00); V). The norm of F, can be estimated
by (5.4.2) together with (5.4.5).

The second step is to consider the system described by 2 = Az + Bu, y = Cz
with the unity feedback u = y. First we express the resulting function y and then
the operators T¢! that give the evolution of z. Let ¥ be the extended output map
of (4,C). We claim that for large w > « and for any 2z € X the equation

y = Vzo+Foy (5.4.6)

has a unique solution y € L2([0,00);Y). According to (5.4.5) we can choose w
sufficiently large such that

sup [|G(s)|| < 1, (5.4.7)
seC,,

hence ||F,,|| < 1. For the remainder of this proof, w will be a fixed real number with
the property (5.4.7). Notice that ¥ € £(X, L2 ([0,00);Y)) according to Proposition
4.3.6. Hence (5.4.6) has a unique solution given by

y=(I—-TF,) "Wz. (5.4.8)
It will be convenient to introduce the operator W € £(X, L2 ([0,00);Y)) by

vl = (1 -F,) .
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We shall see later that this is the extended output map of the closed-loop semi-
group with the observation operator C. We define the operators T¢! (for ¢ > 0) by
taking y from (5.4.8) as the input function of the system Z = Az + Bu:

T = Ty + &, 0. (5.4.9)

Here, @, is defined by (4.2.1), and due to its causality (see the comments before
(4.2.2)) ®; has a continuous extension to L2 ([0,00);Y), so that T§ € £(X).

The third step is to show that the family T¢ = (T¢!),>¢ is a strongly contin-
uous semigroup on X. As a preparation for this, first we check that

SiF, = F,S' + Vo, . (5.4.10)

To prove (5.4.10), apply both sides to u € H*((0,00);Y). We have seen at the
beginning of this proof that ®;u is a continuous X;-valued function and (F,u)(t) =
(Fu)(t) = C®pu. With this, (5.4.10) (applied to u) can be recognized as being C
applied to both sides of the composition property (4.2.2). Since H*((0,00);Y) is
dense in L2([0,00);Y), it follows that (5.4.10) holds in general.

We rewrite (5.4.10) in the equivalent form

(I —F,)S:—S:i(I-F,) =0,,
which in turn is equivalent to
S*(I—-F,) ' — I —-F,)" 'S =l (I -F,)" L.
We shall also need the following easily verifiable identities:
UT, =S;v, Oy = Ty®, + ©,S7. (5.4.11)

which hold for all ¢,7 > 0 (they are just alternative ways to write (4.3.7) and
(4.2.2)).
Now we have all the necessary tools to verify the semigroup property for T¢:

TIT = T, T, + & V9T, + T;®, ¥ 4 &, ¥®, (I —F,) ¥
= Tepr + @ U4T, + Ty @, U + @, [SE(I —F,) ' — (I —F,) 'S:| v
=Ty + O, —F,) ' [UT, — SI¥] + [T;®, + &,;8*] (I —F,) " '¥
= Topr + Opy, U = TF, .

Obviously T§! = I. The strong continuity of the family T¢ is clear from (5.4.9),
as both families T and ® are strongly continuous (see Proposition 4.2.4).

The fourth step is to show that the generator of T¢, denoted by A, is the
restriction of A+ BC to D(A), which is a subspace of D(A). (Later we shall see
that these spaces are actually equal.) We also show that C, which is the restriction
of C' to D(A®), is admissible for T). We apply the Laplace transformation to
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y = W%, where zg € X. We have seen in the second step of this proof that y
satisfies (5.4.6), whence (using Theorem 4.3.7) we get

G(s) = C(sI — A)"'zo + G(s)i(s) VseC,.
From here we see (using also (5.4.7)) that
9(s) = (I — G(s))7'C(sI — A) "1z VseC,.

From (5.4.9) and the definition of y we see that T¢zy = Tz + ®;y. Apply-
ing here the Laplace transformation, we obtain (using Proposition 2.3.1 for both
semigroups) that for Re s sufficiently large and every zp € X,

(sT—ANY 12y = (sT—A) tzp+(sI—A) ' B(I-G(s))*C(sT—A) 2. (5.4.12)

Since D(A!) = Ran (sI — A°')~!, we see from the above that D(A) C D(A). We
apply C' to both sides of (5.4.12) and obtain that for Re s sufficiently large,

C(sI — AN Loy =C(sI — A)7Lzg + G(s)(I — G(s)) 1O (sI — A) "1z
= (I = G(s))rC(sI — A) "tz = 4(s).

We see from the last formula that if 2o € D(A), then y(t) = CT§ 2. Since y is
given by (5.4.8), it depends continuously (as an element of L2([0,00);Y)) on 2o
(as an element of X). This shows that C°, the restriction of C' to D(A), is an
admissible observation operator for T, and the corresponding extended output
map is U

(Tl20)(t) = CT 2 Vit>0, 20 € D(AY) C D(A). (5.4.13)

If zo € D(A), then according to Proposition 4.3.4 we have that y = ¥z, belongs
to HL.((0,00);Y). We see from (5.4.9) that T§'zg = Tyzo + ®4y. According to
Theorem 4.1.6 (with X7 in place of X and X in place of X_;) we have z €
C1([0,00); X) and 2(t) = Az(t) + By(t) holds for all ¢ > 0. In particular, for t = 0
we obtain Azy = Azy + By(0) = Azy + BCz. Thus,

ACl20 = (A + BC)ZO Vzo € D(ACZ).

(This conclusion could be obtained also by a computation starting from (5.4.12).)

The fifth step is to show that in fact D(A) = D(A) and T satisfies the
integral equation stated in the theorem. We start from the operators A°, —B and
C° and we redo with them the first four steps of this proof. We obtain a closed-loop
semigroup T with a generator A defined on a domain D(A) C D(A).
According to the last conclusion in step four, we have

Aelzy = (A — BO?)z = Az V 29 € D(A).
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Since a restriction of the generator A to a strictly smaller subspace cannot be a
generator (because sI — A must be invertible for large Res), it follows that in
fact D(Ac!) = D(A). Clearly this implies D(A) = D(A). Finally, the integral
equation in the theorem follows easily by combining (5.4.9) with (5.4.13).

The sizth step is to show that admissibility for T is equivalent to admissi-
bility for T¢. Let Y7 be a Hilbert space and let C; : D(A) — Y; be an admissible
observation operator for T. We denote by W' and by ¥ the extended output
maps of (A,C) and (A%, C)), respectively. We also introduce the input-output
map F! associated with the operators A, B, C; exactly as we did it for 4, B,C in
the first step of the proof, and we extend it in the same way, obtaining an operator

F,, € LILE([0,00);Y), LE([0,00); Y1).
By the definition of F! we have

([Fly)(t) = CrPwy Vi20, yeH . ((0,00):Y).

comp

Using the causality of F! (see (5.4.3)), the above formula can be extended:
(FLy)(t) = C1y V120, y € Hi((0,00);Y) N LE([0,00);Y).

Applying the terms of (5.4.9) to zg € D(A) and then applying C; to the resulting
equation, we obtain (using that Uz, € H{ ((0,00);Y) by Proposition 4.3.4) that

Tlelzy = Wlag + FLU Y, Y z9 € D(A).

Since the operators on the right-hand side have continuous extensions to X, the
same is true for ¢ meaning that C; is an admissible observation operator for
T

To show that every admissible observation operator for T is admissible also
for T, we repeat the same argument, but with the roles of T and T reversed and
with —B in place of B (we did a similar trick in step five). O

Proposition 5.4.3. With the assumptions and the notation of Theorem 5.4.2, let
Cy € L(X1,Y1) be an admissible observation operator for T. We denote by ¥ and
Ul the extended output maps of (A,C) and (A,Cy), respectively. Similarly, let
Vel and Uhe be the extended output maps of (A + BC,C) and (A + BC,C}),
respectively. For any w > wo(T) we denote by

F,: L2([0,00);Y) = L2([0,00);Y),  FL:LZ2([0,00);Y) — LZ([0,00); Y1)

the input-output maps corresponding to the transfer functions C(sI — A)~'B and
C1(sI — A)~'B, respectively. Then

U = (I -F,)'w,  whed = g! L FLoe,
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The proof of this proposition is contained in the proof of Theorem 5.4.2, in
the second, fourth and sixth steps. We could have appended the above proposition
to Theorem 5.4.2; but this would have made the theorem very heavy. Proposition
5.4.3 will be needed in a proof in Section 6.3, otherwise it is probably of little
interest, which is why we separated it from the theorem.

Example 5.4.4. Let 2 C R" be open and bounded. We shall introduce the operator
semigroup corresponding to the convection-diffusion equation

% =Az+b-Vz+cz in Qx(0,00), (5.4.14)

with the boundary condition
z=0 on 00. (5.4.15)

Here we assume that b € L>(Q;C") and ¢ € L*>(2). We shall regard this as a
perturbation of the heat equation, of the type discussed in this section.
We denote H =Y = L%(Q2), A is the Dirichlet Laplacian on €2, so that (as
shown in Section 3.6) Ag = —A is a strictly positive operator and
1
D(A) = {p e Hi(Q) | Ape L*(Q)},  Hi =D(AZ) = Hi(Q).

We define C' € L(Hy,Y) by

1
2

Cz=b-Vz+cz.

As already explained in Example 5.1.4, C' is admissible for the semigroup T gen-
erated by A. According to Theorem 5.4.2 with B = I, the operator A + C' (with
domain D(A)) generates a semigroup T¢ on H and any admissible observation
operator for T is admissible also for T¢ (and the other way round). Note that
T corresponds to solutions of the convection-diffusion equation (5.4.14) with the
homogeneous boundary condition (5.4.15). Clearly, C' is admissible also for T¢.

To illustrate the admissibility statement made a few lines earlier, consider
O to be an open subset of Q such that clos O C Q and 0O is Lipschitz. Let
Y1 = L?(00) and define C; € L(H,.Y1) by Ciz = z|po (i-e., Cy is the Dirichlet
trace operator corresponding to the boundary of O). The continuity of C7 on
Hy = H{(Q) follows from Theorem 13.6.1. According to Proposition 5.1.3, Cy is
admissible for T. According to the last part of Theorem 5.4.2, C; is admissible
also for T¢.

Finally, we derive a simple additional result that holds in the context of
Theorem 5.4.2. For this, we have to introduce the concept of an analytic semigroup.

Definition 5.4.5. An operator semigroup T with generator A is analytic if there
exists A > 0 and m > 0 such that

I(sI — A7 < % if Res > A. (5.4.16)

5]
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Remark 5.4.6. We mention a few well known facts from the theory of analytic
semigroups. These can be found in the books dealing with operator semigroups
quoted at the beginning of Chapter 2. We do not give proofs, and we shall not use
these facts. An operator semigroup T with generator A is analytic iff there exist

numbers A > 0, « € (0, 5) and m > 0 such that

mn if |arg(s+)\)|<ﬁ+a.

1((s + 2T = A)7H| < 5

s
If T is analytic, then T; (as a function of ¢) has an analytic extension into the

open sector where |argt| < a, which satisfies the semigroup property. Moreover,
T,z € D(A>) holds for every z € X and every ¢ # 0 with |argt| < a.

Proposition 5.4.7. Let A : D(A) — X be such that A < 0. Assume that B €
LY, X) and C € L(X1,Y) is an admissible observation operator for the semigroup
T generated by A. Then the semigroup T generated by A+ BC' is analytic.

Proof. As in the proof of Theorem 5.4.2, we denote A% = A + BC and we recall
that for Res sufficiently large, the resolvents of A° can be obtained from the
resolvents of A via (5.4.12), where G(s) = C(sI — A)~'B. According to (5.4.7)
the factor (I — G(s))™! is uniformly bounded in £(Y) for all s in some right
half-plane. Since (sI — A)~1 satisfies (5.4.16) and since C'(sI — A)~! is uniformly
bounded in £(X,Y) for all s in some right half-plane (see Theorem 4.3.7), it is
clear that (sI — A°!)~! satisfies an estimate similar to (5.4.16) for some (possibly
larger) A > 0. According to Definition 5.4.5, this implies that T¢ is analytic. [

5.5 Admissible control operators for
perturbed semigroups

In this section we investigate admissible control operators for semigroups that have
been obtained by a perturbation as in Theorem 5.4.2 or its dual. We start with
the dual version of Theorem 5.4.2.

Corollary 5.5.1. Assume that B € L(U, X_1) is an admissible control operator for
T and C € L(X,U). Then the operator A+ BC : D(A+ BC)— X, where

D(A+ BC) = {z € X | (A+ BC)z € X},

is the generator of a strongly continuous semigroup T on X. This semigroup
satisfies the integral equation

t
TngO = TtZO +/ Tt_g-BCTngOdO' v 20 € D(A + BC’)7 t 2 0.
0

Moreover, for any Hilbert space Uy, the space of all admissible control operators
for T defined on Uy is equal to the corresponding space for T,
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This is almost an immediate consequence of Theorem 5.4.2; except for the
minor trouble that one has to verify that, if A, B, C are as in the theorem, then

D((A+ BCO)*) = {z € X | (A* + C*B*)z € X}.

A direct proof seems a little more complicated than for Theorem 5.4.2.

In what follows we investigate when admissible control operators for a semi-
group remain admissible for the perturbed semigroup obtained as in Theorem
5.4.2. In general, this is not true. We use the assumptions and the notation of The-
orem 5.4.2. Thus, T¢ is the semigroup generated by A + BC, where B € L(Y, X)
and C € £(X;,Y) is an admissible observation operator for T. Strictly speaking,
the question posed above makes no sense, for the following reason: If B; is an
admissible control operator for T, then it must be an element of £(U, X_1). Let
us denote by X, the analog of the space X_; for the semigroup T¢; i.e., X, is
the completion of X with respect to the norm

121y = 1(B1 — (A + BC))~z]|.

Since, in general, X%, is different from X _;, B; does not qualify to be an admis-
sible control operator for T (the integral in (4.2.1) does not make sense with T
in place of T and Bj in place of B). In order to regard B; as a control operator
for T, we must identify a part of X, with a part of X_; containing Ran B;.
In other words, we must find an operator .J that maps a part of X _; into X,
and which, when restricted to X, is the identity operator. If we identify z with
Jz, then By is identified with JBj, which is an element of £(U, X¢,). There is
no unique way to find such a J, and different identifications may lead to different
control operators for T (from the same Bi). We shall see that redefining B; as
an element of £(U, X¢,) can be achieved by defining the product C(31 — A)~' B,
for some 3 € p(A). A priori, the product C(sI — A)~!B; makes no sense, because
(sI—A)~1B; maps into X and C is only defined on X;. However, the product will
make sense if we use a suitable extension of C' in place of C. The precise statement
is as follows.

Proposition 5.5.2. With the assumptions and the notation of Theorem 5.4.2, as-
sume that there exists a Banach space D(C®) such that X1 C D(C°) C X, with
continuous embeddings and C has an extension C°¢ € L(D(C®),Y).

(1) We define an operator J € L((BI — A)D(C*), X)) by
J = (BI — (A+ BC))(BI — A)~ + BC*(BI — A)~ . (5.5.1)

Here, A+ BC is the extended operator acting from X to X°,. Then J is
independent of B and it is an extension of the identity operator on X. We
have

(A+ BC)z = JAz + BC®z Yz € D(C?), (5.5.2)

where (again) A+ BC' is the extended operator acting from X to X°,.
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(2) Let By € L(U, X_1) such that for some (hence, for every) 8 € p(A), we have
Ran By C (BI — A)D(C?).
Then for every B € p(A) we have C¢(31 — A)~'By € L(U,Y), and hence
JB, € L(U,X).

(3) If By as in part (2) is an admissible control operator for T, and if in addition
there exist « € R and M > 0 such that C, C p(A) and

|Ce(s] — A) "' Byl cwy)y < M Vs €Cy, (5.5.3)

then JBj is an admissible control operator for Te.

According to the terminology of the systems theory literature, condition
(5.5.3) expresses that the transfer function C¢(sI — A)~1By is proper.

Proof. We prove (1). Let C¢ and J be as in part (1). If z € X, then (8 — A)~ 1z €
D(A) = D(A+ BC) and hence we may use the non-extended versions of A+ BC
and of C in (5.5.1). Then we immediately get that Jz = z.

To prove that J is independent of 3, we cannot use a density argument,
because X need not be dense in the domain of J. We denote for a moment by Jg
the operator from (5.5.1) and by J, the operator obtained with s € p(A4) in place
of 3. Then

Jo—Jg=(sI — (A+ BC)) (sl — A" — (81 — A)7Y
+(s—B)(sI — A~ 4+ BC®[(sI — A)~' — (BT — A)7Y].

From the resolvent identity (Remark 2.2.5) we see that (sl — A)~1 — (81 — A)~1
maps X_; into D(A), so that we may replace C¢ with C in the above formula,
and A 4+ BC' is no longer the extended operator, but just the original one (from
D(A) to X). From here we easily get that Js; = Jg.

Finally, apply both sides of (5.5.1) to (81 — A)z, where z € D(C¢) (and
Az € X_4). After some cancellation, we obtain (5.5.2).

We prove (2). The operator (31— A)~!B; is closed from U to D(C*) (because
of the continuity of the embedding D(C¢) C X). It follows from the closed-graph
theorem (Theorem 12.1.1) that (31 — A)~'B; € L(U,D(C*)), and hence C¢(BI —
A)71By € L(U,Y). Tt is now clear (using (5.5.1)) that JB; € L(U, X¢,).

We prove (3). Multiplying (5.5.1) by B; from the right and then by the
resolvent (sI — (A + BC))~! from the left, we obtain that for all s € p(A),

(sI —(A+BC))™'JB; = (sI — A)"'By + (sI — (A+ BC)) 'BC*(sI — A)"'B.

Take u € L?([0,00); U) and define the function y € L2 ([0, 00);Y) via its Laplace
transform:
§(s) = C(sI — A) "' Bya(s) Vs €Cq,
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where o > 0 is such that (5.5.3) holds. According to Lemma 5.4.1 (with G(s) =
C¢(sI — A)~™'By) we have y € L%([0,0);Y), so that indeed y € L2 ([0, 00);Y).
Define the function z : [0, 00) — X, by

¢
z(t) = / T¢ _JByu(o)do.
0

Using Remark 4.1.9 (with A+ BC' in place of A) and our earlier formula to express
(sI — (A+ BC))~1J B, we obtain that the Laplace transform of z is given by

2(s) = (sI — A)"'Bya(s) + (sI — (A+ BC)) "' Bj(s) Vs¢€Cy,

whence . t
2(t) = / Ti o Biu(o)do + / TS _By(o)do.
0 0

Since Bj is admissible for T and B is bounded, it follows that z € C([0, 00); X).
Remembering the definition of z, this means that JB; is admissible for T¢. O

The following simple example is meant to illustrate Proposition 5.5.2 and to
highlight the difficulties in identifying a part of X_; with a part of X, (see the
discussion before the proposition). This example has been constructed such that
there is no natural way to avoid the ambiguity in choosing an extension for C,
and we get infinitely many candidates for the operator JB;. A more substantial
example (a boundary controlled convection-diffusion equation) relying on Propo-
sition 5.5.2, where there is a natural way to extend C, will be discussed in Section
10.8.

Example 5.5.3. Let X = L?[0,00) and let T be the unilateral left shift semigroup
on X, as discussed in Example 2.3.7. We have seen in Example 2.10.7 that

X, = H*(0,00), X 1 =H10,00), X = H}(0,00).
We define the admissible observation operator C' € £(X;,C) by
Cz = z(1).
(This is a slight modification of the observation operator from Example 4.4.4.) We
define B € L(C, X) by (Bv)(z) = b(x)v, where b € L?[0,00), b # 0. According to

Theorem 5.4.2, A + BC generates a strongly continuous semigroup T on X.
Consider By € L(C, X_1) defined by By = d1, where

(@,01)xg x_, = #(1) Ve X

It is easy to see that Bj is an admissible control operator for T. To regard B
as a control operator for T¢, according to Proposition 5.5.2, we have to find an
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extension of C, denoted C*¢, such that C¢(sI — A)~! B; makes sense (it should be
a bounded operator from C to C, i.e., a number). We have, for Res > 0,

__s(xz—1) f <1
 -lp e or ©<1,
(sT—4) Bl_{O for = > 1.
A possible way of extending C' is by choosing D(C*) to be the piecewise H!
functions, with a possible jump at x =1,

D(C®) = H'(0,1) x H(1,00),
and by defining C¢ as a combination of the left and right limits at =z = 1,

€z =, lim 2@ +(1-9), lim |, 2(0),

where v € R. We have
CésI—A)™'B = —« Vs e Cop,

so that all the conditions in Proposition 5.5.2 are satisfied. Thus, JB; is an ad-
missible control operator for T¢. Note that each choice of the parameter v leads
to a different operator J in (5.5.1), and hence to a different control operator J B
for T°. If we choose v = 0, then the input signal u that enters the system through
Bj never enters the feedback loop, and hence it has no influence on z(x) for z > 1.

5.6 Remarks and bibliographical notes on Chapter 5

For papers covering much of the material of this chapter we refer the reader again
to Jacob and Partington [112] and Staffans [209, Chapter 10] (see also the biblio-
graphical notes on the previous chapter).

Section 5.1. Theorem 5.1.1 appeared in Hansen and Weiss [89] (in dual form),
but important parts of this theorem were present already in Grabowski [73]. Even
earlier, some related results for bounded observation operators were contained in
Datko [41]. The connection between the Gramian and strong stability has been
known long before the papers cited above, usually considering bounded observation
or control operators (we cannot trace the first references on this).

Section 5.2. Theorem 5.2.2 is a generalization of Proposition 3.6 in Hansen and
Weiss [88], where T was assumed to be exponentially stable and invertible, and
(sI — A)~! B was assumed to be bounded on a right half-plane. The proof in [88]
was based in part on a result in Weiss [228]. The alternative proof for Corollary
5.2.4 is due to Zwart [247]. In the latter paper, other admissibility results were
given in terms of estimates on ||C(sI — A)™!||, of which we mention the following:
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(1) If A and C satisfy (4.3.9), then for every r € [1,2) there is a K, > 0 such
that

1
/ |CTez0||" dt < K, |20 Y 2, € D(A).
0

(2) A sufficient condition for the admissibility of C' is that for some o > 0,

K

CsI-—A)| €« ——————
16 )l log(Res)VRes

VseC,.

Section 5.3. The admissibility statement in the first part of Theorem 5.3.2 (which
is the main part of the theorem) is due to Ho and Russell [100], and the remain-
ing more minor parts appeared in Weiss [226]. Actually, both of these references
considered admissibility, not infinite-time admissibility, which is not a big differ-
ence. The version of Theorem 5.3.2 for infinite-time admissibility has appeared
in Grabowski [74], and this reference provided additional insights, including the
following strengthening of Theorem 5.3.9: C' € £L(X;,C) is an infinite-time admis-
sible observation operator for the diagonal semigroup T iff there is a K > 0 such

that
K

v2Res

For the “only if” part, the above K is again the constant from (4.6.6).

Theorem 5.3.9 has been generalized to normal semigroups in Weiss [233]
(the necessary and sufficient condition for infinite-time admissibility remains the
same). This generalization needed a slight generalization of the Carleson measure
theorem, in which the Carleson measure p is defined on the Borel subsets of
the closed right half-plane. (This is not the generalization that the title of [233]
refers to.)

The part of Theorem 5.3.2 which states that (5.3.5) implies ¢ € X_; can be
replaced with a stronger statement: (5.3.5) implies ¢ € X_,, for all u > %, where
X, is defined for all ;x> 0 as the completion of X with respect to the norm

|C(—5T — A)~Y| < Vs o(A).

~ 2
2l = Zﬁ (5:61)

keN

This can be shown by the same elementary method that was employed in the proof
of Theorem 5.3.2 for ;x = 1. A more general statement (not restricted to diagonal
semigroups) appeared in Weiss [230, Remark 3.3] (see also Rebarber and Weiss
[188, Theorem 1.4]). The infimum of those p > 0 for which C' € X_,, is the degree
of unboundedness of C' — this follows from Triebel [220, Chapter 1].

The second (converse) part of Theorem 5.3.2 is easy to generalize in the
following way. We work in the dual framework, i.e., we talk about admissible
control operators. First introduce p-admissibility as the natural generalization of
admissibility for the case when the inputs are of class LP (1 < p < oo) rather
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than of class L2. Let T be a diagonal semigroup on the Banach space I", where
1 < 7r < oo. Let (Ag) be the sequence of eigenvalues of the generator A of T,
with Re Ay < 0. Assume that the sequence b = (bg) determines an infinite-time

p-admissible control operator for T. Denote q = ﬁ (for p = 1 we set ¢ = 00).
Then there exists M > 0 such that
> okl < M/ Vh>0, weR. (5.6.2)

—Ar€R(h,w)

The proof of this is an easy extension of the proof of the corresponding part of
Theorem 5.3.2, as has been remarked in [226], with a mistake (p was written in
place of ¢). It is much more delicate to generalize the first part of Theorem 5.3.2.
The first result in this direction is in Unteregge [224]. He showed that for p < 2
and ¢ < r, condition (5.6.2) is sufficient for the p-admissibility of b.

Haak [80] has also investigated p-admissibility for diagonal semigroups on I".
He obtained a sufficient condition for admissibility in the case ¢ > r. Using differ-
ent techniques from [224] (not relying on Fourier transforms) he showed that for
analytic diagonal semigroups on (", with 1 < p < r < oo, the following condition
is equivalent to infinite-time p-admissibility:

>

-2, '€R(h,w)

b |

< MR'/P Vh>0, weR.
Ak

Admissible observation operators for diagonal semigroups with infinite-dimen-
sional output space. If C' € L£(X1,C"), then it is clear that C' is an admissible
observation operator for T iff each of its rows CV (5 € {1,...,n}) is admissible.
If C maps into an infinite-dimensional Hilbert space Y, then the admissibility
question becomes more difficult. Without loss of generality (using an orthonormal
basis in Y) we may assume that ¥ = [2. In Hansen and Weiss [88, 89] Theorem
5.3.2 has been partially generalized to the case when Y = [2. Condition (5.3.5)
has to be replaced with

> e < Mh, (5.6.3)
—X}cER(h,w) £(12)

where ¢, = Cey, is the k column of C (here (ex) is the standard basis of [?),
so that cicf is an infinite matrix of rank one. It was shown in [88] that (5.6.3)
is equivalent to the following fact: For every v € L(Y,C), vC is an infinite-time
admissible observation operator for T. Hence, (5.6.3) is a necessary condition for
the infinite-time admissibility of C'. It was shown in [88] that (5.6.3) is a sufficient
condition for the infinite-time admissibility of C' if T is exponentially stable and
invertible (i.e, the eigenvalues \j are in a closed vertical strip in the open left half-
plane) or exponentially stable and analytic (i.e., there are constants p < 0 and
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v = 0 such that the eigenvalues Ay satisfy Re Ay < p, |[Im Ag| < y|ReAg]). It was
shown in [89] that (5.6.3) is sufficient for infinite-time admissibility also for various
other classes of diagonal semigroups, that we do not describe here. Another result
from [89] is that (5.6.3) is equivalent to the estimate (5.3.14).

It was conjectured in [88] that (5.6.3) is sufficient for the admissibility of
C € L(X;,I?) for every exponentially stable diagonal semigroup. This is false,
as follows from results in Nazarov, Treil and Volberg [175]. They have shown
that the operator-valued version of the Carleson measure theorem is not true.
The paper by Jacob, Partington and Pott [115] contains (among other things)
a presentation of the result of [175] in the context of our admissibility problem.
Another counterexample for a closely related admissibility conjecture can be found
in Zwart, Jacob and Staffans [248], where the semigroup is analytic and compact.

Propositions 5.3.5 and 5.3.7 are new, as far as we know. Proposition 5.3.7 is
related to [89, Proposition 6.2]. A generalization of Proposition 5.3.7 to diagonal
semigroups on [" has been given in Haak [80, Theorem 4.1].

The Jacob—Partington theorem. In [230] it has been conjectured that if T is a
strongly continuous semigroup and C' € £(X;,C), then the estimate in Corollary
5.3.10 (which is known to follow from admissibility) is also sufficient for the ad-
missibility of C' (actually, the dual conjecture was formulated in [230]). In [233]
this conjecture has been slightly modified: there it was conjectured that (5.3.14)
(which is known to follow from infinite-time admissibility) is also sufficient for
the infinite-time admissibility of C'. (The version in [233] would imply the version
in [230].) In support of the conjecture from [233], it was known that it holds for
normal semigroups (see our earlier comments), as well as for exponentially stable
and right-invertible semigroups (this follows from Corollary 5.2.4). The conjecture
turned out to be false: Jacob and Zwart [121] gave a counterexample using an
analytic semigroup.

However, an important positive result in this direction has been obtained by
Jacob and Partington [111]: If T is a contraction semigroup and C € L(X;,C)
is such that (5.3.14) holds, then C' is infinite-time admissible for T. This is prob-
ably the most important theorem in the area of admissibility. In particular, the
parallel result for normal semigroups can be derived from it easily. The proof uses
functional models. An alternative proof using dilation theory has been given by
Staffans [209]. We cannot reproduce any of these proofs here because it would not
be compatible with the elementary nature of this book.

The paper by Jacob, Partington and Pott [116] contains a wealth of new
results related to the conjecture mentioned above and to the Jacob—Partington
theorem. We mention two of these. The first: If T is a bounded strongly continuous
semigroup on X, Y is a Hilbert space and C € L(X1,Y), then C satisfies the
estimate (5.3.14) if and only if there exists m > 0 such that

1 T
— / e“"tC']I‘tzdtH < mllz]] VzeD(A), 7>0, weR.
VT llJo
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In the above condition, the interval of integration [0,7] may be replaced with
[1,27]. The second result that we quote from [116] is: Suppose that T is a contrac-
tion semigroup on X, Y is a Hilbert space and C € L(X1,Y) satisfies, for some
k>0,

k
C(sl —A)~! < VseCy.
1C( )" s T 0
Then C is an infinite-time admissible observation operator for T. Here, || - ||ms

denotes the Hilbert—Schmidt norm.

Sections 5.4 and 5.5. There is a large literature devoted to perturbations of opera-
tor semigroups, and each of the books on operator semigroups that we have quoted
at the beginning of Chapter 2 covers some results in this direction. We shall only
mention references that have results related to our Theorem 5.4.2. Related classes
of perturbations were considered in Desch and Schappacher [48], Morris [174], En-
gel and Nagel [57], Davies [44], and surely we have left out many good references
here. The following references consider not only the perturbed semigroup, but also
the admissibility of control and observation operators for the perturbed semigroup:
Hadd [84], Hansen and Weiss [89], Staffans [209] and Weiss [232]. Actually, The-
orem 5.4.2 and parts of Theorem 5.5.2 follow from the (more general) results in
[232] and [89, Proposition 4.2]. Proposition 5.4.7 is inspired by Haak, Haase and
Kunstmann [81], which contains much more sophisticated results in this direction.

For various generalizations of the concept of an admissible observation oper-
ator we refer to Haak and Kunstmann [82] and to Haak and Le Merdy [83].



Chapter 6

Observability

Notation. Throughout this chapter, X and Y are complex Hilbert spaces which
are identified with their duals. T is a strongly continuous semigroup on X, with
generator A : D(A) — X and growth bound wy(T). Recall from Section 2.10 that
X1 is D(A) with the norm ||z||; = |[(BI — A)z||, where § € p(A) is fixed.

For y € L% ([0,00);Y) and 7 > 0, the truncation of y to [0, 7] is denoted by

P.y. This function is regarded as an element of L?([0,00);Y’) which is zero for
t > 7. For every 7 > 0, P, is an operator of norm 1 on L?([0,00);Y).

For any open interval .J, the spaces H!(J;Y) and H?(J;Y) are defined as
at the beginning of Chapter 2. HL ((0,00);Y) is defined as the space of those
functions on (0, 00) whose restriction to (0,n) is in H*((0,n);Y), for every n € N.
The space HE .((0,00);Y) is defined similarly.

6.1 Some observability concepts

For finite-dimensional LTI systems, we had one concept of observability, see Sec-
tion 1.4, which was shown to be independent of time. For infinite-dimensional
systems, the picture is much more complicated: we have at least three important
observability concepts, each depending on time. In this section we introduce these
concepts and explore how they are related to each other.

In what follows we assume that Y is a complex Hilbert space and that C €
L(X1,Y) is an admissible observation operator for T. Let 7 > 0, and let ¥, be
the output operator associated with (A, C'), which has been introduced in (4.3.1).

Definition 6.1.1. Let 7 > 0.

e The pair (A, C) is ezactly observable in time 7 if ¥, is bounded from below.
e (A,C) is approzimately observable in time T if Ker ¥, = {0}.

e The pair (A, C) is final state observable in time 7 if there exists a k. > 0
such that [|U,zo|| = k.|| T;z0] for all zp € X.

173
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It is easy to see (using the density of D(A>°) in X) that the exact observability
of (A,C) in time 7 is equivalent to the fact that there exists k; > 0 such that

/ |CTezo|%dt > k2| 20| Y 29 € D(A™). (6.1.1)
0

Remark 6.1.2. The following relations among the three observability concepts
introduced earlier are easy to verify: Exact observability implies the other two
observability concepts. If T is left-invertible, then (A, C') is exactly observable in
time 7 iff (4, C') is final state observable in time 7. If Ker T, = {0} and if (4, C) is
final state observable in time 7, then (A, C') is approximately observable in time 7.
Note that Ker T, = {0} holds, in particular, for every diagonalizable semigroup.

Remark 6.1.3. The following very simple observation will be needed several times:
Assume that 0 € p(A). The pair (A, C) is exactly observable in time 7 iff the pair
(Alp(a2y, CA) (with state space X) is exactly observable in time 7. Thus, the
exact observability of (A, C) in time 7 is equivalent to the estimate

19022 (t0,71:v) = ke[| Azoll V 20 € D(A™),

where zg is the initial state and y is the corresponding output signal (y = ¥, zp).
Similar statements hold if we replace exact observability with admissibility or with
approximate observability or with final state observability.

Remark 6.1.4. Recall from Section 5.1 that for every 7 > 0, Q, = ViV, is the
observability Gramian (for time 7) of (A, C). It is easy to see that (A, C) is exactly
observable in time 7 iff @, > 0. Indeed, ¥, is bounded from below iff WXW_ >0
(see Proposition 12.1.3 in Appendix I). Similarly, it is easy to see that (4,C) is
approximately observable in time 7 iff Ker Q, = {0}.

Remark 6.1.5. It is easy to see that exact observability in time 7 is equivalent to
the following property: Any initial state zy € X can be expressed from the cor-
responding truncated output function y = ¥,z via a bounded operator. Indeed,
suppose that (A4,C) is exactly observable in time 7. By the last remark @, is
invertible, and this implies
20 = Q-1 Ury.

The converse implication is obvious. Some facts about observability Gramians for
finite-dimensional systems were given in Section 1.5. These facts remain valid with
very little change for infinite-dimensional systems. For example, Corollary 1.5.10
remains valid (with the same proof) if we insert “exactly” before “observable”.

Approximate observability in time 7 is equivalent to the following: For any
zp € X, if the corresponding truncated output function y is zero, then zg = 0. The
following proposition shows that final state observability in time 7 is equivalent to
the following: For any initial state zo € X, the final state T, 2y can be expressed
from the corresponding truncated output function y = ¥, zy via a bounded oper-
ator E.
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Proposition 6.1.6. Suppose that (A, C) is final state observable in time 1. Then
there exist operators E, € L(L?([0,00);Y), X) such that

T, = E, V..

Any such E; is called a final state estimation operator associated with (A, C).

Proof. If we take in Proposition 12.1.2 F = (T,)* and G = (¥)*, we obtain that
there exists a bounded operator L € L(X, L*([0,00);U)) such that T = W*L.
Taking adjoints, we obtain the desired identity with E,. = L*. O

Often we need the above observability concepts without having to specify
the time 7. For this reason we introduce the following.

Definition 6.1.7. (A, C) is exactly observable if it is exactly observable in some finite
time 7 > 0. (4, C) is approximately observable if it is approximately observable in
some finite time 7 > 0. The pair (A, C) is final state observable if it is final state
observable in some finite time 7 > 0.

Remark 6.1.8. If (A, C) is approximatively observable and ¢ is an eigenvector of
A, then C¢ # 0. Indeed, if we had C¢ = 0, then it is easy to check that we would
have U¢ = 0, which contradicts the approximate observability of (4, C).

For some systems described by PDEs, it might be useful to express the ap-
proximate observability of (A4, C) in terms of W,z for z € D(A>) only, as follows.

Proposition 6.1.9. Suppose that for some T > 0,
Ker ¥, ND(A*) = {0}.
Then (A, C) is approximately observable in time T + € for any € > 0.

Proof. The proof is by contradiction: we assume that the conclusion is false. Then
there exists € > 0 and zg € X such that zg # 0 and ¥, .2zp = 0. We need the
operators T, introduced in (2.3.6) with ¢ € D(0,¢). By the arguments in the
proof of Proposition 2.3.6, ¢ can be chosen such that z; = T,,29 # 0 and we have
z1 € D(A). For all ¢ € [0, 7] we have

(U,21) (1) = CT, /O Co(0)T,z0do = /O T () (W)t + o) do.

Indeed, the last equality is easy to prove for every zg € D(A), and it remains valid
for zg € X by continuous extension.

Since in the above expression, ¢t + o € [0,7 + €], we have (Uz)(t + o) =
(Uriez0)(t +0) = 0, so that U,z = 0. This contradicts the assumption of the
proposition. O

The conclusion of the above proposition could not be improved even if we
replace D(A>) by D(A), as the following example shows.
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Example 6.1.10. Take X = C x L?[0, 1] and consider the operator A defined by

alel = o] @ = (mecxmon v =)

w dr

We define the observation operator C' : D(A) — C by

A simple reasoning shows that A is the generator of a strongly continuous semi-
group T on X defined as follows: if ¢ > 0 and [f)g” =T, [f)g }, then
wo(r+t) if z+t<1,
©o else.

e(t) = o, w(t)(z) = {

The observation operator C' is admissible since for almost every ¢ < 1, we have

o[z}

Tt is now easy to see that Ker U1 ND(A) = {0}. This is stronger than the condition
in Proposition 6.1.9, so that, according to this proposition, (4, C) is approximately
observable in any time 7 > 1. In fact, this pair is exactly observable in any time
7 > 1. However, (A, C) is not approximately observable in time 1. Indeed, if ¢y # 0
and wg = 0, then the corresponding output function is 0 for almost every ¢ < 1.

We know from Proposition 4.3.4 that if 29 € D(A), then ¥, zq € H1((0,7);Y).
In the proposition below we give a partial converse of this statement (the propo-
sition will be needed in Section 6.4).
Lemma 6.1.11. Let y € H'((0,00);Y) and for every ¢ > 0 define the function
y. € H'((0,00);Y) by

y(t+e)—yl(t
ity = M a0
€

Then lim. o y. =y (the derivative of y) in L?([0,00);Y).

Proof. Let T be the left shift semigroup on L?([0,00);Y), with a slight general-
ization of the unilateral left shift semigroup from Example 2.3.7. It is not difficult
to verify (by the same reasoning as in Example 2.3.7) that its generator is

_4d
T oda’

Therefore, y. from the lemma can be written as

D(A) = H'((0,00);Y).

1
Ye = E(Tey_y)'

Now the lemma follows from the definition of the infinitesimal generator. O
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Proposition 6.1.12. Suppose that (A, C') is exactly observable in time 7o. If z9 € X
and T > 19 are such that W, zo € HY((0,7);Y), then 2o € D(A). For 7 = 79, the
implication is not true in general.

Proof. Denote y = V.29, so that y € H'((0,7);Y). Extend y to a function in
H1((0,00);Y) (still denoted by ¥). It follows from Lemma 6.1.11 that

To
sup /
ee(0,7—710) JO

Since, for almost every ¢ € [0, 7], y(t + &) — y(t) = (¥, (Te — I)z0)(¢), it follows
that

2

dt < oo.
Y

y(t+¢) —y(®)
9

T. -1
w [p Bt

e€(0,7—70)

< 0.

€ L2([0,7o);Y)

Because of the definition of the exact observability we get that

T. — I
13

sup
e€(0,7—70)

< 0.
X

20

By Proposition 2.10.10 it follows that zg € D(A). To see that for 7 = 7y the
implication is false, consider the left shift semigroup T on X = L?[0, 1] with point
observation at the left end. Thus A = d%, D(A) = {z € H'(0,1) | (1) =0} and
Cx = z(0). This system is exactly observable in time Ty = 1. However, if 2(§) = 1
for all £ € (0,1), then V129 € H1(0,1) but 2o € D(A). O

Proposition 6.1.13. Assume that (A, C) is final state observable and C' is infinite-
time admissible for T. Then T is exponentially stable.

Proof. As usual, we denote by ¥ the extended output map of (A, C'). Infinite-time
admissibility means that ¥ € £(X, L2([0,00);Y)), so that there exists K > 0 with

/ 1(20) ()2t < K2 202 Ve X,
0

Final state observability means that there exist 7 > 0 and k, > 0 such that
[Wr20]] = k|| T 20| Vzo€X.

Notice that his implies that for every T' > 0,

T+T T
[ nweoPa = [T @ > It Ve,
T 0
Hence,
kT
Kol > 3 [ @t > Y [Towlt. (612
ken (k=1)7 keN
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In particular, we see from the above that ||Ty.|| < & for every k € N (and this
holds also for & = 0). Hence, for every n € N and every zg € X,

1« K2
I Tnrz0l* = EZ I T (1) Thr20[1* < 2 > I Tkrz01?
k=1 T k=1
By (6.1.2) we get that

K? K?

2
||T77,TZO|| < n—k.?_ . k2

whence ||T,-|| < 1 for some large n. According to the definition (2.1.3) of the
growth bound, T is exponentially stable. O

The following corollary is known as Datko’s theorem.
Corollary 6.1.14. The semigroup T has the property

/ | Te20|%dt < oo Vzoe X
0

if and only if it is exponentially stable.

Proof. The “if” part is obvious. To prove the “only if” part, first notice that the
condition in the corollary implies that there exists K > 0 such that

/ I Tozo|2dt < K2|z0? V€ X,
0

This follows from the closed-graph theorem, applied to the operator that maps
zp into the function ¢ +— T;zy. Hence, the identity [ is an infinite-time admissible
observation operator for T (with the output space X).

Take 7 > 0 and let M > 1 be such that ||T;|| < M for all ¢ € [0, 7]. Then
217 2 M2 (T 2
||T7-Zo|| = — ||T7-_tTtZo|| dt < — ||Tt2()|| dt N 20 € )(7
T Jo T Jo

which shows that (A,I) is final state observable in time 7. Now we can apply
Proposition 6.1.13 to conclude that T is exponentially stable. O

Proposition 6.1.15. Suppose that (A, C) is exactly observable and that

lim ||¥,|| = 0.
n—0

Then T is bounded from below (i.e., left-invertible).
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Proof. Let 79 > 0 and k > 0 be such that |V, z|| > k||z| for all z € X. We have
for all n € (0,79) and z € D(A), using the dual composition property (4.3.2), that

K 2ll® < 1 @rp2ll® = 182l + [ ro—nTyzll* < [Lql 2l + 125 |11 Tp2]|?
(we have used that ||V, _,| < | ¥]/). Hence we have that

k2 — [y

ITy2)* >
Tl

21

For 7 sufficiently small, the above fraction becomes positive. O

6.2 Some examples based on the string equation

In this section we give several simple examples of exactly observable systems based
on the string equation, as discussed in Examples 2.7.13 and 2.7.15.

Denote X = H}(0,7) x L?[0,7] and A : D(A) — X is defined by

D(A) = [H*(0,7) NH{(0, )] x Hy(0,7), (6.2.1)
A[ﬂ - Eé} v m € D(A). (6.2.2)

Define @, (z) = \/gsin(nx), for every n € Z*. We recall from Example 2.7.13 that
the family (¢n,)nez+, defined by

1
b = NG [wﬁ;‘in} VnelZ*, (6.2.3)

is an orthonormal basis in X formed by eigenvectors of A and that the correspond-
ing eigenvalues are \,, = in, with n € Z*. We also recall from Example 2.7.13 that
A generates a unitary group T on X, which is given by

f — _}_ int i gi éfﬂ
Tt |:g:| B \/§ Z € <n <dI7 dz >L2[07ﬂ’] + <ga§0n>L2[07ﬂ-]> qbn (624)

nez*

Recall from Remark 2.7.14 that the interpretation in terms of PDEs of the above
facts is the following: For f € H?(0,7) N'H}(0,7) and g € H(0, ), there exists a
unique function w continuous from [0, 00) to H2(0, 7) NHY (0, 7) and continuously
differentiable from [0, 00) to H{(0, 7), satisfying (2.7.3).

Our first result concerns the string equation with Neumann boundary obser-
vation.
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Proposition 6.2.1. Let X = H}(0,7) x L?[0,7] and let A be the operator defined
by (6.2.1), (6.2.2). Denote Y = C and consider the observation operator C €
L(X1,Y) defined by

C m - %(0) v m € D(A). (6.2.5)

Then the pair (A, C) is exactly observable in any time T > 2w. For 7 < 2,

the pair (A, C) is not approzimately observable in time T.

Proof. By using formulas (6.2.3) and (6.2.4), we have that, for all [ch] € D(A),

f} 1 <df > ,
CT = — E s U, — (g, ©n)r20.7 | » 6.2.6
t |:g \/ﬂ = e < 77/1 L2[07ﬂ.] Z<g ® >L [0, ] ( )

where ¢, (z) = |/ 2 cos(nz) for all n € Z. The above formula and the orthogonality
of the family (e"), ez« in L?[0, 27 imply that

2w 2
d .
/ CT; |:f:| dt = § <df7wn> _Z<g790n>L2[0,7r]
0 9 L2[0,7]

nez*
Since ¢_,, = —p, and Y_,, = 1, from (6.2.7) it follows that

2
[len e ()
0 L2[0,7]

neN
The above relation, together with the facts that (¢,)n>0 and (@n)n>1 are or-
thonormal bases in L?[0, 7], implies that

T 2 2
£ fer ) =]
0 ) g

This clearly implies that C' is an admissible observation operator for T and that
(A, C) is exactly observable in any time 7 > 2.
In order to show that (A, C) is not approximately observable in any time
T < 27, we first notice that from (6.2.6) it follows, by density, that the output
map ¥, of (A,C) is given by the right-hand side of (6.2.6), for every [/] € X.
On the other hand, for 0 < 7 < 21 we take F' € L?[0,27], F # 0, batlbfYng
F(t) =0 for t € [0,7] and f t)dt = 0. It follows that there exists a sequence
¢ = (cn)nez €12, ¢ # 0, such that

(6.2.7)

2
+ ’ Qpn L2|o, ﬂ]‘

v m € D(A).

2 Cn eznt ;

nez*
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the convergence being understood in L?[0, 27]. Using the fact, easy to check, that
for every sequence ¢ € [?(Z*) different from zero there exists [/] € X \ [§] such
that

< f7¢n> _i<ga<pn>L2[07Tr] = \/27T'Cn VneZ*7

L2[0,7)
it follows that there exists [/] € X \ [J] such that W, [/] = 0 in L?[0,7]. Thus
the pair (A, C) is not approximately observable in any time 7 < 2. O

Remark 6.2.2. In terms of PDEs, the above proposition can be restated as follows:
For every 7 > 2m there exists k; > 0 such that the solution w of (2.7.3) satisfies

7| dw
a(ow\dt>k3@fﬁmmﬂ+nmémﬂ) v [l]ex.

0
Moreover, the above estimate is false for every 7 < 27 and k, > 0.

The next example concerns the string equation with distributed observation.

Proposition 6.2.3. Let X = H}(0,7) x L?[0, 7] and let A be the operator defined
by (6.2.1), (6.2.2). Denote Y = L?[0,7], take &, € [0, 7] with & < n and consider
the observation operator C € L(X1,Y) defined by

C |:£:| = gX[¢n] A |:'£:| € Xy, (628)

where X[e ) is the characteristic function of [§, 1] C [0,7].
Then the pair (A,C) is exactly observable in any time T > 2.

Proof. Since C' is bounded, it is an admissible observation operator for T. More-
over, following the same steps as in the proof of Proposition 6.2.1 we obtain that

2m f 2 n
2
/O CT, M dzdt = - Z /E on|?da.

nez*
The sequence n +— f; lon()|? dz converges to 3 (n — &), hence it is bounded away
from zero. From here we can deduce, using a mmllar reasoning as in the proof of
Proposition 6.2.1, that (A, C) is exactly observable in any time 7 > 2. O

d
< f71/)n> + <ga§0n>L2[077r]
L2[0,]

| 2

Remark 6.2.4. If we consider again the initial and boundary value problem (2.7.3),
the last proposition implies that for every 7 > 27 there exists k,; > 0 such that

A

holds for every f € H2(0,7) NHE(0,7) and g € HE(0, ).

xt

mw>ﬁ@mawwwﬁm@ (6.2.9)
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In the remaining part of this section we consider a related but different semi-
group, corresponding to a vibrating string of length 7 with a Neumann boundary
condition at z = 0, as discussed in Example 2.7.15. We denote X = H%L(0,7) x
L?[0, 7], where

H}%(OJT) = {f € 'Hl((),ﬂ') |f(7T) = 0}7

with the inner product as in (2.7.4), and A : D(A) — X is defined by

D(A) = {f € H*(0,7) N HE(0 ’ - —0} x HE(0,7), (6.2.10)
A[ﬂ - E’%} v m € D(A). (6.2.11)

For n € N, denote ¢, (1) = \/gcos [(n—%)z] and p, =n— 3. If —n € N we
set o, = —p_, and p, = —p—,. We recall from Example 2.7.15 that the family
(édn)nez~, defined by

P
bn = ifin ”} VYneZ, (6.2.12)

%[%

is an orthonormal basis in X formed by eigenvectors of A and the corresponding
eigenvalues are A\, = iu,, with n € Z*. We also recall from Example 2.7.15 that
A generates a unitary group T on X, which is given by

zyn T df d(pn> 2
b M fz ( <d$ Qo ) gy T O EI0R ) B (6219

The interpretation of T in terms of PDEs has been discussed starting with (2.7.7).

Proposition 6.2.5. Let X = H5L(0,7) x L2[0,7] and let A be the operator defined
by (6.2.10), (6.2.11). Consider the observation operator C' € L(X1,C) defined by

C m — 4(0) y m € D(A). (6.2.14)

Then C is an admissible observation operator for the semigroup T generated
by A and the pair (A,C) is exactly observable in any time T > 2w. For 7 < 2w,

the pair (A, C) is not approzimatively observable in time T.

Proof. By using formulas (6.2.12) and (6.2.13), we have that, for all [ | € D(4),

i /df d¢n>
CT L (8L g o) o | . (6.2.15
' [9} \/_ %z:* (Nn <d$ dz /20,4 (9 nlzeto ]) ( )
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The above formula and the orthogonality of the family (e*t), cz- in L2[0,27]

imply that
27 2 .
f} i <df dwn>
CT + (9, ¥n w
/O ’ {g a5 4z ) pao (9, ¢n)L2[0,7]

Since p_,, = —@, and p_, = uy, from (6.2.16) it follows that

2
m 1 <df deon >
CT dt =2 ~
/O t|: :| Z dv’ dz L2[0,7]

The above relation, together with the facts that (l%d(fz")n ey and (pn)nen are

2

dt =y

nez*

(6.2.16)

+ |9, n) 20,7 |

orthonormal in L2[0, 7], implies that

L 2 2
£ fer ) =]
0 ) g

This clearly implies that C' is an admissible observation operator for T and that
(A, C) is exactly observable in any time 7 > 2.

In order to show that (A, C) is not approximately observable in any time
T < 2w, we can follow the same steps as in the proof of the similar result in
Proposition 6.2.1, so that we skip the details. O

v m € D(A).

Remark 6.2.6. In terms of PDEs, the above proposition can be restated as follows:
For every 7 > 27 there exists k; > 0 such that the solution w of (2.7.7) satisfies

T ow 2 2 2 f
Wo.0f a0 k2 (1foan +Iolina) v [I] exi

0

Moreover, the above estimate is false for every 7 < 27 and &, > 0.

Let us compute the space X_; for the generator A defined in (6.2.10) and
(6.2.11). For this, notice that A fits the framework of Proposition 3.7.6, with
H = L*0, ],

m={MH%mﬂﬂwm Vo= @7

Ay = —
where

H1 = H4(0, 7). According to Proposition 3.7.6, X_; = H x H7%7

H_, = (Hp(0,m))

(the dual of H}%(0,m) with respect to the pivot space L2[0,n]). We would like to
have a more concrete description of the space H 1 For this, define ¢ : [0,7] = C
by

™=

q(z) = -
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and notice that every f € H%L(0,7) has the orthogonal decomposition

f@) = fol@) + f(0)a(x),  fo € Hy(0,m).

Hence, every v € H_1 can be thought of as a pair (vg,a) € H~1(0,7) x C such

that

1
2

(0, 1y, = ((v0,a), fo+ f0)a)u . m, = (vo, fo)r1 +af(0).

_ 1,41
2 2

In the next proposition and its proof, we deviate from our habit of denoting
extensions of an operator by the same symbol as the original operator.

Corollary 6.2.7. We denote by T the extension of the operator semigroup from
Proposition 6.2.5 to the space X_y = L?[0, 7] x (H(0,m))’, so that its generator is

A X — X_1, an extension of A from Proposition 6.2.5. We define the observation
operator C € L(X,C) by

c M — £(0) v m €X. (6.2.17)

Then C is an admissible observation operator for T and the pair (fl,é’) i
exactly observable in any time T > 27. For 7 < 27, the pair (A, C) is not approz-
imatively observable in time T.

This corollary follows from Proposition 6.2.5 together with Remark 6.1.3
(with X_; in place of X). Note that in terms of PDEs, the first part of the
conclusion of the above corollary can be restated as follows: For every 7 > 27
there exists &k, > 0 such that the solution w of (2.7.7) satisfies

i 2 2 2 2 f
J w0 a2 12 (100 + lolg0my) ¥ [7] €3

6.3 Robustness of exact observability with respect
to admissible perturbations of the generator

In this section we show that if (A, C1) is exactly observable in time 7, then for
certain possibly unbounded perturbations P, the pair (A + P, C1) is again exactly
observable in time 7. We decompose P = BC', with C = DC7+C5, where B, D are
bounded and Cs is admissible (like C7). We show that if Cy is small in a suitable
sense, then exact observability is preserved. The operator B could be omitted
from this theory without loss of generality (by taking B = I'). However, we have
included it, because its presence corresponds more to the engineering intuition,
where the output y = C'z is in a different space from the state. We also include a
version of our main result where C; is only small on an (A+ P)-invariant subspace
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(sT— A)'B z e 7
Cs
y=0Cxz +
e 2

Figure 6.1: The block diagram of the system Z = Az + By with the feedback
y = Cz, where C' = DC1+C5. If (A, C1) is exactly observable and
C> is sufficiently small, then (A + BC, Ch) is exactly observable.

of X, and we conclude that the exact observability estimate remains true on this
subspace. This system is shown as a block diagram in Figure 6.1.

As usual in this chapter, T will denote a strongly continuous semigroup on
X, with generator A, X; = D(A) with the graph norm, and Y7, Y are other
Hilbert spaces. For every 7 > 0, we introduce the following norm on the space of
all admissible observation operators in £(X1,Y):

1
T 3
ICll- = sup (/O II‘I’Zo(t)II2dt> = [rllecx,r2(o,000v))

llzoll<1

where ¥ and ¥, are as in Section 4.3. If C' € £(X1,Y) is not admissible, then we
set [|C||- = oo. This norm is useful for estimating the norm of an input-output
operator on the interval [0, 7], as the following proposition shows.

Proposition 6.3.1. Suppose that C € L(X1,Y) is an admissible observation op-
erator for T, U is a Hilbert space and B € L(U,Y). Let F,, be the input-output
map associated with the transfer function C(sI — A)~™'B, as in Lemma 5.4.1. We
regard P,F, = P,F,P. as an operator in L(L*([0,7];U), L*([0,7];Y)). Then

IP-Follzrzpo,0)) < VTIICI- - 1B
Proof. As in the first step of the proof of Theorem 5.4.2, we consider
U € Heomp((0,00);U).

Then we can see that F,u is independent of w and it is a continuous Y-valued
function given by

(Fou)(t) = o/ot T, , Bu(o)do Wi 0.

We denote by ¥ the extended output map of (A,C). Let ¢ € L*([0,7];Y). We
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have, using Fubini’s theorem,
(Futt, @)1 (0.7} v / / ((WBu(0)] (t - o), p(1))y dodt
~ [ [ s et + o)y dudo.

Applying the Cauchy—Schwarz inequality for the integral with respect to u, we
obtain

(Fut ) 12oir] < [ 19Bu) a0y - Ielacoriny do
<NCl - 181 el 2oy / lu(@)|lvdo

Since this is true for every ¢ € L?([0,7];Y), we conclude that
[P-Foull < WICll- - IBI - llullzr o700 < NCIl= - 1Bl - V7 - [lull L2 (0,730 -

Since H([0,7];U) is dense in L*([0,7];U), our claim follows. O

Theorem 6.3.2. Suppose that Cy € L(X1,Y1) is an admissible observation operator
for T and (A, Cy) is exactly observable in time T > 0; i.e., there exists k. > 0 such
that

|Zo||2 Y 2o GD(A)

/ |C1Tez0]|2dt > K2
0

Let Be L(Y,X) and D € L(Y1,Y). If Cy € L(X1,Y) satisfies

k
ICsll- < s , (6.3.1)
VTIBI (ICll+ + E-)
then denoting
C = DCy + Oy,

we have that (A + BC,C4) is exactly observable in time T.

Proof. We know from Theorem 5.4.2 that A + BC, with D(A + BC) = D(A),
generates a strongly continuous semigroup T¢ on X. From the same theorem we
also know that C; and Oy (and hence also C') are admissible for T (both of these
statements are true regardless if the estimate (6.3.1) holds).

Our plan is to consider first the case D = 0, which means that C' = Cj,
and to determine a sufficient condition for (A + BCs, Cy) to be exactly observable
in time 7. Afterwards, we show that the additional feedback through D has no
influence on the exact observability. We shall use the notation C' in place of Cs.

As in Theorem 5.4.2 and Proposition 5.4.3, we use the following notation: ¥
and ! are the extended output maps of (A4, C) and (A, Cy), respectively. Similarly,
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Ul and Whe are the extended output maps of (4 + BC,C) and (A + BC,C}),
respectively. All these operators can be truncated to the interval [0, 7], and then
they get a subscript 7, as in Section 4.3. Thus, for example, U1l = P Wl
where P, is as in Chapter 4. The operators F,, and F. are the input-output
maps associated with the transfer functions C(sI — A)~!B and Cy(sI — A)™1B,
respectively, and they are defined on L2 ([0,00);Y"), where w > wq(T).

We know from Proposition 5.4.3 that

vl = (I -F,)"tw, b = w4 Ly, (6.3.2)

From the causality of FL, (see (5.4.3)) we know that P.F. = P, F.P.. Using this,
we apply P, to both sides of the second equation in (6.3.2) to obtain

glel — gl L P FLwd, (6.3.3)

If we regard P as an operator from L%([0, 7];Y') to L*([0, 7]; Y1), then according
to Proposition 6.3.1 it satisfies |P-FL| < /7||C1 || B||. Hence, for every 29 € X,

WLz > Wzl — [PFL] - [0z
> kellzoll = VFIIC I - 1Bl - 920 (6.3.4)

We rewrite the first formula in (6.3.2) in the form (I —F,)¥* = ¥, and we apply
P to both sides. The causality of F,, (see (5.4.3)) implies that P.F, = P, F P,
so that we get the equation

(I -P,.F,)¥ =0, (6.3.5)
with both sides in £(L?([0.7];Y)). According to Proposition 6.3.1 we have
IP-Foll < V7IICll- - |1B]].
This, with (6.3.5), shows that if

1
ICl < ———, (6.3.6)
N
then el
o) < L
== lCll, 5]

Substituting this into (6.3.4), we obtain that if (6.3.6) holds, then

_ VTGl - 1BI- HICl-
1L=v7lCll-- 1Bl

for all zp € X. Thus, if (6.3.6) holds and

VTIICl- - 1B - NICl-
L=v7lCll-- 1Bl

10220l > k- |20

[0

< ks,
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then WL is bounded from below; i.e., (A + BC,C}) is exactly observable in time
7. The last inequality is equivalent to

2
VTIBI (IC Il + k7))

This condition implies (6.3.6), so we do not have to impose also (6.3.6). Thus, we
got the condition in the theorem, for the particular case when D = 0.

Now assume that the closed-loop system corresponding to D = 0, i.e., the
pair (A + BCs,(C4), is exactly observable in time 7. The extended output map
of this system is ¥ from the earlier part of this proof. We denote by WP the
extended output map of the closed-loop system with an arbitrary D € £(Y1,Y),
i.e., the extended output map of the pair (A + BCy + BDC4,C1). This pair is
obtained from (A 4+ BCy,C1) through the perturbation BDC} of the generator.
We denote by F2 the input-output maps corresponding to the transfer function

ICl- <

GP(s) = C1(sI — (A+ BCy)) ' B.

In this new situation (having now A+ BCs in place of A and DC in place of Cb)
the second formula in (6.3.2) becomes

P = gl L P DYL

Indeed, DWP corresponds to what used to be W¢ in the earlier part of the proof.
Applying P to both sides and using the causality of F”, we obtain

P = gl P FPDUL. (6.3.7)

We claim that I — P,FL D is invertible. We know from (5.4.2) and (5.4.5)
(with A4+ BC5 in place of A and C in place of C) that for w large enough, we have
IFDD]|| < 1, hence I — FY D is invertible as an operator on L2 ([0, 00);Y;). Both
this operator and its inverse are causal. It follows that the part of I —F D acting
on [0, 7], namely I — P,FL D, is invertible as an operator on L?([0,7];Y7). (This
can be checked by verifying that its inverse is the part of (I — F2D)~! acting on
[0,7].)

From (6.3.7) we now see that

P — (1 -P,FPD)" 1wl
Since 1 is bounded from below, as shown earlier, so is WD. O

In certain arguments, we need a version of the last theorem in which the per-
turbation is small only on a closed invariant subspace of the closed-loop semigroup,
and we conclude exact observability only on this subspace. To simplify matters, we
assume that the perturbation is bounded and we do not assume a decomposition
of the perturbation as in Theorem 6.3.2.
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Proposition 6.3.3. Suppose that C € L(X1,Y) is an admissible observation opera-
tor for T. Assume that (A, C) is exactly observable in time T > 0; i.e., there exists
k- > 0 such that

1
T 2
(/ ||C”H‘tzo||2dt> > k|20l V 20 € D(A).
0

Let P € L(X) and let T be the strongly continuous semigroup on X generated by
A+ P. Let V be a closed invariant subspace of T and let Py € L(V,X) be the
restriction of P to V. Denote

My = sup{||’]1‘§lzo|| | te[0,7], z0 €V, |20] < 1} .

If
ks

1Pv € ——r=m
My ||C]l-

(6.3.8)

then (A+ P, C) is exactly observable in time T on V; i.e., there exists kY > 0 such
that

1
T 2
(/ ||011‘§lzo||2dt> > kY20 Y 29 € VND(A).
0

Proof. This proof resembles the first part of the proof of Theorem 6.3.2. We know
from Theorem 5.4.2 that A + P generates a strongly continuous semigroup T¢ on
X. From the same theorem we also know that C' is admissible for T¢.

We use the following notation: ¥ and W¥ are the extended output maps of
(A,C) and (A, P), respectively. Similarly, ¥¢! and W< are the extended out-
put maps of (A + P,C) and (A 4+ P, P), respectively. All these operators can
be truncated to the interval [0,7], and then they get a subscript 7. The opera-
tors F,, and F¥ are the input-output maps associated with the transfer functions
C(sI—A)~! and P(sI—A)~!, respectively, and they are defined on L2 ([0, 00); X),
where w > wo(T).

We know from Proposition 5.4.3 that

gl = (1 -FEY 1wl w = O F,uP (6.3.9)

From the causality of F,, (see (5.4.3)) we know that P,F, = P.F,P,. Using this,
we apply P, to both sides of the second equation in (6.3.9) to obtain

v = O, 4+ P, F, 0w (6.3.10)

If we regard P, FF,, as an operator from L?([0, 7]; X) to L?([0,7]; V), then according
to Proposition 6.3.1 it satisfies |P.F,| < +/7||C||-. Hence, for every zy € X,

105 20l = [[Wrz0]| — 1P Fu|| - [ 27 20]
> kellzoll = VT Cllr - 197" 20]|. (6.3.11)
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It is easy to see that for every zg € V,
T
H@fdmmz=(/IHT?det<HPﬂFTN$H%W.
0

Substituting this into (6.3.11) we obtain
195 20]l = ke llzoll = THICl- - [Py - My 1z0]l

Thus, if
TICll+ - [Pyl - My < k-,

then U¢ is bounded from below; i.e., (A + P,C) is exactly observable in time 7.
The last inequality is equivalent to condition (6.3.8). O

6.4 Simultaneous exact observability

In this section we investigate the simultaneous (exact or approximate) observabil-
ity of two systems. This concept means that by observing the sum of their outputs,
we can recover the initial states of both systems.

Definition 6.4.1. For j € {1,2}, let A; be the generator of a strongly continuous
semigroup"]l‘j acting on the Hilbert space X7. Let Y be a Hilbert space and let
C; € L(X{,Y) be an admissible observation operator for T7. For 7 > 0 we denote
by ¥/ the output map associated with (A4;,C;), as defined in Section 4.3.

The pairs (A;, C;) are called simultaneously exactly observable in time 7 > 0
if there exists k, > 0 such that for all (2§, 22) € D(A1) x D(Az), we have

19223+ 0222 ooy > Ee (12850 + 11221 xce) - (6.4.1)

The same pairs are called simultaneously approximately observable in time 7 > 0
if the fact that (2§, 23) € X! x X? satisfies

Ulel + 0222 = 0 for almost every t € [0, 7], (6.4.2)
implies that (z8,22) = (0,0).
The main result of this section is the following.

Theorem 6.4.2. Let A be the generator of the strongly continuous semigroup T on
X. LetY be another Hilbert space, let C € L(X1,Y) be an admissible observation
operator for T and assume that (A,C) is exactly observable in time 19 > 0. Let
a € L(C™) and c € L(C™,Y) be such that (a,c) is observable. Assume that A and a
have no common eigenvalues. Then the pairs (A, C) and (a,c) are simultaneously
ezactly observable in any time T > 1.

First we prove the following approximate observability result.
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Lemma 6.4.3. Suppose that (A,C), (a,c) and 19 satisfy the assumptions of The-
orem 6.4.2. Then these two pairs are simultaneously approximately observable in
time T, for every T > 1p.

Proof. Let 7 > 19 be fixed and let ¥, be the output map associated with (A, C).
Denote by V the set of all vy € C™ such that there exists a zg € X with

(U, 20)(t) + ce™vg = 0 for almost every t € [0, 7]. (6.4.3)

The approximate observability of (A4, C) in time 79 implies that for every zg € X,
the function ¥,z determines zp. By (6.4.3), this function is determined by wvy.
Thus, if vo € V, then zo satisfying (6.4.3) is unique and depends linearly on vy :
20 = Twg. Since the function t — ce®wvq is smooth, by Proposition 6.1.12 we have
that

Tvg € D(A) Yo eV.

Now we show that for all vy € V', we have
Tavy = ATvy. (6.4.4)

Indeed, by differentiating (6.4.3) with respect to time and using Proposition 4.3.4,
we obtain that
(U, AT vg)(t) + ce™avy = 0, (6.4.5)

for almost every t € [0, 7], which shows that avy € V and (6.4.4) holds.

Let @ denote the restriction of a to its invariant subspace V. If V' 2 {0}, then
a must have an eigenvalue A € o(a) and a corresponding eigenvector v. Formula
(6.4.4) implies that ATv = ATv. Since T is one-to-one, we have that Tv # 0,
so that A is an eigenvalue of A. This is in contradiction to the assumption in
Theorem 6.4.2 that A and a have no common eigenvalues. Hence we must have
V = {0}. Thus, (6.4.3) implies that (zg,v9) = (0,0), so that (A, C) and (a,c) are
simultaneously approximately observable in time 7. O

Proof of Theorem 6.4.2. Let 7 > 1y be fixed. We need to show that the pair

A 0

A:[O a

}, c=[C ¢] (6.4.6)

is exactly observable in time 7. We already know from Lemma 6.4.3 that (A,C) is
approximately observable in time 7. Let Q, denote the observability Gramian for
time 7 of (A,C), so that Ker Q,; = {0} (see Remark 6.1.4). We partition Q; in a
natural way, according to the product space X x C™:

_ | @ L
o - % L]

We want to show that Q, > 0. It is not difficult to see that @, is the observability
Gramian for time 7 of (4, C) and ¢- is the observability Gramian for time 7 of
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(a,c). As (A,C) and (a,c) are exactly observable in time 7, by Remark 6.1.4,
@, > 0 and ¢, > 0. We bring in the Schur-type factorization

@ L] _[Q 0][@" 0][@ L
=L S AT
where A = ¢, — L*Q- 1L (this is checked by multiplying out). Notice that the
first factor is the adjoint of the last, and they are invertible. Therefore, A > 0
and we have @; > 0 if (and only if) the middle factor is strictly positive (i.e.,
> 0). Since obviously Q7' > 0, we see that @, > 0 if (and only if) A > 0. Since
Ker Q, = {0}, from the factorization we see that Ker A = {0}. But A is a matrix,

so that Ker A = {0} and A > 0 implies that A > 0. Thus we have proved that
Q. > 0. By Remark 6.1.4, (A,C) is exactly observable in time 7. O

The simultaneous observability result that we have just proved enables us to
tackle exact observability problems for diagonalizable semigroups by separating
the high frequencies from the low frequencies, as the following proposition shows.
For this, we have to recall the concept of the part of A in V, as introduced in
Section 2.3.

Proposition 6.4.4. Assume that there exists an orthonormal basis (¢r)ken formed
of eigenvectors of A and the corresponding eigenvalues A satisfy lim |A\g| = oo.
Let C € L(X1,Y) be an admissible observation operator for T. For some bounded
set J C C denote

V = span{¢r | \x € J}l

and let Ay be the part of A in V. Let Cy be the restriction of C to D(Ay).
Assume that (Ay,Cy) is exactly observable in time 19 > 0 and that C¢ # 0 for
every eigenvector ¢ of A. Then (A, C) is exactly observable in any time 7 > 79.

Proof. Denote by a the part of A in V+ (which is finite dimensional) and let ¢
be the restriction of C' to V*. Since C¢ # 0 for every eigenvector ¢, according
to the finite-dimensional Hautus test (a, ¢) is observable (see Remark 1.5.2). Since
Ay and a have no common eigenvalues, we can apply Theorem 6.4.2 to get that
the pairs (Ay,Cy) and (a,c¢) are simultaneously exactly observable in any time
7 > 79. Thus (A, C) is exactly observable in any time 7 > 79. O

Finally, we give a result on simultaneous approximate observability. For this
we need a notation. Suppose that A is the generator of a strongly continuous
semigroup on X. We denote by poo(A) the connected component of p(A) which
contains some right half-plane (obviously, there is only one such component). In
particular, if o(A) is countable, as is often the case in applications, then po,(A) =
p(A). (We have already encountered this set in Proposition 2.4.3.)

Proposition 6.4.5. Let A be the generator of the strongly continuous semigroup
T acting on X. Let C € L(X1,C™) be an admissible observation operator for T
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and assume that (A, C) is approzimately observable in time 9. Let a € C"*™ and
c € C™*™ be matrices such that (a,c) is observable. Further, assume that

o(a) C po(A). (6.4.7)

Then there exists T > 0 such that the pairs (A,C) and (a,c) are simultaneously
approximately observable in time T.

Proof. To arrive at a contradiction, we assume that the opposite holds: (A, C)
from (6.4.6) is not approximately observable in any time. Thus, for every k € N
there exist a z; € X and a v, € C" such that (zj,v) # (0,0) and

(Uhzp)(t) + ce™vp =0 Vit e[0,k], (6.4.8)

where Uy, is the output map of (A, C) on the interval [0, k]. It follows from the
approximate observability in time 7 of (A4,C) that for all k& > 79 we must have
v # 0. Hence we may assume without loss of generality that |vg|lcr = 1. By
the compactness of the unit ball in C™, we may assume further that the sequence
(vk) is convergent: limvy = vg. Then it follows that if we define the functions
Y € Lf,([0,00); C™) by

yr(t) = ceuy, for ke€{0,1,2,...},
then limyy, = yo (in L3 ). Clearly (6.4.8) implies that
V. 2k +Pryr =0 Vk>1.

Since Ker ¥,, = {0}, the above equation shows that zj is uniquely deter-
mined by yx, which in turn is obtained from vy. All these dependencies are linear,
so that there is an operator R : C" — X (possibly non-unique, depending on the
span of all vg) such that zx = Ruwy, for all k& € N. Hence, the sequence (zj) is
convergent and we put zg = lim 2z, = Rvg. Now it is easy to conclude from (6.4.8)
that

(Wz0)(t) + ce™ vy = 0 for almost every t > 0.

Taking Laplace transforms, we obtain from the last formula that for some o € R
and for every s € C,,

C(sI — Az +e(sI —a)tvg = 0. (6.4.9)

By analytic continuation, this formula remains valid on pe(A4) \ o(a). (On the
other connected components of p(A) we have no such information.) Since vy # 0
(actually, its norm is 1) and (a, ¢) is observable, the rational function ¢(sI —a) vy
is not zero. Therefore it has poles at a nonempty subset of o(a), which by (6.4.7)
is contained in po,(A). Since the first term in (6.4.9) is analytic around o(a), it
follows that the left-hand side of (6.4.9) has poles, which is absurd. Thus we have
proved that (A, C) must be approximately observable in some time 7. O

Note that the last proposition says nothing about the time 7 in which (A4, C)
is approximately observable. If 7y is minimal for (A, C), then of course 7 > 7.



194 Chapter 6. Observability

6.5 A Hautus-type necessary condition for
exact observability

We give a necessary condition for exact observability which may be regarded as a
generalization of the Hautus test for finite-dimensional systems (see Section 1.5).

Notation. In this section, X and Y are Hilbert spaces, T is an exponentially stable
semigroup on X, with generator A, and C' € £(X7,Y") is an admissible observation
operator for T. ¥ is the extended output map of (A,C), which is a bounded
operator from X to L%([0,00);Y) (see Remark 4.3.5). We denote

C_ ={seC|Res<0}.

The exponential stability is assumed because it simplifies the presentation,
but it is not a real restriction. Indeed, for any strongly continuous semigroup T
with generator A, we may replace A with A — A\, where A > wo(T), obtaining a
shifted semigroup that is exponentially stable. The admissibility of C' for the orig-
inal or for the shifted semigroup are equivalent. Similarly, the exact (or approxi-
mate) observability of (A, C) in time 7 is equivalent to the exact (or approximate)
observability of (A — AI,C) in time 7, as it is easy to verify.

Definition 6.5.1. The pair (A,C) is exactly observable in infinite time if ¥ is
bounded from below. Equivalently, there is a k& > 0 such that

/ IOz 2dt > k2|22 W2 DA). (6.5.1)
0

The pair (A, C) is approzimately observable in infinite time if Ker ¥ = {0}.

Note that the above property is equivalent to @ > 0, where @ is the infinite-
time observability Gramian of (A, C'), as defined in Section 5.1.

Proposition 6.5.2. If (A, C) is exactly observable in infinite time, then this system
1s exactly observable.

Proof. For any z € D(A) and any 7 > 0, we have
/OT IO, 2|2dt = /OOO IO, 2|2t — /OOO |CT, T, z]|2dt.
Note that by Remark 4.3.5 there exists K > 0 such that
/OOO ICT,2|2dt < K2|2]2 V2 € D(A).
Combining the last two formulas with (6.5.1) we obtain
/OT ICT2ldt > K2 - [l2]2 — K2 | T 2? > (K — K2 | T, |2) - |} 2]

Since T is exponentially stable, the parenthesis above becomes positive for 7 suf-
ficiently large. For such 7, (A, C) is exactly observable. O
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Theorem 6.5.3. If (A,C) is exactly observable in infinite time, then there is an
m > 0 such that for every s € C_ and every z € D(A),

(sT — A)z|]* + Cz)% = m-||z]]*. (6.5.2)

|
[Re s|? |R s
We shall refer to (6.5.2) as the (infinite-dimensional) Hautus test.

Proof. We shall prove the following estimate: For all s € C_ and z € D(A),

(sI - A)z|* + IC21* = p- [ ®2]22, (6.5.3)

L
Re s|? |R p

where 1
=5t 1.
Clearly, this implies the theorem. We choose s € C_, z € D(A), we denote
qg=(A-sl)z,
and we define £ : [0,00) — X by &(t) = Ty z. Then
§(t) = TeAz = Ty (sz +q) = s&(t) + Tuq,
whence

¢
Et) = etz + / st T, qdo.
0

Without loss of generality, we may assume that z € D(A?) (by density in
X1) so that ¢ € D(A). Then

¢
(Tz)(t) = C&(t) = eStC’z—i—/ SN CT, qdo = etCz + (s * V) (1),
0

where * denotes the convolution product and es denotes the function e,(t) = e'.
We use the following well-known property of convolutions:
JuxvllLe < flullzr - [0z

to obtain that

W22 < ||€s||L2 ||Cz|| + ||€s||L1 [¥qllLe

v
2|R 3 ]l flgll-

Using that (aa + 8b)? < (o2 + 3?)(a? + b?), we get

< =02+ =—

IRI

1 1
et < (50907 | IolP + g 1212

which is the same as (6.5.3). O
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Remark 6.5.4. The above theorem remains valid (with the same proof) if we re-
place the exponential stability assumption on T (from the beginning of the section)
with the requirement that C' is infinite-time admissible for T.

Lemma 6.5.5. Let A be the generator of an operator semigroup on a Hilbert space
Z.If |(sI — A)71|| is bounded on p(A), then Z = {0} (the trivial space).

Proof. According to Remark 2.2.8, for every s € p(A) we have

1

min_ |s —A|’
A€o (A)

I(s1 = A)~| >

If ||(sI — A)~!| is bounded, then it follows that o(A) = 0, so that (sI — A)~!
is a bounded entire function. By Liouville’s theorem, (sI — A)~! is constant. We
know from Corollary 2.3.3 that [|(AI — A)~!|| decays like 1/ for large positive A,
so that we must have (sI — A)~! =0, for all s € C. Since the range of (sI — A)~!
is dense in Z, it follows that Z = {0}. O

Proposition 6.5.6. If the estimate (6.5.2) holds, then the system (A, C) is approz-
imately observable in infinite time.

Proof. It follows from (4.3.7) that
|OT,z| < ||z V7 2>=0. (6.5.4)

If we denote Z = Ker W, then (6.5.4) implies that Z is invariant under T. Let T
be the restriction of T to Z, so T is a strongly continuous semigroup on Z, and
let A be the generator of T. It is easy to see that

D(A) = D(A)N Z, D(A) C Ker C,

and A is the restriction of A to D(A).
Now suppose that (6.5.2) holds. Then for every s € C_ and every z € D(A),

[Res? 1(sI — A)z|]> = m-||z]]%,

or equivalently, for any s € p(A)NC_,

I(sT — A)~H| < (6.5.5)

1
vm|Res|’

Since T is exponentially stable, ||(sI—A)~!|| is defined and bounded on some half-
plane C,, where a < 0 (see Corollary 2.3.3). Together with (6.5.5) we obtain that
||(sI — A)~1|| is bounded on all of p(A). By Lemma 6.5.5, Z = {0}. By definition,
this means that (A, C) is approximately observable in infinite time. O
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Proposition 6.5.7. If there exists o < 0 such that the estimate (6.5.2) holds for all
s € (—o0, ) with m > 1, then the system (A, C) is exactly observable.

Proof. For s € (—oo, @), (6.5.2) with m > 1 implies that
I(sT = A)z||* = sl|C=]* > °||2])* vz eD(4)
which is clearly equivalent to

1
2Re<Az,z>+m||Az||2+||C’z||2 >0 vV z e D(A).

Taking limits, the term containing s disappears. Now replacing z with T;z and
integrating from 0 to oo, we obtain (as at (5.1.5) with IT = I) that

/ |CT; z||2dt > ||| Y z € D(A),
0

so that (A, () is exactly observable in infinite time. Now the conclusion follows
from Proposition 6.5.2. U

6.6 Hautus-type tests for exact observability

with a skew-adjoint generator
In this section, A : D(A) — X is a skew-adjoint operator, so that (by Stone’s
theorem) A generates a unitary group T. Y is a Hilbert space and C € L(X1,Y)

is an admissible observation operator for the group T. For such operators, the
following infinite-dimensional version of the Hautus test (Proposition 1.5.1) holds.

Theorem 6.6.1. The pair (A,C) is exactly observable if and only if there exist
constants M, m > 0 such that

M?||(iwl — A)zo|* + m?||Cxl|? = 20| VweR, zp € D(A). (6.6.1)

If (6.6.1) holds, then (A, C) is exactly observable in time T for any T > M.

Proof. Suppose that (A, C) is exactly observable. It is easy to see that the operator

A — I generates an exponentially stable semigroup on X and (A — I, C) is exactly

observable. According to Theorem 6.5.3, taking only s with Res = —1 in (6.5.2),
we obtain that there exists mg > 0 such that

[(iw] — A)zo]|* + |C2|* > mo - [120]?

for all zp € D(A) and for all w € R. This clearly implies (6.6.1).
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Now we prove that (6.6.1) implies that the pair (A4, C) is exactly observable.
We first show that, for all x € H!(R) and for all zg € D(A), we have

/||tho||2(X2(t)—M2>’<2(t)) dt < m2/ 1Oy |22 (1) dt (6.6.2)
R R

Indeed, let us denote z(t) = Tz, w(t) = x(¢)z(t) and f(t) = w(t) — Aw(t). If we

take the Fourier transform of the last equality, we get that f(w) = (iwl — A)W(w)
for all w € R. By applying (6.6.1) with zp = W(w) and integrating with respect to
w € R we obtain that

/ |B ()P dw < M / |F@) P dw + m? / | ()| d.
R R R

The above inequality and Plancherel’s theorem imply that

/R lw@)|?dt < M / £t +m / | (@) dt.

The above relation and the fact that f(¢) = x(t)z(t) for all ¢ € R imply (6.6.2).
We choose x(t) = ¢ (£) with supp(¢) C [0, 1] and 7 > 0. The integral on the
right-hand side of (6.6.2) satisfies

/R ICT 20|23t < [lpl2m, / |CT 2o 2dt (6.6.3)

A lower bound for the left-hand side of (6.6.2) can be derived as follows: Since T
is unitary, we have

/}RIITMMIQ (P (8) = M233(1) dt = [|z0]1*I- (), (6.6.4)

L(g) = /0 (wQ (;) - ]‘f—;sb? (;)) dt = T/Olsﬁ(t)dt— M;/: F(t)dt.

For ¢ # 0 and 7 large enough we have that I-(p) > 0. Consequently, the relations
(6.6.2), (6.6.3) and (6.6.4) imply the exact observability estimate

I (p)

e BN YV 2 € D(A). (6.6.5)
()

/ |CTy 20| dt >
0

If we choose p(t) = sin (7t) for ¢t € [0, 1] (and zero else), then a short compu-
tation shows that I(¢) > 0 for every 7 > M. According to the comment after
Definition 6.1.1, (A, C) is exactly observable for every 7 > M. O
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Remark 6.6.2. It is not difficult to show that the choice of ¢ at the end of the
last proof is optimal, in the sense that it minimizes the ratio ||4||z2/|¢llz2 over
all non-zero functions in Hg(0, 1).

Remark 6.6.3. The first part of the last proof (the necessity of condition (6.6.1) for
exact observability) can be proved also directly, without going through Theorem
6.5.3. The direct proof in Miller [170] is along the following lines.

For zg € D(A) and w € R, we denote z(t) = T;zg, v(t) = 2(t) — €'z and
f = (A —iw)zp. By using Proposition 2.1.5 we obtain that

2(t) = TyAzg = Ty(iwzo + f) = iwz(t) + Tof .
From the above relation we obtain that
0(t) = iwv(t) + Tof,

which implies that v(t) = fg e (=T, fds. The last formula, combined with the
fact that z(t) = e 2y + v(t), yields the estimate

T T t
/ﬁwamﬁﬂgwmmW+z/t/n0mm%wt
0 0 0

The above relation, together with the inequality

T t 2 T
/t/ IICTsf||2dsdt<T—/ |CT, f|2ds,
0 0 2 0

implies that
/n&@ﬁwgwM%W+#/|mmm—me®.
0 0

By using the fact that the pair (A, C) is admissible (see (4.3.3)) and exactly
observable in time 7 (see Definition 6.1.1 and the comment after it) we conclude

that (6.6.1) holds with M = ZE= and m = ¥2T.

The range of exact observability times given in Theorem 6.6.1 is not sharp,
in general. In some cases, a smaller exact observability time can be found based on
the following proposition, which amounts to looking only at “high frequencies”.
For this proposition, the reader should recall the representation of self-adjoint
operators with compact resolvents (Proposition 3.2.12), since obviously a similar
representation holds for skew-adjoint operators with compact resolvents.

Proposition 6.6.4. Assume that A has compact resolvents. Let (¢r)xer (where
Z C Z) be an orthonormal basis of eigenvectors of A and denote by ipy, the eigen-
value corresponding to ¢r. For any A > 0 we denote by Ex the closure in X of
span {¢y | |uk| > A}. Assume that
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1. there exist M, m, a > 0 such that for all w € R with |w| > a,
M?||(iwI — A)zo||* + m?||Cz||* > |20 Y 20 € E, ND(A),

2. Cop # 0 for every eigenvector ¢ of A.
Then (A, C) is exactly observable in any time T > M.

Proof. Denote by A, the part of A in E,, -1 and by C, the restriction of C' to
D(A.). Let a, be the part of A in Ei‘+M_1 and let ¢, be the restriction of C to

E - Tt is easy to see that if 29 € B,y a1 and |w| < a, then

M2 (iwl — A)zol* = |20l
The above inequality and the first assumption in the proposition imply that
M?||(iwI — A)zo||* +m?||Czl* = |20 V20 € Eqypnr-1, w €R.

By Theorem 6.6.1 the pair (4., Cy) is exactly observable in any time 7 > M.
The second assumption in the proposition implies, by using Proposition 6.4.4 with
V =E, m-1, that (A4, C) is exactly observable in any time 7 > M. O

6.7 From w = —Apgw to 2z = 1Apz

In this section we show that if a system is described by the second-order equation
w = —Apw and either y = Ciw or y = Cow (y being the output signal) and if
this system is exactly observable, then this property is inherited by the system
described by the first-order equation Z = iAgz, with either y = C1z or y = Cpz.
Thus, we can prove the exact observability of systems governed by the Schrodinger
equation, using results available for systems governed by the wave equation.
Throughout this section, H stands for a Hilbert space with inner product
(+,-) and induced norm || - ||. The operator Ay : D(Ag) — H is assumed to be
strictly positive. As in Section 3.4 we denote by H; the space D(A4g) endowed
with the norm ||z||; = ||Aoz]|| and by H, the completion of D(Ap) with respect to

the norm
||’U)||% =V <A0w7w>7
1 1
which coincides with D(Ag) with the norm [Jw|[s = [[Aw]|. We also need the

3 1
space D(Ag) = Ay D(AZ). If we restrict Ay to a densely defined positive operator
3
on Hy, then its domain is D(Ag).
Define X = H 1 X H, which is a Hilbert space with the scalar product

<[w1} ’ [“’2}>X = (AZwn, AZws) + (v, v3).

V1 V2
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We define a dense subspace of X by D(A) = H;y x H% and the linear operator
A:D(A)— X by

A= [_?40 é} ie., Am = [—jof}' (6.7.1)

Recall from Proposition 3.7.6 that A is skew-adjoint, so that it generates a unitary
group T on X. As usual, X; stands for D(A) endowed with the graph norm.

We assume that Ay ! is compact so that, according to Proposition 3.2.12,
there exists an orthonormal basis (¢ )ren in H consisting of eigenvectors of Ay.

We denote by (Ar)ren the corresponding sequence of strictly positive eigenvalues
of Ao.

Proposition 6.7.1. Let Y be a Hilbert space, let Cy € L(H1,Y) and define
CeL(X1,Y) by
c=[C1 0]. (6.7.2)

Assume that C is an admissible observation for the unitary group T generated by
A. Let S be the unitary group generated by iAg on H%. Then C1 is an admissible
observation operator for S.

Proof. Tt is easy to verify that for every s € C for which s? € p(A4y),

(sT— A" = (521 + Ag) ™t 0 } . { sl 1} |

0 (82[+A0)71 —Ay sl

so that
O(SI — A)_l = [801(82[4-140)71 01(82I+A0)71] .

We know from Theorem 4.3.8 that for any o > 0, the norm of the above operator
in £(X,Y) is bounded on Co by K(1+ g-=) (where K > 0). Looking at the left
term of C'(s] — A)~", which is in £(H},Y), we obtain that

1
|S| . ||Ol(82[ + A0)71||L(H1 Y) <K (1 + —) VseCg. (673)
3 Res
We consider only the points s = a + ib with a,b > 0 for which s? = —w + 1,
where w € R. Hence, a,b > 0 satisfy a? — b?> = —w, 2ab = 1. By elementary
algebra,
a2—l{—w+ w2+1} b—i
2 ’ 2’

Now (6.7.3) shows that for every w € R,

1 . N 1
(w2 + ]_)Z . ||Cl((]. +zw)I—ZA0) 1||£(H;7Y) < K (]. + a) .
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To show that the function w — C1((1 + iw)I —iAg)~"! is bounded in L(HL,Y),

we only have to examine its limit behavior as w — 0o and as w— — oco. For large
positive w we have a? ~ -, so that

4w?

1 142
K<1+—> J(W?+1)3 ~ K AERE o
a

(w2—|—1)%
For large negative w we have a® ~ —w — 4=, so that a ~ /|w| and
1+ —7—
1 v ]w
K<1+—) S 1)~ KE— Y .
a (w2+1)z

It follows that we have

su%){ [1C((1 + dw)I — iA0)71||£(H%7y) < 00.
we

According to Corollary 5.2.4, C'y is admissible for the semigroup S. O

Theorem 6.7.2. With the assumptions in Proposition 6.7.1, assume that the pair
(A,C) is exactly observable. Then the pair (iAo, Cy), with the state space H%, 18
ezactly observable in any time T > 0.

Proof. The exact observability of (A, C) implies, according to Theorem 6.6.1, that
there exist M, m > 0 such that

M?||(ivwI — A)Z|)2 +m?||CZ|1* > |IZ]12 Yw>0, Z€DA).
Taking z = [MZ%Z}, with z € D(Ayp), it is easy to verify that
0
ICZly = ICizlly,  IZllx = V2lzl3,
1
(V@I — A)Z]|x = V2[(VwI = AF)z] s
The last four displayed formulas imply that

2 Lo, m? 2 2
MWL - AR+ O 2 e} VEeD(Mo).  (674)

Since, for all w > 0 and for all z € D(A(%)7 we have

1o 1 1
(@I = Ag)z]ly = (VI + AF)AG (VwI — Ag)z|| > Vw| (VW — AF)zly,
it follows from (6.7.4) that
M2 2 3
— @I = A=} + - lICrzl? > 12113 Vw >0, 2€D(AZ).
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The above estimate implies that for every T' > 0 and every w > ”ZT]\rf ® we have
T2 m? 3
FH(WI - AO)ZHE + 7”012”2 > ||Z||2% VzeD(AG). (6.7.5)

On the other hand, for every T' > 0 and every w < —7%

%, we have (using the fact
that Ag is a positive operator on H%)

T 2 2 3
Sl =402l > 213 vzeD(AD.

This fact, together with (6.7.5), implies, denoting o = max{ ”;]‘2/[2 , &}, that for
every |w| > a, (6.7.5) holds.

In addition, the exact observability of (A, C') implies, by using Remark 6.1.8,
that C¢ # 0 for every eigenvector ¢ of A. According to Proposition 3.7.7, this
implies that C1p # 0 for every eigenvector ¢ of Ag. Applying Proposition 6.6.4,
it follows that (iAo, C) is exactly observable in any time 7 > T'. Since T' > 0 was
arbitrary, it follows that (iAg, C') is exactly observable in any time 7 > 0. O

Example 6.7.3. Let H = L?[0, 7] and Ag : D(Ag) — H be defined by

D(Ap) = H*(0,7) N'HE(0,7),
A f—_d2—f V f € D(A)
0= T2 0/

With the above choice of H and Ag, the space X = H% x H and the operator
A from (6.7.1) coincide with X and A considered in Section 6.2. Let Y = C and
consider the observation operator C' € £(X1,Y") defined by (6.2.5). We know from

Proposition 6.2.1 that the pair (A, C) is exactly observable in any time 7 > 27.
On the other hand, C' is of the form (6.7.2), with Cyp = $£(0) for all ¢ € D(Ay).
According to Theorem 6.7.2, the pair (iAo, C1), with the state space H}(0,7), is
exactly observable in any time 7 > 0. In PDEs terms, this means that for every
7 > 0 there exists k; > 0 such that the solution z of the Schrédinger equation

0z 0%z

E(a@t) = —z@(at) Y (z,t) € (0,7) x [0,00),
with

2(0,t) = z(m,t) =0, t>0,

and z(-,0) = 29 € H?(0,7) NH(0, ), satisfies
J
a2y

3 2
D(AZ) = {f € H3(0,m) N Hy(0,7) | @(0) = j—é(ﬁ) = 0} .

0z 2 3
%(O,t) dt > k£||z0||;§é(0m) V20 € D(AZ).

In this case,
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Proposition 6.7.4. Let Y be a Hilbert space, let Cy € E(H%7Y) and define C' €
‘C(Xlay) by
C=10 Co. (6.7.6)

Assume that C is an admissible observation for the unitary group T generated by
A. Let S be the unitary group generated by iAg on H. Then Cy is an admissible
observation operator for S.

The proof of the above proposition can be obtained by obvious adaptations
of the proof of Proposition 6.7.1, so we do not give it here.

Theorem 6.7.5. With the assumptions in Proposition 6.7.4, assume that the pair
(A, C) is exactly observable. Then the pair (iAo, Cy), with state space H, is exactly
observable in any time 7 > 0.

Proof. The exact observability of (A, C) implies, according to Theorem 6.6.1, that
there exist M, m > 0 such that

M2?||(ivwI — A)Z|)2 +m?||CZ|1? > |IZ]12 Yw>0, Z€DA).

_1
Taking here z = |:A0' QZ}, with z € H 1 and using the fact that, with the above

choice of z, we have
ICZly = [ICozlly,  IIZlx = V2|,
I(ivwI — A)Z||x = V2||(VwI — A¢)z],

we obtain
2 3N\ 12 m? 2 2
M2||(VwI — A§)z|1* + THOOZH > |z V z € D(Ay).

The proof can now be completed following line by line the corresponding part of
the proof of Theorem 6.7.2, and this is left to the reader. O

Example 6.7.6. Let H, Ap, X and A be as in Example 6.7.3. Let Y = L?[0, ]
and C € L(X,Y) be the observation operator defined in (6.2.8). We know from
Proposition 6.2.3 that the pair (A, C) is exactly observable in any time 7 > 27.
Since C'is of the form (6.7.6), with

Cow = PXen) V¢ e L*[0,7],

we can apply Theorem 6.7.5 to get that the pair (i4g,Cp), with the state space
L?[0, 7], is exactly observable in any time 7 > 0. In PDEs terms, this means that
if 7 > 0, then there exists k; > 0 such that the solution z of the Schrodinger
equation

0z .0z
a(a@t) = —z@(at), (z,t) € (0,7) x [0,00),
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with
2(0,t) = z(m,t) =0, t>0,

and with z(-,0) = 29 € H2(0,7) NH(0, 7), satisfies

T n
/ / 2(z, t)|* dedt > k2| 20]|7 20,0 V 20 € H2(0,7) NHS(0, 7).
0 J¢

6.8 From first- to second-order equations

In this section we show how the exact observability for systems described by certain
Schrodinger-type equations implies the exact observability for systems described
by certain Euler-Bernoulli-type equations.

Notation and preliminaries. We use the same notation as in Section 6.7. In par-
ticular, (-,-) and || - || are the inner product and the norm on H, Ay > 0 and
Hy, = D(Ap) with the norm ||z]|s = ||Aoz||. We denote X = Hy x H, which is a
Hilbert space with the inner product

<[f1} ’ [fz} >X = (Aof1, Aofa) + (g1, 92)-

gi] 92
We define A : D(A) — X by D(A) = D(42) x D(Ap) and

A= [_?4(2) (ﬂ ie., Am = [_flgf}. (6.8.1)

Since A2 > 0 (see Remark 3.3.7), according to Proposition 3.7.6, A is skew-adjoint
and 0 € p(A). By the theorem of Stone, A generates a unitary group T on X. As
usual, we denote by X; the space D(A) endowed with the graph norm.

Proposition 6.8.1. Let Y be a Hilbert space and let Cy € L(H1,Y) be an admissible
observation operator for the unitary group generated by iAg. Define C € L(X1,Y)
by C = [O C’o]. Then C' is an admissible observation operator for T.

Proof. An easy computation similar to the one in the proof of Proposition 6.7.1
shows that for all s € p(A),

C(sI — A)7! = [~CoAZ(s* I + A7)™" Cos(sT+ A3) '] .

The admissibility assumption in the proposition implies that there exists K > 0
such that

|Co(sT —ido)™ || oy < K for Res=1; (6.8.2)
see Theorem 4.3.7. On the other hand, for all w > 0 we have
1 1

_ ) — -1 =
[((—w + )T = Ao) 7| = — —wori A et
)\EU(AO)
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because of (3.2.3) and the fact that o(Ay) C (0, 00). Hence, for all w > 0,
1

1+ iw)I +1iAg) ™" —. 6.8.3
€1+ )T+ o) < (6.8.3)
Combining this with (6.8.2), we obtain that for Res = 1 and Im s > 0,
Co(s*T 4 AZ)~? K 6.8.4
|Co(s*T + A7) HL‘(H,Y) < Is]” (6.8.4)

Now we redo the argument with every number replaced with its complex conjugate:
we obtain that (6.8.2) holds with the minus sign replaced with plus, and (6.8.3)
holds with —i in place of ¢ everywhere. Combining these two modified formulas,
we obtain that (6.8.4) holds for Res = 1 and Ims < 0. Together with the first
version of (6.8.4), this implies that (6.8.4) holds for all s € C with Res = 1.

For s € Cy we have

[CoAG (T + A3) Ml £my vy
= ||Co(SI — Z'Ao)ile(SI—‘riAo)il”L(Hyy)
< Co(sI —iAo) ey - 1 — s(sI +iAo) " |z

Using (6.8.2) to estimate the first factor and (6.8.3) to estimate the second factor,
we obtain that for all s € C with Res =1 and Ims > 0,

||C()A%(S2I+ A%)ilnﬁ(th) < 2K. (685)

If we redo the computations leading to (6.8.5) but with every number replaced
with its complex conjugate, we obtain that (6.8.5) also holds for Res = 1 and
Im s < 0. Thus, it holds for all s € C with Res = 1.

The estimate (6.8.5), together with (6.8.4), shows that the £(X,Y)-valued
function C(sI — . A)~! (as decomposed into components at the beginning of this
proof) is bounded on the vertical line where Res = 1. According to Corollary
5.2.4, C' is an admissible observation operator for T. O

In what follows sequel we assume that Ay Lis compact, which implies that
there exists an orthonormal basis (¢)keny in H such that Appr = Ak, with

A > 0. We set o, = — @, for all n € N. According to Proposition 3.7.7, the
eigenvalues of A are (iftn)nez+ with p, = A\, if n > 0 and p, = =\, if n < 0.

There is in X an orthonormal basis formed of eigenvectors of A, given by

1 #@n}
n = —= | #n VneZ. 6.8.6
0 V2 [ ©n (6:8.6)
The above facts imply that the group T is diagonalizable and

Tiz = Y ez, ¢n)n V(t,z) eRx X. (6.8.7)

nez*
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Proposition 6.8.2. Assume that Agl is compact. Let'Y be a Hilbert space and let
Co € L(H1,Y) be such that the pair (iAo, Co) is exactly observable in some time
To. Moreover, assume that there exists d € N such that

d At < oo, (6.8.8)
jEN
and define C € L(X1,Y) by C = 1[0 Col.
Then the pair (A,C) is exactly observable in any time T > 79.

Proof. For N € N which will be made precise later, let z = [/] € D(A) be such
that

<H 7¢k> =0 if |k|<N. (6.8.9)
g X
From (6.8.6) and (6.8.7) it follows that

V2CT, m = > e (@l n) + (95 0n)) Cown

n>N

+ Z e~ At (—Z)\n<fv (pn> + <g7 ¢n>) Copn-

n>N

The above relation implies that
V20T, [ﬂ = CoT} 2zt + CoTy 27, (6.8.10)

where TT (respectively, T™) is the group of isometries on H generated by iAo
(respectively, by —iA4p) and

2= zfon, where 2§ =iXy(f,0n) + (g, 0n),
n>N

27 = Z 2, on, where z = —i\,(f, on) + (g9, n)-
n>N

Let € be such that e, + 79 € (0,7) and let x € D(R) such that x(t) = 1 for
te€ (e,e+70), 0< k() <1forallt e R andk(t)=0if ¢t ¢ [0,7]. Then

/ |CoTH 2+ + CO'JT;Z*||2 dt > / K(t) [|[CoTy 2 + C’o’ﬂ‘t_z*H2 dt.
0 R

By using the properties of kK and by denoting by kg a common observability con-
stant of (¢Ap, Cy) and (—iAg, Cp), it follows that

/ |CoT 2+ + CoTy 27 || dt (6.8.11)
0

> E2(J|2F)12 + |27 )12) + 2/ k(t)Re <CO'H‘t+z+7Co']T;z*> dt.
R
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We compute the last integral term as follows:
/ k(t)Re (CoT{ 2T, CoTy 27 ) dt = Z / e Om A (1) (Cozt, Cozy ) dt.
R m,n=>N R

Since C is admissible for iAg, there exists a Ky > 0 such that ||Cop,|| < K for
all n € N. Hence

)

/n(t)Re <00sz+,001rtz—>dt’ S KIV2m > [R(=Am = An)zhz,
R

m,n=>N

where R is the Fourier transform of k, as defined in (12.4.1). The above estimate,
together with (6.8.11), implies that

/ CoTy = + CoTy =~ || dt > k2(1=* 12 + 1127 1%)
0

—2K2V2r Z |B(=Am — An)zhz |

m,n=>N

Since (¥ € D(R) and since the Fourier transformation maps D(R) into Cp(R)
(see Section 12.4 in Appendix I), it follows that w +— w?%(w) is a bounded function
on R. Therefore there exists C7 > 0 such that

which implies (using 2|z} 2| < |2,7]? + |2,,|%) that
/ [CoT 2% + CoTr = || dt = K2 (127112 + |27 ||)
0

—CLEG > P QA M) = LK D Lz P Y e+ M)

m2=2N n>N n>N m2=2N

By choosing N from the beginning of this proof large enough, the above relation
and assumption (6.8.8) imply the existence of a constant ¢, > 0 such that

/ ICoTF =+ + CoTy =[P dt > & (=412 + = 12) -

0

This estimate, combined with (6.8.10), implies that the inequality

f e (]
0

g
holds for every [5] € D(A) satisfying (6.8.9). Thus, the “high-frequency part” of
(A, C) is exactly observable in time 7.

c
dt > -
v 2

2 2
-

(713 + g11?)
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To apply Proposition 6.4.4, we notice that, according to Proposition 3.7.7, if
¢ is an eigenvector of A, corresponding to the eigenvalue ip (where p € R), then

1
¢ = 1 [ﬁﬂ 7
V2 [ e
where ¢ is an eigenvector of Ag. It follows that
1
Cop = —=Chyp,
¢ o had
so that C¢ # 0, since (iAp, Cp) is exactly observable. Thus, (A,C) is exactly
observable in time 7. O

Example 6.8.3. Let H = L?[0, 7] and let —Ay be the Dirichlet Laplacian on [0, ]
as in Examples 6.7.3 and 6.7.6. Then A2 is the fourth-order derivative operator
defined on the space of all f € H*(0,7) with f and % vanishing at = 0 and at
x = 7. The space X = D(Ap) x H is, in this case, given by X = HZ(0, w) x L2[0, ].
Let Y = L2[0,7], &, n € [0, 7] with £ < 7 and let Cy € L(H,Y) be the observation
operator defined by

Cof = fXiem vV f e L?[0,7].

We have seen in Example 6.7.6 that the pair (iAg, Cp), with the state space L2[0, 7],
is exactly observable in any time 7 > 0. Moreover, the eigenvalues of Ay clearly
satisfy (6.8.8) for d = 1. By applying Theorem 6.8.2 we get that the pair (A4, C),
with A given by (6.8.1) and C' = [0 Cj], is exactly observable in any time 7 > 0.
In PDEs terms, this means that if 7 > 0, then there exists k£, > 0 such that the
solution w of the Euler—Bernoulli beam equation
2w Aw
%?(1'775) + g?(xnf) =0, (z,t) €(0,m) x [0,00),

with

w(0,t) = w(m,t) =0, t>0,

0w 0w

- - — = >
axz (O?t) axgw(T(?t) Oa t/07
and w(-,0) = wo € H2(0,7) x H{(0,7), Z2(-,0) =w; € L?[0, 7], satisfies
/T /77 0w ol dear > 12 (Iolien o) + 0n 2210, v |l e x
o Je [ot Zz Bz H2(0,7) L2[0,7] wy :

Example 6.8.4. We show here that the admissibility and the exact observability
of a boundary observed hinged Euler—Bernoulli equation can be obtained from
the corresponding properties of a one-dimensional Schrédinger equation. Let H =
H§(0,7) and
d2f
D(Ap) = {feH ’ —GH}.

dz?
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Let Y = C and let Cy € L(H;,Y) be the observation operator defined by

Cof = df

( ) VfeH.

We have seen in Example 6.7.3 that the pair (iAo, Cp) is exactly observable in any
time 7 > 0. Moreover, the eigenvalues of A clearly satisfy (6.8.8) for d = 1. We
define H; = D(Ap) with the graph norm, which is equivalent to the norm inherited
from H3(0, 7). By applying Proposition 6.8.2 we get that the pair (A, C), with A
given by (6.8.1) and C = [0 Cj] on the state space X = H; x H, is exactly
observable in any time 7 > 0. In PDEs terms, this means that if 7 > 0, then there
exists k,; > 0 such that the solution w of the Euler-Bernoulli beam equation with
hinged ends

0w 0w
at2 ('T t) @(Ift) = Oa (I7t) € (Oaﬂ-) X [Oa OO),
with
w(0,t) =w(m,t) =0, t>0,
0w 0w
— = — = >
922 (0,1) 92 w(m,t) =0, t>0,

and w(-,0) = wy € D(A3), %—1:(-,0) = w; € D(Ayp), satisfies

0w 2 2 Wo
S (0.1) s (ol m + Norl3gom) ¥ [o | € DIA).

0 w1

Note that we have derived the admissibility and the exact observability of this
boundary observed hinged beam equation by reducing them to the corresponding
properties of a (one-dimension) Schrodinger equation. If we go back to Example
6.7.3, we see that the admissibility and the exact observability of the Schrodinger
equation have in turn been obtained from the corresponding properties of a (one-
dimensional) wave equation. Thus, we have here a very indirect proof for the
properties of the hinged beam, relying on nontrivial theorems for the reductions.
The proof of the admissibility and the exact observability (in arbitrary positive
time) for the hinged beam can also be approached directly, using the fact that
the generator A is diagonalizable. Indeed, after computing the eigenvalues and the
Fourier coefficients of the observation operator, the desired properties follow from a
consequence of Ingham’s theorem, which appears later in this book as Proposition
8.1.3. We mention that the admissibility and the exact observability of this system
in time 27 (but not in shorter times) can be shown also in a completely elementary
fashion, as was done in Proposition 6.2.1 for the string equation.
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6.9 Spectral conditions for exact observability
with a skew-adjoint generator

Recall that in the finite-dimensional case the observability of (A4, C) is equivalent
to C¢p # 0 for every eigenvector ¢ of A (see Remark 1.5.2). The situation is
much more complicated in the infinite-dimensional case. In this section we assume
that A is skew-adjoint and has compact resolvents. We denote by (¢dx)kea an
orthonormal basis consisting of eigenvectors of A and by (iuk)ken, with ux € R,
the corresponding eigenvalues of A. The index set A is a subset of Z. Y is another
Hilbert space and C' € L(X1,Y) is an admissible observation operator for the
unitary group T generated by A. We denote

cr = Coyp VkeA.

First we give a simple necessary and sufficient condition for approximate
observability in infinite time (as defined in Definition 6.5.1).

Proposition 6.9.1. The following conditions are equivalent:

(C1) ¢ #0 forall k € A,

(C2) (A,QC) is approzimately observable in infinite time.

Proof. First we show that (C1) implies (C2). Let z € X and let y = Uz, then

according to Theorem 4.3.7 the Laplace transform of y is §(s) = C(sI — A)~ 'z,
for all s € Cy. Let n € Y be fixed. It follows that

(G(s),n) = (C(sI — A)"'z,n) = n*C(sI — A)'2 Vs e Cy,

where n* is the linear functional on Y associated with 7. Since n*C(sI — A)~! is
a bounded functional on X, it is represented in the orthonormal basis (¢) by a
family (vg) € 12(A). Using formula (2.6.6) (with ¢ = ¢x and with igy, in place of
k), it is easy to compute that v, = % It follows that

(G(s)m) = D _{ewsm)

keA

2k
5 — iflk

Vs e Cy, (6.9.1)

where 2, = (2, @), so that (z;) € [?(A). Since both (vy) and (zx) are in I2(A), it
follows that (vgzx) € [1(A), so that the series in (6.9.1) is absolutely convergent.
Now it follows from (6.9.1) that

cemze = _lm (s —im)(ils)n)  VREA.
SEC:k
If for some z € X we have ¥z = 0, then it follows that (cx,n)zr =0 for allp € Y
and for all £k € A. For each k € A we can argue as follows: Since by assumption
cr, # 0, taking n = ¢y, it follows that z; = 0. Thus we have proved that z = 0, so
that (C2) holds. The converse implication follows from Remark 6.1.8. O
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We remark that the last proposition can be generalized easily to diagonaliz-
able semigroups whose generator has compact resolvents.
Now we turn our attention to exact observability. For w € R and r > 0, set

J(w,r) = {k € A such that | —w| < r}. (6.9.2)

Note that J(w,r) is finite. An important role will be played by elements z € X of
the form

2= > bk, a€C. (6.9.3)

keJ(w,r)

We call such an element z a wave packet of A of parameters w and r. Notice
that z € D(A*°). We show that the admissibility of C' can be verified using wave
packets.

Proposition 6.9.2. For A and T as above, assume that C € L(X1,Y). Then C is
an admissible observation operator for T if and only if for some v > 0,

1Cz]ly < ~ll=ll

for every z that is a wave packet of A of parameters n and 1, where n € Z.

Proof. To prove the “if” part, assume that the condition in the proposition holds.
Take v € Y, then for every z as in (6.9.3), with w =n € Z and r = 1,

Y alenviy| = [(Cz vyl <Azl lIvlly- (6.9.4)
keJ(n,1)

Taking the supremum over all finite sequences (z) (where k € J(n,1)) with
Euclidean norm ||z|| = 1, we obtain that

2

Z (e, v)y|? < Alvily VneZ. (6.9.5)
keJ(n,1)

Define the observation operator CV € L(X;,C) by CVz = (Cz,v), so that it is
represented by the scalar sequence ¢} = CV¢y, = (Cop,v) = (ck,v). Then (6.9.5)

shows that
> lekl? < A2V
Im A, €(n—1,n+1)

It follows from Proposition 5.3.5 and Remark 5.3.6 that CV is admissible for T.
Since this conclusion holds for every v € Y, it follows from Corollary 5.2.5 that C'
is an admissible observation operator for T.

Conversely, suppose that C' is admissible. For every v € Y we define CV
and ¢}, as earlier, let U, be the output maps corresponding to T and C and let



6.9. Spectral conditions for exact observability 213

WY be the output maps corresponding to T and CV. Then it is easy to see that
1eY]| < [P~ - |v]ly. From the last part of Proposition 5.3.5 (with a = 1) we see

that 95
D e N 21 Vnez, vey,
9(1—e2)

Im A, €[n,n+1)

so that, for a suitable v > 0,

Y. levP<alvly  ¥neZ vey,
Im A, €[n,n+1)

which implies (6.9.5). With the finite-dimensional version of the Cauchy—Schwarz

inequality we obtain that (6.9.4) holds for every z as in (6.9.3), with w =n € Z
and r = 1. Clearly this implies the condition in the proposition. O

It is clear that in the above proposition, the parameter 1 could be replaced
with any positive number (by rescaling the time, and hence the frequency axis).
The main result of this section is the following:
Theorem 6.9.3. For A and C as above, the following statements are equivalent:

(S1) There exist v, § > 0 such that for all w € R and for every wave packet of A
of parameters w and r, denoted by z, we have

ICzlly = 6||z|x- (6.9.6)

(S2) There exist r,6 > 0 such that (6.9.6) holds for every wave packet of A of
parameters fu, and 2r, where n € A.
(S3) (A,C) is exactly observable.

Moreover, if (S1) or (S2) holds for some r, 6 > 0, then (A, C) is exactly observable
m any time

1 4K2(r)
T >T 7"_2 + ? s (697)
where K : (0,00) — [0, 00) is the non-increasing function defined by
K(r) = sup VRes||C(sI — A) " zixy) - (6.9.8)
s€C,

Note that K (r) is finite according to Theorem 4.3.7, and it is obviously non-
increasing. In order to prove this theorem, we need a lemma.

Lemma 6.9.4. For each r > 0 and w € R, we define the subspace V(w,r) C X by
Viw,r) = {éx | k€ J(w,m)}, (6.9.9)

where J(w,r) is as in (6.9.2). Let A, , be the part of A in V(w,r) (see Definition
2.4.1). If K is the non-increasing positive function from (6.9.8), then

. _ 2K (r
[CGwl = Apr) e iwnm,y) < \/(F ) VweR. (6.9.10)
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Proof. For w € R and r > 0, set s = r + iw. Using the resolvent identity,
(iwl — Ay )™t = (sI — Au ) ' [T +1(iw] — Ay )7 (6.9.11)

First we show that

. _ 1
||(zwI - Aw7r) 1||L(V(w,r)) < ; (6.9.12)
Indeed, let f = ZkeA\J(w)r) fxox be an element of V(w, ). Then
2
iwl — Ay ) H P = L
I A= S LR
eA\J(w,r)

This and the fact that |pur —w| =7 for all k € A\ J(w,r) imply (6.9.12).
On the other hand, clearly we have
1C(sI = Awr) Hleoviwm,yy < N1CT—A) " zix vy -
Using (6.9.8) (in which we take s = r + iw) we obtain that

B K(r
||C(SI— Aw,r) 1||£(V(w,r)7Y) < \/(F) VweR.

Applying C to both sides of (6.9.11) and using the last estimate, we obtain
[C(iwl — Ay ) < NC(sT = Awy) M - [T+ riw] — Ay )|

K(r)

ST

Using (6.9.12), this reduces to (6.9.10). O

< [1+ 7| (iw] — Au )] -

Proof of Theorem 6.9.3. First we show that the statements (S1) and (S2) are
equivalent. It is clear that (S1) implies (S2) with /2 in place of r (take w = py,).
Conversely, assume that (S2) holds for some r,d > 0, and let w € R. Then either
J(w,r) is empty, or there exists n € J(w, r). In the latter case, one can easily check
that J(w,r) C J(fn, 2r). Consequently, in both cases (S1) holds for  and .
Now we show that (S3) implies (S1). Assume that (A4, C) is exactly observ-
able. By Theorem 6.6.1, there exist constants M, m > 0 such that (6.6.1) holds.
Forr=-_andwe R, let z = ZkeJ( 2k ¢k, where z, € C. Then we have

M2 w,r)
. . 1
lwl = A)zl* = 37 ilw — m)zl® < gzl
keJ(w,r)
The above and (6.6.1) imply that (S1) holds with » = m and § = m;\/ﬁ

Finally we prove that (S1) implies (S3), and also that (A, C) is exactly ob-
servable in any time 7 satisfying (6.9.7). For this, we show that (S1) implies (6.6.1),
and then we apply Theorem 6.6.1. Take z € D(A) and represent it in the basis
(Or): 2= peca 2k0k- Take w € R and 7 > 0 and decompose z = (1 + (2, where

G = Z 2k Pk G = Z 2k P -

keJ(w,r) kg J(w,r)
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Then we have
1C2]? = [|ICGI* + [[CGll* + 2Re (CGr, CCa).-

The above implies, by using the elementary inequality
1
2Re(CC1,CC) > _77||C<1||2_;”C<2”2 vn>0,

that )
ICz)? > (1 —n)|CG|* - T”||c<2||2 V> 0. (6.9.13)

According to (S1) we can choose r, § > 0 such that (6.9.6) holds for all w € R
and for every wave packet of A of parameters w and r. Since (; is such a wave
packet, from (6.9.13) and (6.9.6) we obtain that, for every n > 0,

1 , 1y
IC2)1* = 8*(1 =l Gall* — TUIIC(M— Awr) 7wl = Aur)G2?,

where A, , is as in Lemma 6.9.4. By Lemma 6.9.4 it follows that

L B0 it - 4 )Gl Wne ©.1),

(6.9.14)

IC2]1* > 8*(1 = mlill* ~

On the other hand, we have
1wl — A)z|* > ||(iw] — Awr)C2]*.
The above relation and (6.9.14) imply that, for every M, m > 0,

MP||(iw] — A)z])? +m?||Cz]? (6.9.15)
4K?2
m28%(1 - )11 (M? — w0 r )) (il — Au)GolP-

We have to be careful in choosing good values for M, n and m, in order to
obtain (6.6.1) with M as small as possible. First we choose M such that

4K2(r)
ro2

Afterwards, we choose n € (0,1) sufficiently close to 1 such that

1
M >\ + (6.9.16)

1 4K2(r) 1 4K2(r)
M2 > —
- 72 + nro? - r2 ré2 7

and we choose m = These choices imply that

1
SVI=n"
o1 —n 4K3(r) 1

M2 22 s
n T T
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With these choices, we can rewrite (6.9.15) as follows:
. L.
M?|[(iwl = A)z|]* +m2(|C2]* > Gl + (] = Awr)Call*.

The above estimate, the fact that [|(iwl — A, ,)C2||* = 72]|¢2||* and the orthogo-
nality of ¢; and (3 imply (6.6.1). According to Theorem 6.6.1, the pair (A, C) is
exactly observable in any time 7 > Mm. Since M can be any number satisfying
(6.9.16), it follows that (A, C) is exactly observable in any time 7 satisfying (6.9.7).

If (S2) holds for some 7, > 0 then, as we have seen earlier in this proof,
(S1) holds with the same constants r, §. Therefore, again it follows that (A4, C) is
exactly observable in any time 7 satisfying (6.9.7). O

In some cases it is more convenient to check condition (S1) or (S2) only for
“high frequencies”. More precisely, the following result holds.

Proposition 6.9.5. With the notation of this section, assume that

1. there exist o, r, 6 > 0 such that (S2) in Theorem 6.9.3 holds for for every
with || > a),
2. if ¢ is an eigenvector of A, then C¢p # 0.

Then (A, C) is exactly observable in any time T satisfying (6.9.7).

Proof. As in Lemma 6.9.4 we denote V(0,a) = {¢x | k € J(0,a)}* and Ag 4 is
the part of A in V(0, o). We also introduce Cy , as the restriction of C' to D(Ag,q)-
Note that Cp , is an admissible observation operator for the semigroup generated
by Ap,q. The first assumption in the proposition means that (Ao q,Co o) satisfies
condition (S2) in Theorem 6.9.3. According to this theorem, (Ag o, Co o) is exactly
observable in any time 7 satisfying (6.9.7). Since C'¢ # 0 for every eigenvector ¢
of A, all the assumptions in Proposition 6.4.4 are satisfied. Consequently, (A, C)
is exactly observable in any time 7 satisfying (6.9.7). O

Corollary 6.9.6. Assume that the eigenvalues (ipg)ren of A are simple and that
they are ordered such that the sequence (ug)kea is strictly increasing. Moreover,
assume that im | o (Ur+1 — ) = oo and that there exist By, B2 > 0 such that

B1 < x|l < B VikeA.

Then C' is an admissible observation operator for T and the pair (A, C) is exactly
observable in any time T > 0.

Proof. The admissibility of C' for T follows from Remark 5.3.8.

For an arbitrary 7 > 0 we choose r > 0 such that

4K3(r)
rgi

T >T —2"'
r
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where K (r) is as in (6.9.8). Since pgy1 — pr — 00, there exists a > 0 such that
every wave packet of A of parameters p, and 2r with |u,| > « is formed of
only ¢,. Consequently, we can apply Proposition 6.9.5 with § = (1 to get the
conclusion. O

Remark 6.9.7. It is easy to check that the above corollary provides alternative
proofs for the exact observability results from Examples 6.7.3 and 6.7.6.

6.10 The clamped Euler—Bernoulli beam with
torque observation at an endpoint

In this section we consider a system modeling the vibrations of an Euler—Bernoulli

beam clamped at both ends. The output is the torque at the left end. Due to the

boundary conditions, the fourth-order derivative operator appearing here is not

the square of a second-order derivative operator, as it was in Examples 6.8.3 and

6.8.4. Thus, unlike in those examples, the study of this system cannot be based

on properties of a corresponding system governed by the Schrédinger equation.
The system we study is described by the equations

0%w 0*w
w(0,t) = w(l,t) =0, t>0, (6.10.2)
ow ow
Z2(0.1) = =—(1.%t) = t>0, .10.
656(0’ ) &U( ,) =0, 0 (6.10.3)
ow
w(z,0) = wo(x), E(m,O) = wy(z), z€][0,1], (6.10.4)
where w stands for the transverse displacement of the beam. The output is
0%w
t) = —=(0,¢ t>0.
y) = S50 V0

Let H = L?[0,1] and let Ag : D(Ag) — H be the strictly positive fourth derivative
operator defined in Example 3.4.13. Recall that

Hi = H'(0,1) N'HE(0,1), Hy = H3(0,1).
Denote X = H% x H and let A: X; — X be the operator defined by
0 I
Xl—H1XH§,A—|:_AO 0:|

We know from Proposition 3.7.6 that A is skew-adjoint, so that it generates a
unitary group T on X. Let C' € £(X1,C) be the observation operator defined by

c [ﬂ - %(0) v [ﬂ € Xy, (6.10.5)
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The main result in this section is the following.

Proposition 6.10.1. C is an admissible observation operator for T and (A,C) is
exactly observable in any time T > 0. In PDEs terms, this means that if 7 > 0,
then there exists kr > 0 such that the solution w of (6.10.1)—(6.10.4) satisfies

-
|
We know from Example 3.4.13 that there exists an orthonormal basis (¢x ) ken

in H formed of eigenvectors of Ag. In order to prove Proposition 6.10.1 we need
more information on the eigenvalues and the eigenfunctions of Ag.

0w ’ 2 2 2 wo
T 0.0] > 1 (Junlieon +lolten) ¥ [10] € D)

Lemma 6.10.2. With the above notation, the eigenvalues of Ay are simple and they
can be ordered in a strictly increasing sequence (A )ren such that

4
1
A = 71'4 (k; — 5) + ag, (6106)

where (ag)rer @S a sequence converging exponentially to zero. Denote by ¢k a
normalized eigenvector corresponding to \i. There exists m > 0 such that

1 |d?
o d;’;’“ (0)‘ >m VkeN (6.10.7)
k
and
1 2

Proof. A > 0 is an eigenvalue of Ay iff there exists f € D(Ap), f # 0, such that

4

L) = A@), e )
£(0) = £(1) = 0,

af oy _ 4f

0 1) = 0.
30 = @)
From the first equation above it follows that
f(x) = p1cos(§x) + p2sin(§x) + ps cosh(§x) + pasinh(Ez),

where £ = A% and P1, P2, P3, pa € C. From f(0) = 0 we get that p; + ps = 0 while
from %(O) = 0 we get that ps + pg = 0. Thus,

f(z) = p1[cos(§x) — cosh(€x)] + po [sin(Ex) — sinh(Ex)] . (6.10.9)
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This and the boundary conditions f(1) = 0 and %(1) = 0 yield

[cos(§) — cosh(&)]py + [sin(€) — sinh(£)]p2 = 0,
—[sin(&) + sinh(&)]p1 + [cos(§) — cosh(§)]p2 = 0.

This homogeneous system of equations in the unknowns p; and p; admits a non-
trivial solution iff the corresponding determinant is zero, i.e.,

[cos(&) — cosh(€)]? + [sin(€) — sinh(€)][sin(€) + sinh(£)] = 0,

which is equivalent to
cos(§) cosh(§) = 1. (6.10.10)

If ¢ satisfies (6.10.10), then, by solving the homogeneous system of two equations,
we obtain

p1 = 7y(cos(§) — cosh(§)), p2 = ~y(sin(€) + sinh(§)), (6.10.11)

where v € C\ {0} is arbitrary. It follows that the eigenvalues of A are simple.

On the other hand, it is not difficult to check that the set formed by all the
positive solutions of (6.10.10) can be ordered to form strictly increasing sequence
(§k)k>1 such that

&= (k’ — %) + ag, (6.10.12)

where (ay)r>1 is a sequence converging exponentially to zero. From this we clearly
obtain (6.10.6), since Ay = &}.
We still have to show (6.10.7). By combining (6.10.9) and (6.10.11) it follows
that
or() = vk (x) VkeN, (6.10.13)

where

Yi(x) = [cos(&k) — cosh(€y)][cos(§kx) — cosh(Ex)]
+ [sin(&x) + sinh(&)][sin(€gz) — sinh(&,x)] VkeN (6.10.14)

and 7, > 0 is chosen such that ||¢g||g = 1. From (6.10.14) it follows that
Yi(z) = gr(x) + he(2), (6.10.15)

where the significant term is

gu(a) = 5 in(ur) — cos(60)]

in the sense that lime % ||gy||z = 3, while lime~%||hy| gz = 0. Therefore, the
condition ||¢k ||z = 1 implies that

lim yet = 2. (6.10.16)
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On the other hand, from (6.10.13) and (6.10.14) it follows that

d? Pk

W(O) = 27;.£2 [cosh(&;) — cos(&x)] vV keN. (6.10.17)

From the above, (6.10.16) and the fact that lim cos(§;) = 0, it follows that (6.10.8)
holds. Therefore, in order to get the conclusion (6.10.7) it suffices to show that

d2<ﬂk
da?

(0) £ 0 VEkeN. (6.10.18)

If we had that %(0) = 0 for some k € N, then from (6.10.10) and (6.10.17) it
would follow that

cos(&x) cosh(€,) = 1 and cos(&g) = cosh(&g).

These equations imply that either cos(§) = cosh(€;) = 1 or cos(&x) = cosh(&x) =
—1, with &, > 0, which is not possible. We have thus shown (6.10.18). O

We are now in a position to prove the main result in this section.

Proof of Proposition 6.10.1. . Denote ur = +/Ag. For all k € N we define ¢p_j, =
—pr and p_p = —pur. We know from Proposition 3.7.7 that A is diagonalizable,
with the eigenvalues (ipg)gez+ corresponding to the orthonormal basis of eigen-
vectors
TPk

= — | VkeZ. 6.10.19
o V2 [ Pk } ( )
Therefore, by applying Lemma 6.10.2 it follows that the eigenvalues (ip)rezs of
A are simple with lim| 0| [tk +1 — pr| = 00. Moreover, from (6.10.19) it follows
that

1 d2§0k
ippy/2 da?

From the above formula, together with (6.10.7) and (6.10.8), it follows, by applying
Corollary 6.9.6, that C' is an admissible observation operator for T and that the
pair (A, C) is exactly observable in any time 7 > 0. O

Coy, = (0) Vkez

6.11 Remarks and bibliographical notes on Chapter 6

General remarks. For finite-dimensional linear systems, the concept of observ-
ability has been introduced in the works of Rudolf Kalman around 1960. Besides
being the dual property to controllability, an important motivation for studying
this concept was that it implies the existence of state observers with any de-
sired exponential decay rate of the estimation error. Various infinite-dimensional
generalizations were soon formulated; see, for example, Delfour and Mitter [47],
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Fattorini and Russell [62], and we refer the reader to the survey paper by Russell
[199] for an overview of (approximately) the first ten years of the development of
this theory. In general, the approach was more of an ad hoc PDE nature, using
eigenfunction expansions and moment problems. The general functional analytic
formulation of infinite-dimensional control or observation problems was not well
understood, except for bounded control or observation operators.

The next big step was the so-called HUM (Hilbert Uniqueness Method) ap-
proach, which by itself is a very simple idea (renorm the state space of an approx-
imately observable system by ||z||guym = ||¥-2|| and it becomes exactly observ-
able), but coupled with a clever use of multipliers for specific PDEs, this yielded
powerful new results for wave and plate equations; see Lions [156] and Lagnese and
Lions [139]. We refer the reader to the survey paper of Lagnese [138] for an account
of this development. The next big breakthrough was the application of microlocal
analysis to observability problems initiated in Bardos, Lebeau and Rauch [15] (we
say more on this in the bibliographic comments on Chapter 7). The functional
analytic approach to exact observability started late and was overshadowed by
the PDE developments. An important early paper is Dolecki and Russell [51], and
the book by Avdonin and Ivanov [9] belongs to this stream (also Nikol’skii [178]).

Section 6.1. The material here is fairly standard. We are not aware of any reference
that contains Proposition 6.1.9. Proposition 6.1.12 is taken from Tucsnak and
Weiss [222]. A stronger version of Proposition 6.1.13 has appeared in Weiss and
Rebarber [234, Proposition 5.5]. Corollary 6.1.14 has appeared in Datko [41] and
has been generalized in various directions; see, for example, Weiss [227] and the
references therein. Proposition 6.1.15 is due to Xu, Liu and Yung [238].

Section 6.2. This contains simple and well-known examples whose origin we cannot
trace. Interesting problems which can be seen as extensions (still in one space
dimension) of these examples concern networks of strings and of beams, which
have been studied in the monographs Lagnese and Leugering [140] and Dager and
Zuazua [40].

Section 6.3. It contains new results inspired by the results of Hadd [84].

Section 6.4. Simultaneous exact observability is the dual concept of simultaneous
exact controllability. The latter concept will be studied in Chapter 11 and relevant
bibliographic comments on it are contained in Section 11.7. The results in this sec-
tion are taken from from Tucsnak and Weiss [222], except the simple Proposition
6.4.4, which is new. (The paper [222] had a mistake in the statement of the main
result, which of course has been rectified here.)

Section 6.5. The material in this section (except for the last proposition) is based
on Russell and Weiss [201] (the Hautus test (6.5.2) appeared for the first time in
[201]). Proposition 6.5.7 is due to Jacob and Zwart [122, Section 4], and it is the
strengthening of an earlier result by Grabowski and Callier [75].
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We mention that in [201] the following result has also been derived:

Theorem 6.11.1. Suppose that A € L(X) and C € L(X,Y). If for every s € C_
there is an ms > 0 such that for each z € X,

I(sI = A)2l* + [IC2l* = ms - [z,
then (A, C) is exactly observable in infinite time.

This theorem follows also from results in Rodman [191]. We mention that
Hautus-type necessary conditions for estimatability (a weaker property than exact
observability) were given in Weiss and Rebarber [234]. The paper Hadd and Zhong
[85] contains some necessary as well as some sufficient Hautus-type conditions for
the stabilizability of systems with delays.

Assume that A is diagonalizable and its eigenvalues are properly spaced, which
means that [A\; — Az| > 6 - [Re | for all j,k € N with j # k, where § > 0. We
denote ¢ = Cpg, where (¢ ) is an orthonormal basis in X such that App = \g k.
It has been shown in [201, Section 4] that under these assumptions, the estimate
(6.5.2) is equivalent to the existence of a k > 0 such that

lexl|3 = K[Re Ayl VneN.

It has been conjectured in [201] that the Hautus test (6.5.2) is a sufficient
condition for exact observability. This turned out to be false, a counterexample has
been constructed in Jacob and Zwart [121] (with an analytic semigroup). Another
counterexamle in Jacob and Zwart [122] shows that (6.5.2) does not even imply
approximate observability, if we weaken the exponential stability assumption to
strong stability. (More details on [122] are at the end of this section.) Today, we
have a good hope that the conjecture from [201] may be true for normal semi-
groups, and a weaker hope that it may be true for contraction semigroups.

The paper Grabowski and Callier [75] contains the following theorem.

Theorem 6.11.2. With the notation of Section 6.5, (A, C) is exactly observable if
and only if there exists H € L(X), H > 0, such that for all s € C and z € D(A),

1

Tosp (L= Az HsI = A)2) + s IC2|1% > (2, Hz). (6.11.1)

1
[Re s|

This theorem implies (by taking H = I) that if T is a contraction semigroup
and the Hautus condition (6.5.2) holds with m = 1, then (A4, C) is exactly ob-
servable. Indeed, for s € C_ the estimate (6.11.1) follows from (6.5.2), while for
s € Cop, (6.11.1) follows from (3.1.2). The above theorem also implies Theorem
6.5.3 (see [75] for the details). The same paper [75] also gives interesting (but
difficult to verify) necessary and sufficient conditions for admissibility.

Section 6.6. Most of the results in Sections 6.6 and 6.9 have been proved first
for bounded observation operators and without specifying the exact observability
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time. This was done by using the equivalence of the exact observability property to
the exponential stability of a certain semigroup obtained by feedback (a particular
case of this implication has been used to prove Proposition 7.4.5). For example,
earlier versions of Theorem 6.6.1 with bounded C' (and without information on
the observability time) were published in Zhou and Yamamoto [243], Chen et al.
[34] and Liu [160].

The sufficiency of the Hautus-type condition in Theorem 6.6.1 for skew-
adjoint generators with an unbounded admissible C' and the estimates of the
observability time have been obtained first in Burq and Zworski [27], with some
additional technical assumptions on A and C. Our presentation of Theorem 6.6.1
follows closely Miller [170], who simplified the argument and generalized the result
from [27]. The result in Proposition 6.6.4 is new, as far as we know.

Section 6.7. The derivation of exact observability results for abstract Schrodinger-
type equations from properties of abstract wave-type equations are due to Miller
[170]. Our contribution is a simpler proof, using instead of the “transmutation
method” from [170] our simultaneous observability approach from Proposition
6.6.4. Moreover, we have made precise the state spaces and proved the admissibility
results in Propositions 6.7.1 and 6.7.4.

Section 6.8. In its abstract form, the result in Proposition 6.8.2 is new, but its
proof is essentially based on ideas used in Lebeau [150] in the study of the exact
observability of the Euler-Bernoulli plate equation.

Section 6.9. Proposition 6.9.2 was given, with a different proof, in Ervedoza, Zheng
and Zuazua [58]. As far as we know, the estimate of the observability time 7 in
Theorem 6.9.3 is new. Theorem 6.9.3 without information on 7 was proved in
Ramdani et al. [186]. Earlier versions with bounded C' are in Chen et al. [34] and
in Liu, Liu and Rao [161].

Section 6.10. The material here is standard and we cannot trace its origins. Ha-
raux [94] investigated the exact observability of a clamped beam with distributed
observation and we have used this reference for the computation of the eigenfunc-
tions. Related material is also in Lagnese and Lions [139], Zhao and Weiss [242]
and various papers by Guo; see, for example, [79] and the references therein.

The observability results of Jacob and Zwart. Recently, Jacob and Zwart have
obtained the following results, contained in [122].

Theorem 6.11.3. Let A be the generator of a strongly continuous group T on X
satisfying

Mie®t||z|| < ||Tez|| < Mgea2t||z|| VzeX, t>20

for some constants My, My > 0 and a1 < as < 0.
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Assume that there exists m > 0 such that

(g 4 iw)T — A)z||* + |az| - |C2||* = m|az|? - ||| VzeD(A), weR,
Qo — (1 \/li
|012| 4€M2 '

Then (A, C) is exactly observable in time 7 = 1/(ag — a1).

Note that the second condition in the above theorem is the Hautus test (6.5.2)
restricted to the vertical line where Re s = a. The above theorem is used in the
proof of the following result about final state observability.

Theorem 6.11.4. Let A be the generator of an exponentially stable and normal
semigroup T. Let C be an admissible observation operator for T. Then the Hautus
test (6.5.2) is sufficient for the final state observability of (A, C).

From this theorem and Theorem 6.5.3 we can easily obtain the following
generalization of Theorem 6.6.1 (a partial converse of Theorem 6.5.3).

Corollary 6.11.5. Let A be the generator of an exponentially stable normal group
T. Let C be an admissible observation operator for T. Then the Hautus test (6.5.2)
is equivalent to the exact observability of (A, C).

The above (not yet published) results from [122] are a natural continuation
of important earlier results by the same authors. The main result of the paper
of Jacob and Zwart [119], partially reproduced below, refers to systems with a
diagonalizable semigroup and a finite-dimensional output space.

Theorem 6.11.6. Assume that A is diagonalizable, it generates a strongly stable
semigroup T and Y = C™. Let C € L(X1,Y) be infinite-time admissible. Then the
following conditions are equivalent:
(1) (A,C) is exactly observable in infinite time.
(2) (A, C) satisfies the Hautus test (6.5.2).
(3) There exists u > 0 such that for every (n + 1)-dimensional subspace V.C X
that is invariant under T, the solution Py of the Lyapunov equation

A*VPV + PyAy = — C‘*/OV

(which is unique, see Theorem 5.1.1) satisfies Py > ul. Here, Ay and Cy
denote the restrictions of A and C' to D(A)NV.

We mention that the one-dimensional version (n = 1) of the above result was
obtained earlier by the same authors in [120], using different techniques.



Chapter 7

Observation for the Wave Equation

Notation. Throughout this chapter, 2 denotes a bounded open connected set in
R", where n € N. We assume that either the boundary 9 is of class C? or Q is a
rectangular domain. The remaining part of the notation described below is used
in the whole chapter, with the exception of Section 7.6, where some notation (like
X and A) will have a different meaning.

Let Ap be the Dirichlet Laplacian on  as defined in (3.6.3), so that Ay :
D(Ag) — L?(£2). Recall from Section 3.6 that Ay is strictly positive. As usual, we
denote H = L?(Q), Hy = D(Aé) and Hy = D(Ag), while H_, is the dual of
with respect to the pivot space H.

According to Proposition 3.6.1 we have Hy = H(Q), H_p = H ().
According to Theorem 3.6.2 and Remark 3.6.6, our assumptions on 2 imply that

1
2

N|=

Hy = D(4Ay) = H*(Q) N H{(Q).

The norm in H will be simply denoted by || - ||.
We define X = H 1 X H, which is a Hilbert space with the inner product

<[f1} 7 [fﬂ >X = (A2 1, AZ o) + (g1, 95).

g1 g2

We define D(A) = Hy x Hy (this is a dense subspace of X) and we define the
operator A : D(A) — X by

A= [_?40 (ﬂ ie., A[ﬂ = [—jof}’ (7.0.1)

Recall from Proposition 3.7.6 that A is skew-adjoint, so that it generates a unitary
group T on X. In this chapter (as in Section 3.9) we denote by v - w the bilinear
product of v,w € C™ defined by v-w = viw; +- - - +v,wy, and by |-| the Euclidean
norm on C™.

225
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For some fixed zg € R™ we denote
m(z) = x —xg VoeR", (7.0.2)

and we set (see Figure 7.1)

D(xg) = {2 €0Q | m(z) -v(z) >0}, r(z) = gsﬂtelg |m(z)]. (7.0.3)
Lo
['(2o)

Figure 7.1: The set I'(zo) is an open part of the boundary 9.

7.1 An admissibility result for boundary observation

In this section we denote Y = L?(T"), where I' is an open subset of 9Q and we
consider the operator C' € £(X1,Y") defined by

f of f
= = X1 =HyxH 1.1
C[g 5,7 Vge 1 1 X Hy, (7.1.1)
where v is the unit outward normal vector field on 9f). For the definition of the
normal derivative % see Section 13.6 in Appendix II.

Consider the following initial and boundary value problem:

/NN
2 n =20 in x (0, 00), (7.1.2)
n=0 on 09 x(0,00), (7.1.3)
n(z,0) = f(x), %(z,()) = g(x) for z €Q. (7.1.4)

By applying Proposition 3.8.7 with Ay chosen as at the beginning of this chapter,
we obtain the following result.
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Proposition 7.1.1. If f € H; = H2(Q) NHL(Q) and g € Hy = H(Q), then the
initial and boundary value problem (7.1.2)—(7.1.4) has a unique solution

n € C([0,00), Hi) N C([0,00), H1) N C*([0,00), H), (7.1.5)

and this solution satisfies
2

0
1OnC R+ |G| =1 vezo. (g

Remark 7.1.2. Recall from Proposition 3.4.3 and Remark 3.4.4 that Aé is unitary
from H, to H and from H to H_,. This fact, combined with (7.1.6), implies that
the solution 7 from Proposition 7. 11 Satlsﬁes

2

Il + | G

- £ + gl (o) V0. (T.17)

The main result of this section is the following.

Theorem 7.1.3. For every T > 0 there exists a constant K. > 0 such that for every
f e HAQ) NHL(Q), g € H(Q), the solution n of (7.1.2)~(7.1.4) satisfies

[
o Joqa |0V

where do is the surface measure on 0.
In other words, C is an admissible observation operator for T.

o < KX(IVFIP+llgl?) (7.1.8)

The integral identities given in the next two lemmas are important tools for
the proof of the above theorem and of other results in later sections.

Lemma 7.1.4. Let ¢ € H2(Q) N H(Q) and g € Ct(clos Q,R™). Then

1 0
Re/(q-VG)Awdx= 5/ (q-v)| 22
Q o0N

2
1 . 9
e do +§/§2(dlvq)|V<p| dz

n

- 94k 0% Op
1%31 e Oy Oz, O dz. (7.1.9)

Proof. By an mtegratlon by parts (see Theorem 13.7.1 in Appendix II) we obtain
_ 6

(taking f = aml , 9 = Qk 5, and then summing with respect to all the indices I, k)

that

Re/( V%) Apde ZRe % Py,
q- V)R —Ml Qkax axl

- 0p \ Op / _8_@
~ ) Re /8x1< %k) oy 4 + Re m(q Vo), do

k=1
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This formula and the fact that Vg gq = g—fumg (which follows from the fact that
 is vanishing on 9f2) imply that

- __1 _ 9qr 0% 0y
Re/ﬁ(q Vo) Apde = 2/q V(|Vg0| )dx lkZIR , Dy D, O, dx

P

PE
+/BQ(Q'V) By
From formula (13.3.1) we see that
q-V(|[Vel*) = div (|[Vl*q) — (div ¢)| Vi[>
This, combined with the Gauss formula (13.7.3) and (7.1.10), leads to (7.1.9). O
Lemma 7.1.5. Let
w € C ([0,00); H*(Q2) NH(2)) N C* ([0, 00); H(2)) N C? ([0, 00); L*())
let ¢ € C'(clos Q,R™) and let G € C1([0,00);R). If we denote

do. (7.1.10)

0w
Sz ~Aw=F. (7.1.11)
then for every T > 0,
! ow|? Ow t=r
G q-v)| dadtzQRe{G/—q-V@dx}
A BQ( ) aV Q 875 ( ) —o
. i q, 0w Ow T . w2 ,
2 a9 A, _ —
+ kgl Re/o G . Dy Do 8:Eld dt—|—/ G/Q(dlv q) ( 5 (Vw|? | dadt

—2Re/ G/F(q-vw)dxdt—me/ 46 [ 0w Ym)dedt. (7.1.12)
o Ja o dt Jo ot

Proof. We take the inner products in L2([07T];L2(Q)) of both sides of (7.1.11)
with Gq - Vw. For the first term we integrate by parts with respect to time:

- aw - t=1
/ /G8t2 (¢-Vw)dxdt = [G/E(qu)de .
ow ow dG [ ow
—/0 G/gzg[qV(at)}d dt—/o G ), ot (¢- Vw)dadt.

From here, using an integration by parts in space applied to the second term on
the right (the Green formula (13.7.2)) and using that 8“’ = 0 on 02, we obtain

t=1

Re/ G/ (¢-Vw)dadt = [G 6w(q Vw)dx}

o Ot
3

t=0
ow

S (¢ - Vw)dedt. (7.1.13)

d1V q)dxdt — Re/
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By applying Lemma 7.1.4 we obtain that the contribution of the second term from
the left-hand side of (7.1.11) is

Re/ G/(q-VE)Awdxdt:l/ G| (¢g-v) gw
0 2 Jo o9 v

Oqx Ow 6w
+—/ G/ div ¢)|Vw[*dzdt — ZRQ/ G/ Oz, Oz, Oy drd.

k,l=1

2
dodt

The above relation, combined with (7.1.11) and (7.1.13), implies (7.1.12). O

The proof of Theorem 7.1.3 is based on the above lemma, applied to a par-
ticular vector field ¢, which is constructed below.

Lemma 7.1.6. Assume that the boundary 0N is of class C?. Then there erists a
vector field h € C1(clos Q,R™) such that h(z) = v(x) for all x € O9.

Proof. The compactness of 92 implies that there exists a finite set {21, ..., zm} C
09 such that for every k € {1,...,m} there exists a neighborhood V}, of z, in R™
and a system of orthonormal coordinates denoted by (yk.1, ..., Yk,n) such that, in
these coordinates

Vie = {Wrk1s-- - Ykn) | —akj <yrj <akj, 1<j<n}

and the sets Vj cover 99 (i.e., 9Q is contained in their union). The fact that
09 is of class C? (see Definition 13.5.2 in Appendix II) implies that for every
ke {1,...,m} there exists a C? function ¢y, defined on

Vi = {Wkas - Ykn—1) | —ar; <yj <apg, 1<j<n—1},

such that

)

ag
|§0k(y;c)| < Tn for every y;c = (yk,la e 7yk7n71) S Vk/u

QN Ve ={yr = Wes Yrn) € Vie | Ykn < (1)}
ANV ={yr = W, Ykn) € Vi | yn = (¥}

Moreover, from the definition of the outward normal field v in Appendix II it
follows that

v(z) = Yr(x) VaeddnV,
where, for every k € {1,...,m} and 2 € V};, we have
a(zii (y;c)
1 .
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Let Vj be an open set such that

closVo C Q, QcC U Vi
k=0

Let K be the compact set
K = clos U Vi,
k=0
and let (ér)o<kgm C D(R™) be a real-valued partition of unity subordinated to

the covering (Vi )ocrgm of K (see Proposition 13.1.6). We extend v, by 0 outside
Vi and we denote

h(x) = > érl(@)n(x) VazeR".
k=0
Then clearly h € C1(clos Q; R") and h(z) = v(x) on 9. O

We are now in a position to prove the main result of this section.

Proof of Theorem 7.1.3. First we consider the case when 02 is of class C?. Let
h be the vector field from Lemma 7.1.6. By applying Lemma 7.1.5 with w = n,
where 7 is the solution of (7.1.2)—(7.1.4) (so that FF = 0), ¢ = h and G = 1 we
obtain that

/0/89 v

t=0
- T [ Ohy O On /T/ . In
+2 Z Re/0 /Q D) D D1 dzdt + ; lev (h) T

k=1

a 2 a t=1
T dodt = 2Re/ I (h - V) de
o Ot

2
- |vn|2> dzdt.

The second term on the right-hand side can be estimated using that for each ¢ > 0,

- Ohy, 01 On / )
Re — ———dz| < n|lh 1 Vnl|*dx.
k)lZ:]- o 6.17[ 6Ik aﬂfl || ||C’1(Q) Q| 77|

The other terms on the right-hand side can be estimated similarly, leading to

T 2 T b
// dadthQ// i
o Joo o Ja \|Ot
n
2 [
+M /Q<’at(x,0)
In
2 —_—
+ M A(’at(a@,ﬂ

on

ov

2
+ |vn|2> dxdt

2
+ |V17(:c70)|2> dx

2
+ |V77(5C7T)|2> dz,
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where M > 0 is a constant depending only on ||A| o1y This, combined with
(7.1.6), implies that (7.1.8) holds for K2 = M?(r + 2).

If Q is rectangular we can assume, without loss of generality, that it is centered
at zero and aligned with the coordinate system. We do similar calculations, but
with ¢ = x;e;, where (e;) is the jth vector in the standard basis of R™. We
obtain an estimate similar to (7.1.8) but instead of integration on 92 we now have
integration on the two faces perpendicular to e; only. Adding these estimates for
j=1,...,n we obtain the desired estimate. 0

7.2 Boundary exact observability

In this section we study the exact observability of the wave equation with Neumann
boundary observation. Recall that the particular case of the wave equation in one
space dimension has been already investigated in Example 6.2.1. In other terms,
this section is devoted to the exact observability of the pair (A, C'), with A given
by (7.0.1) and C given by (7.1.1). We first show that the observed part I of the
boundary cannot be chosen arbitrarily.

Proposition 7.2.1. Assume that n = q + r with ¢,r € N and that Q = Qq x Qq,
where Q1 (respectively, Q2) is an open bounded set in RY (respectively R™). Assume
that there exists a non-empty open set O1 C Oy such that T'Neclos (O1 x Qg) = 0.
Then the pair (A, C) is not exactly observable.

Proof. Indeed, let (w?)yen be the strictly increasing sequence of the eigenvalues
of the Dirichlet Laplacian on Qs and let (¢,)pen be a corresponding sequence
of orthonormal (in L2(€23)) eigenvectors. Choose a fixed f € D(0;) such that
I fllL2(,) = 1. For & € R™ we denote x = [7}], where z; € R? and x5 € R". For
all p € N we set

eol) = Uplen) f(21), 2 = [ & }

WpPp

From our assumption on I' it follows that

Oz = %h ~ 0 VpeN. (7.2.1)
On the other hand,
Geop — A)zpll% = 12 — Ao)opl%
= [ Wplan)Af@)Pdnda = [8f[3,. (722)

Relations (7.2.1) and (7.2.2), together with the fact that lim, . [|2p]|x = o0,
show that the pair (A,C) does not satisfy condition (6.6.1) in Theorem 6.6.1.
Consequently the pair (A, C) is not exactly observable. O
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In order to give a sufficient condition for the exact observability of the pair
(A, C), first we derive an integral relation.

Lemma 7.2.2. Let 7 > 0, g € R™ and let m be defined by (7.0.2). Let
w e C (0,71 HA(Q) N HY() N C* ([0, 7 H(Q)) N2 ([0, 7); L)
and denote
82

ot = //(

+Re[/g[2m-vw+(n—1) ]%td}

Then

/ (m-v)
o0

aw

+ |Vw|2> dzdt
t=71

t=0
—2Re/ /F(m-VE)dxdt—(n—l)Re/ /Fwdxdt. (7.2.4)
0 Q 0 Q

Proof. We apply Lemma 7.1.5 with ¢ = m and G = 1. By using the facts that
divm = n and that %”;L’“ = 0y (the Kronecker symbol), relation (7.1.12) yields

[ Lol own= [ f (5T
+<n_1>/of/ﬂ<g_¢

aw

+ |Vw|2> dzdt

t=71

- |Vw|2> dxdt+2Re/(m-vma—wdx
N ot

t=0
~ 9Re / / F(m - V@)dedt. (7.2.5)
0 Q

On the other hand, by taking the inner product in L?([0,7]; L3(f2)) of both sides
of (7.2.3) with w it follows (integrating by parts using (13.7.2)) that

[ ( v [ [ Fmasar

From the above relation and (7.2.5) we obtain the conclusion (7.2.4). O

|Vw|2> dzdt = Re/—wdx

We shall also need the following technical lemma.

Lemma 7.2.3. Let g € R", let the vector field m and the number r(xg) be as in
(7.0.2) and (7.0.3). Then we have

[ olem Vs + - sdn] <) (VA1) v []] ex.
(7.2.6)
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Proof. We have, using (13.3.1) in the last step,
||2m~Vf—|—(n—1)f||2 = /|2m Vf2dz + (n /|f|2d$
+2(n — 1)/ m-V(|f]?)dx = / |2m - Vf|*dx + (n —1)? / |f|?dx
Q Q Q
+2(n— 1)/ div (|f[*m)dz — 2n(n — 1)/ |f|*da.
Q Q

By the Gauss formula (13.7.3) and since f = 0 on 912, the above formula yields

12m -V + (n—1)f]* = [|2m - Vf|]* = (n* = 1| f]?,

so that
[2m-Vf+n—-1f] <|[2m-Vf].

From the above and the Cauchy—Schwarz inequality it follows that

/Q g2m-Vf+(n—1)f))dz| < 2]g] - |m- V]
< r(zo)gl? + % I+ V£ 2y < (o) (IVFI2 + llgll?)

where we have used that |m(x)| < r(zo) for all x € Q. O

For the following theorem, recall the definition of T'(x) from (7.0.3).

Theorem 7.2.4. Assume that I' is an open subset of O such that T' O I'(xg) for
some xg € R™ and that 7 > 2r(zo). Then for every f € H?*(Q) N H(Q), g €
HE(2), the solution n of (7.1.2)~(7.1.4) satisfies

On ? T —2r(xo)
r(zo)

so that the pair (A, C) is exactly observable in any time T > 2r(x¢).

dodt > (VA7 + gl (7.2.7)

Proof. We apply Lemma 7.2.2 with w = 7. By using the facts that (7.2.3) holds
with F' = 0 and that, by (7.1.6),

WA

relation (7.2.4) yields

/ (m-v)
o0

+ Ilez) dadt = r([VFI* + llgl*),

77
dodt = (| VfII* + llgl*)

t=1
M| (7.2.8)

+ Re [/Q [2m - VT 4 (n — 1)7] ot |,
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On the other hand, by applying Lemma 7.2.3 and (7.1.6) it follows that, for every

t > 0, we have
on 2
< r(an) (nwn? +5 )

= r(ao) (IVF]2 + glI?) -

/ 2m - i+ (n — 17 2 da
0 ot

Consequently,

t=1

< 2r(xo) (IVFI? + llgll?) -

[/Q% 2m - V7 + (n — 1)7] dx}

t=0
By using the above estimate in (7.2.8) we obtain that
T 877

(m-v) |5~

/o /SQ ov

Finally, by using the fact that m(x) - v(z) < 0 for x € 9Q\ T" and then the fact
that |m(z) - v(z)| < r(xg) for all z € T, we obtain the conclusion (7.2.7). O

dodt > (1 —2r(z0)) (IVfI + llgl?) -

Remark 7.2.5. The assumption I' D I'(z) in Theorem 7.2.4 is a simple sufficient
condition for the observability inequality (7.2.7). This condition is not necessary:
there are also other open subsets I" of 92 for which the exact observability estimate

I

holds for some 7 > 0, k- > 0 and every solution 7 of (7.1.2)—(7.1.4). For a discus-
sion of other sufficient conditions, of which one is “almost” necessary, see Section
7.7.

Remark 7.2.6. According to Remark 6.1.3, the estimate (7.2.9) is equivalent to
I

7.3 A perturbed wave equation

o 2
ool dodt > K21V + gl (7.2.9)

.12
% dodt > R(JAF? + [Ve|?) y m €D(AY).  (7.2.10)

In this section we consider the following perturbation of the initial and boundary
value problem (7.1.2)—(7.1.4):

82

U o

BT An+an =0 in Qx(0,00), (7.3.1)
n=0 on 9N x(0,00), (7.3.2)

Ww,0) = f@), w,0) = g(x) for 29, (733

ot

where a € L*>(Q) is a real-valued function.
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Recall the notation H = L?(Q), H; = H?*(Q) N H{(Q), Ao : Hi — H, Ay =
~A Hy = M}(Q), X = Hy x H, A= [ 9 {] and D(A) = X; = Hy x Hy
introduced at the beginning of this chapter. Recall that || - || (without subscripts)
stands for the norm in L2(£2). As in Section 7.1, " is an open subset of Q2 and Y =
L3(T). The operator C' € £(X;,Y) corresponds to Neumann boundary observation
onT' asin (7.1.1). In order to study (7.3.1)—(7.3.3) we introduce several operators.
First we define Py € L(H) by

Pf = —af VfeH. (7.3.4)
We define P € £(X) by P=[p o] and Ap : D(Ap) — X by
D(Ap) = 'D(A), Ap = A+ P. (735)

Clearly we have || P||z(x) < |lalco-
By combining Theorem 2.11.2 and Proposition 2.3.5 we obtain the following.

Proposition 7.3.1. The operator Ap defined by (7.3.5) is the generator of a strongly
continuous semigroup T on X with | T|| < etllel> for every t > 0. In other words,
if fe H andge H%, then the initial and boundary value problem (7.3.1)—(7.3.3)
has a unique solution

n € C([0,00), Hi) N C([0,00), Hy) N C*([0,00), H),

and this solution satisfies

9 ’ a
|G| +1vnc.ol < e (a2 4 19rP) vizo. (@30)

We mention that the following identity is easy to prove (by checking that for
any initial state in D(A), the time-derivative of the left-hand side is zero):

A

The main result of this section is the following.

2
+|Vn|2+aln|2) dz = / (lg> + IV f* + al f?) da.
Q

Theorem 7.3.2. Assume that T is such that (A, C) is exactly observable in time T9.
Then (Ap,C) is exactly observable in any time T > 79. In other words, for every
T > T, there ezists kpr > 0 such that the solution n of (7.3.1)—(7.3.3) satisfies

.
I
To prove the above theorem, we will use an appropriate decomposition of X

as a direct sum of invariant subspaces. To obtain this decomposition, we need the
following characterization of the eigenvalues and eigenvectors of Ap.

8 2
Sl doat = i (WP ¥ [I Pl @3a)
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Proposition 7.3.3. With the above notation, ¢ = [i] € D(Ap) is an eigenvector
of Ap, associated with the eigenvalue ip, if and only if ¢ is an eigenvector of
Ay — Py, associated with the eigenvalue 2, and ¥ = ijp.

Note that the number p appearing above does not have to be real.

Proof. Suppose that € C and [ ] € X\ {[3]} are such that Ap [ ] =in[]].
According to the definition of Ap this is equivalent to

Y =1dup and (—Ag+ Po)p =iu.

The above conditions hold iff
(Ao — Po)p = p?p and ¢ = iup. O

Clearly, Ay — Py is self-adjoint. By Remarks 2.11.3 and 3.6.4, it has compact
resolvents, so that we may apply Proposition 3.2.12. We obtain that Ay — Py is
diagonalizable with an orthonormal basis (¢k)ren of eigenvectors and the cor-
responding family of real eigenvalues (Ar)ren satisfies limy _, o |Ax| = oco. Since
Ao — Py + | PollI = 0, it follows that all the eigenvalues A of Ag — Py satisfy
A > —||Pyl|. Hence, limyg _, oo Ay = 0co. Without loss of generality, we may assume
that the sequence (\p)ren is non-decreasing. We extend the sequence (¢r) to a
sequence indexed by Z* by setting ¢ = —p_j for every k € Z_. We introduce
the real sequence (puy)kez by

,uk:\/|)\k| if k>0 and He = — H—k if £<0.

We denote

1
Wy = span { {mgn(k) @k}
Pk

kGZ*7 /LkZO}.

If Ker (A9 — Py) = {0}, then of course Wy is the zero subspace of X. Let N € N
be such that Ay > 0. We denote

1
Wn = span { {i“k @k}
Pk
and define Yy = Wy + Wiy. We also introduce the space

'L@k
VN = clos span { [Z“k }
Pk

]’CEZ*, |k|<Na ﬂk?éo}a

k| > N} . (7.3.8)

Lemma 7.3.4. We have X = YN & Vy and Yn, VN are invariant under T.

By X =Yy & Vi we mean that X = Yy + Vy and Yy N Vy = {0}.
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Proof. Let Ay : D(Ap) — H be defined by
Arf = Y (ferden+ > Ml(fs or)er V f € D(Ag).

=0 A0

Since the family (¢ )ken is an orthonormal basis in H and each ¢y, is an eigenvector
of Ay, it follows that A; is diagonalizable. Moreover, since the eigenvalues of A;
are strictly positive, it follows that A; > 0. According to Proposition 3.4.9, the
inner product on X, defined by

<|:§i:| ) |:£z:|>1 = <A1%f17A1%f2> + <glag2> v |:£1:| ’ |:§z:| € X7

is equivalent to the original one (meaning that it induces a norm equivalent to the
original norm). Let A; be the operator on X defined by

1
D(Al) = H1 X H%, .Al = |:_E)41 0:| .

According to Proposition 3.7.6, A; is skew-adjoint on X (if endowed with the
inner product (-,-)1). Consequently, by applying Proposition 3.7.7 we obtain that
Yy = Vi (with respect to this inner product (-, -)1). It follows that X = Yn & Vy.

We still have to show that Viy and Yy are invariant subspaces under T. Since
Vi is the closed span of a set of eigenvectors of Ap, its invariance under the action
of T is clear. If p, = 0, then

e 1 ([ 2k Py e Y
A isign(k) wk:| _ |:§0k:| . (|:1s1gn(k) :| + |:131gn(k) :|> c W, ,

" [ ©k 0 2 Pk Ok ’
so that Wy is invariant under T. If |k| < N and A, < 0, then

(Ao — Po)ok = — Uik,
so that
TPk Ok Lok Loy
Ap [T TR = = g | =gy | TR € Wy
" [ Pk } [“TWJ - [ —%} . { Pk } N

If k] < N and A; > 0, then

1 1
ar [PE0] = i [0 <

Thus Wy, and hence also Yy = Wy + Wy, are invariant for T. O

Lemma 7.3.5. With the notation from the beginning of this section and (7.3.8), let
N € N be such that Ay > ||a|| . Let us denote by Py, € L(Vn,X) the restriction
of P to Vy. Then

lallze

[Pyl € —————=—.
" VAN = lla]| L
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Proof. Take a finite linear combination of the vectors ¢y with k > N:
M
f = Z (077172 3% (7.3.9)
k=N
so that || f||? = EQ/[:N |k |, Tt is easy to see that

M
IVFIP+(af, f) =2Re Y ot {(~A+a)pr, 050 = > Melarl® = An || fI°.

N<k,j<M k=N
From here we see that

IVFII? = (An — [lall=) || £II?.

Now take z to be a finite linear combination of the eigenvectors of Ap in Vy:
L
—1i
Pk

so that in particular z € Vy and z = [/ ], with f as in (7.3.9). Therefore

|k|>N},

[Py 2llx = [|1Pzlx = llafll < llallz=llf]]

lal Lo lal L
</ ———|z|Ix.
SV lafls VAN = lall

Since all the vectors like our z are dense in Vy, it follows that the above estimate
holds for all z € Vi, and this implies the estimate in the lemma. O

Proof of Theorem 7.3.2. Let N € N be such that Ay > 0 and let Ay and Cn be
the parts of Ap and of C in Vi, where Viy has been defined in (7.3.8). (Thus,
Any = (A+ P)lyy and Cy = C|y,.) We claim that for N € N large enough the
pair (An,Cyx) (with state space Viy) is exactly observable in time 7.

By assumption there exists k, > 0 such that

I

where 7 is a solution of the unperturbed wave equation (7.1.2)—(7.1.4), which
corresponds to the pair (A4, C). As in Section 6.3, we denote

IV <

b 2
S| doar = 2 (AP 1al?) v | epea,

ICH7e = I¥rollecx, 220,701y »

where ¥, is the output map for time 7 of the unperturbed pair (A, C'). According
to Proposition 6.3.3, (An,C) is exactly observable in time 7y if

Frg

Py, < —
|| NH ~ T()M|||C|”7—O I
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where M = sup;¢o, 7] IT:||. Notice that the right-hand side above is independent
of N. Thus, according to Lemma 7.3.5, for N large enough the above condition
will be satisfied. Hence, for N large enough, (Ax,Cy) is exactly observable in
time 79.

On the other hand, if ¢ = [m € D(Ap) is an eigenvector of Ap, associated
with the eigenvalue iy, such that C'¢p = 0, then, according to Proposition 7.3.3,
p € Hj is an eigenvector of Ag— Py, associated with the eigenvalue /L27 ie,p€e Hp
satisfies

Ap —ap + e = 0. (7.3.10)
Moreover, the condition C'¢ = 0 is equivalent to
g—f =0 onT. (7.3.11)

As shown in Corollary 15.2.2 from Appendix III, the only function ¢ € H; satis-
fying (7.3.10) and (7.3.11) is ¢ = 0. Since, by Proposition 7.3.3, ¥ = iup = 0 we
obtain that ¢ = 0. By the finite-dimensional version of the Hautus test in Remark
1.5.2, it follows that the pair (Ay,Cyn), where Ay and Cn are the parts of Ap
and of C' in Yy, is observable. Since A ~ and Ax have no common eigenvalues and
(An,Cn) is exactly observable in time 79, according to Theorem 6.4.2, (A4, C) is
exactly observable in any time 7 > 9. g

Remark 7.3.6. The class of perturbations considered in the last proposition can
be enlarged to consider bounded perturbations of A of the form

0 0
P= [—a—b-v —c}’

so that A + P corresponds to the perturbed wave equation

0%n on )
w—AU‘FCa‘H"V??‘FC”?—O in ©Qx(0,00).

The assumptions on a, b, c¢ are that
a € L>®(R), be L*(Q;C"), ceL™(Q)),

with the L*> norms of b and c sufficiently small, as indicated in Theorem 6.3.2.
There is no size restriction on a, as shown in Theorem 7.3.2. The size restrictions
on b and ¢ can be removed; see the comments in Section 7.7.
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7.4 The wave equation with distributed observation

In this section we show that if a portion I' of 0f2 is a good region for the ex-
act observability of the wave equation by Neumann boundary observation, then
any open neighborhood of I' intersected with  is also a good region for exact
observability, this time by distributed observation of the velocity.

Let Q C R™ be as at the beginning of the chapter and let I be an open subset
of 09). For every ¢ > 0, we denote

NT)={z€Q | d(=,T) < ¢}, (7.4.1)

where d(z,T") = inf {|z — y| | y € T'}; see Figure 7.2.

Figure 7.2: The set N (T'), which is an open neighborhood of I' intersected
with Q.

Recall from the beginning of the chapter that we denote X = H}(Q) x L*(Q)
and that A is the operator defined in (7.0.1). In this section we denote Y = L?(Q),
O is an open subset of Q2 and the observation operator C € L(X,Y) is given by

fl f
OM - 9o v MEX’

where xo is the characteristic function of O. The main result of this section is:

Theorem 7.4.1. Assume that there exists 1o > 0 such that the estimate (7.2.9) holds
for T = 19. Assume that O is such that Nz(T') C clos O for some & > 0. Then for
every T > Ty there exists k. > 0 such that the solutions n of (7.1.2)~(7.1.4) satisfy

I,

Thus, the pair (A, C) is exactly observable in any time T > 9.

2
% dedt > k2 (|VFII? +1g]?) v m € D(A). (7.4.2)

In order to prove the above result we need two lemmas.
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Lemma 7.4.2. With the assumptions of Theorem 7.4.1, let 7 > 79 and let a > 0

be such that T — 4o > 19. Then there exists cr o > 0 such that the solutions n of
(7.1.2)«(7.1.4) satisfy

[

+ [Vl + Inlz) dzdt

> 0P+l v [l e qas)

Proof. Let Tg = ON,;4(I') NOQ. Clearly we have I' C I'¢ so that, by the assump-
tion in Theorem 7.4.1 and by (7.1.6), it follows that

T2« 877 2
Lo L

Thus, it suffices to show that there exists ¢ > 0 such that
/7'204/ an 2
c A
20 T, | OV
<[
Ne/2(T)

Let 1) € C*(clos Q) be such that ¢» = 1 on N, /4(I"), ¥ = 0 on Q\N, 5(I") and
Y(z) > 0 for all z € clos Q. For z € Q and ¢t > 0 we denote w(z,t) = ¢¥(z)n(x,t).
Then clearly

dode > RAVAP+1a?) v [] e pa)

dodt

+|Vnl? + |n|2) dzdt v m e D(A). (7.4.4)

w e C([0,7]; H*(Q) N H(2)) N C* ([0, 7]; H(2))

and 92
w
where, by (13.3.5),
F = —2Vy-Vn—nlAy. (7.4.6)
By applying Lemma 7.1.5 with ¢ € C(clos Q) and G(t) = (t — a)(t —t — «), it
follows that

e owl?
/ G| (q¢-v)|o
« o0

- 8q;C ow aw
=2
5 dodt Z Re / G / 3o, Do 9 dzdt

k=1
T . ow|?
—|—/a G/Q(dlvq) <‘E -

—2Re/ G/F(q~Vm)dxdt—2Re/ dG o (. vE)dudt.
« Q «

Lo
(7.4.7)

|Vw|2) dzdt
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On the other hand, from (7.4.6) it follows that there exists a constant K, > 0
such that

[FACTIIEES Kw/ ( (IVa( 01> + In-, %) de Vt>0. (748)
e/2
On the other hand, for every ¢ € [0, 7],
[vupde= [ vePde< [ (P 90P + 90 do
Q N./2(T) Ney2(T)

< (Il + 1960 m) [ (V0P + i) do (709)

Ney2(I)

From the above inequality and from (7.4.8) it follows that, for every ¢ > 0,

_ llall o= lallLe(a
v )dx] Mol pye 4 Jle=@) g2

lallz=(o
< T (K Wiy 10 Ee) [ (904 ) e

e/2

The above inequality, combined with (7.4.7), (7.4.9) and with the fact that

2
/ dr = / < ||¢||%°C(Q)/
Q Ng/Q(F) Ns/Q(F)

implies that there exists a constant I?wma > 0 such that

[ [ w2

v

Kw T,Q / / <
Ne/2(T)
By using the fact that G(t) > a(r — 3«) for every t € [2a, 7 — 20/, it follows that
T2
oz(r—3oz)/ / (q-v)
20 o0 v
o,
Ney2(T)

Let us first consider the case when 9€ is of class C?. We take ¢ = 1h, where
h is the vector field in Lemma 7.1.6. Inequality (7.4.10) combined with the facts

2

2
dw dz V>0,

ot

ow
ot

n

ot

dodt

+ V2 + |77|2> dxdt.

2
—| dodt

+ IVnl* + |77|2> dzdt. (7.4.10)
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that - v >00n 909, g-v=10nTy andg—f:%onfo imply that

T—2 2
K . S
% ro | OV alt — 3a) N.)o(T

so that (7.4.4) holds. As mentioned, this implies the conclusion of the lemma for
domains with a C? boundary.

+|Vnl* + Inl2> dzdt,

Now consider 2 to be an n-dimensional rectangle. Without loss of generality,
we can assume that this rectangle is centered at zero. In this case, we take q(z) =
¥(x)z in (7.4.10). The argument is similar to the previous case, using that ¢-v > 0
on 0f) and bounded from below on I'y. O

In order to prove Theorem 7.4.1, we have to get rid of the integrals of |Vn|?
and |n|? on the left-hand side of (7.4.3). The lemma below gives un upper bound
for the integral of [Vn|* over N o(T).

Lemma 7.4.3. Let 7 > 0 and o € [0,7/2). Let T be an open subset of O and let
€ > 0. Then there exists ¢ > 0, depending on 7, a and €, such that the solution n
of (7.1.2)(7.1.4) satisfies

Vnl*dodt < ¢ //
/ /s/xr)' o <3t

Proof. We take the inner product in L?([0,7]; L?(Q2)) of (7.1.2) with &(z,t) =
t(r — t)(z)n(x,t), where ¢p € C*°(clos ) is a [0, 1]-valued function with ¢ = 1
on N /5(T") and ¢ = 0 on @\ N(I'). For the first term we obtain, by integrating
by parts with respect to t,

+ |n|2) dodt v m € D(A).
(7.4.11)

__ [ on*
//6t2§dxdt——/0 t(r —t) ; Fn (z)dzdt
T 677_
_/o (T—Qt)/ﬂan@/}(x)dxdt. (7.4.12)

For the second term we have, using the fact that n(-,t) € H2(2) N H(Q) and
formulas (3.6.5) and (13.3.2), we have

/OT/QAnngCdt:_/OTt(T_t)/Q|V77|2”¢J(x)dxdt

_/OTt(T—t)/Q(Vn~V1/1)ﬁdxdt.
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Because we started from (7.1.2), the above expression is equal to the one in
(7.4.12). Tt follows that

/OTt(T—t)/ Vil () dedt = [ i —1) /

+/OTT_2t / L () dadt — /Ot(T—t)/Q(Vn.vwﬁdxdt.

Taking real parts and using (3.6.5) we obtain

x)dxdt

2

"1y (z)dedt

! 2 7 0

/O t(T—t)/Q|V77| V() dzdt = /O t(T—t)/Q o
T a T

+ Re /O (r—21) Qa—?ﬁw(x)dxdt+%/o t(T—t)/Q|77|2Az/)dxdt.

It follows that

T— 9 7_2 T
a(T—a)/ / [Vn|” dedt < —/ /
o I 4
o 2| A o
y Wlz=ey oy / <’ +|n|2> Qi+ || Yo / / il dedt.

The above estimate clearly implies the conclusion (7.4.11). O

@2

dxdt

We are now in a position to prove the main result of this section.

Proof of Theorem 7.4.1. By combining Lemmas 7.4.2 and 7.4.3, it follows that for

every T > 1o there exists m, > 0 such that
+ Inl2> dode > m (I97P+10) v |I] e,

/ / < (7.4.13)

We have seen in Remark 3.6.4 that the Dirichlet Laplacian Ay is diagonal-
izable with an orthonormal basis (g )ken of eigenvectors and the corresponding
family of positive eigenvalues (A;)ken which satisfies limy _, oo A = 00. We extend
the sequence (¢x) to a sequence indexed by Z* by setting ¢ = —p_j for every
k € Z_. We introduce the real sequence (ug)gez- defined by

e = VA if k>0 and pr = —p_p if £ <O0.

According to Proposition 3.7.7 the skew-adjoint operator A is diagonalizable, with
the orthonormal basis of eigenvectors (¢ )rez+ given by

Ty Pk
qﬁk:\/i[w;; :| Vkezr,
k
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and the corresponding eigenvalues are (iuy)rez+. Note that

IVRI? = > Xel(h, YV heHNQ). (7.4.14)

keN
For w > 0 we denote
Vo = span{o | x| <w}™.

For [/] € D(A) NV, we have 1(-,t) € span{py | Ar < w?}+, so that, by using
(7.1.6) and (7.4.14), we have

W?[lnC O < VG 01 < IV + gl vitelo,7].

From the above inequality and (7.4.13) we obtain that for w large enough there
exists ¢r,, > 0 such that

@2

dedt > crw (V12 + ll9]1?) v m eDA)NV,. (7.4.15)

If we denote by A, the part of A in V,, and by C,, the restriction of C' to V,,,
inequality (7.4.15) means that the pair (4,,, C,) is exactly observable in any time
T > 79, provided that w is large enough.

On the other hand, assume that ¢ = [ ] € D(A) is an eigenvector of A,
associated with the eigenvalue ip. According to Proposition 3.7.7,

Ap+ 2o = 0. (7.4.16)

If we assume that C'¢ = 0, then 1o = 0 and by using the facts that ¢ = iue (see
Proposition 3.7.7) and p # 0, we obtain that the function ¢ € D(Ap) satisfies

=0 onO. (7.4.17)

As shown in Theorem 15.2.1 in Appendix I1I, the only function ¢ € H?(Q)NH ()
satisfying (7.4.16) and (7.4.17) is ¢ = 0. Since ¥ = iup = 0, we obtain that ¢ = 0.
This contradiction shows that C'¢p # 0 for every eigenvector ¢ of A. This fact and
the exact observability in any time 7 > 7y of (A, Cy) implies, by Proposition
6.4.4, that (A, C) is exactly observable in any time 7 > 79. O

Note that the observability condition imposed on I' in Theorem 7.4.1 is sat-
isfied, in particular, if " is as in Theorem 7.2.4. Other sets I satisfying the observ-
ability condition can be found using the references cited in Section 7.7.

Remark 7.4.4. The main result in this section can be generalized by replacing the
generator A with a perturbed generator A+ P, where P is as described in Remark
7.3.6. Thus P depends on three L functions a, b and c¢. The fact that there is no
size restriction on a can be shown as in the proof of Theorem 7.3.2, except that
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now (at the end of the proof) we apply Theorem 15.2.1 instead of Corollary 15.2.2.
The functions b and ¢ have to be small, as indicated in Theorem 6.3.2. However
the size restrictions on b and ¢ can be removed by more sophisticated methods;
see the comments in Section 7.7.

The exact observability result of this section can be used to derive an expo-
nential stability result for some of the perturbed semigroups described in the last
remark. These semigroups are associated with damped wave equations.

Proposition 7.4.5. With the assumptions and the notation in Theorem 7.4.1 let
a, ¢ € L*(Q) be such that

a(z) > 0, c(x) =20 (x € Q),

and c(x) = § > 0 for x € O. Then the semigroup S generated by A+ P, where

P { 0 0] ’
—a —c
1s exponentially stable. In terms of PDEs this means that the solutions n of
2
%—An—kc%—kan:O in Q x (0,00), (7.4.18)
n=0 on 02 x (0,00), (7.4.19)
0
n(@,0) = f@), FH(x.0) = g(@) for €O, (7.4.20)
satisfy, for some M,w > 0,
on ? 2 —wt 2 2
S GO HIVaC DI < Me* (lgl* + IV £1°) Vit>0.

Proof. Let A=A+ [, ! and let C, € L(X, H) be defined by

Cl[ﬂ:\/ég V[ﬂeX.

Since ¢ is bounded from below by the positive constant § on O, according to
Remark 7.4.4, the pair (A, C4) is exactly observable in some time 7. Since

o

we can apply Theorem 6.3.2 to get that (A4, Cy) is exactly observable in time T;
i.e., there exists a constant k, > 0 such that

e L] o= 2

g
Without loss of generality, we can assume that k; € (0,1).

A+P=A+ [_

2
dt > k?

T

2

. v m €X. (7.4.21)
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On the other hand, it is easy to see that, for all [H € D(4), S, [H =

{Zgg } , with n satisfying (7.4.18)—(7.4.20). Therefore, if we take the inner product
in L2([0,7]; H) of (7.4.18) with 1), it follows that

2 2

2 T
L A ey e
g X g X 0 9
From the above and (7.4.21) it follows that
2 2
S
9l x g g
which implies that |[S;||z(x) < 1. According to the definition (2.1.3) of the growth
bound, it follows that S is exponentially stable. O

7.5 Some consequences for the Schrodinger
and plate equations

Here we derive exact observability results for the Schrodinger and plate equations
by combining the exact observability results for the wave equation obtained in
Sections 7.2 and 7.4 with the results in Sections 6.7 and 6.8. More results on
the exact observability of the Schrodinger and plate equations will be given in
Section 8.5.

Notation and preliminaries. Recall, from the beginning of this chapter, that Q
stands for a bounded open connected set in R™, where n € N, and 92 is supposed
to be of class C? or (2 is supposed to be a rectangular domain, H = L?(Q) and
D(Ap) = H; is the Sobolev space H2(Q) N HE(2). The strictly positive operator
Ao : D(Ap) — H is defined by Agp = —A<p for all ¢ € D(Ap). The norm on H is
denoted by ||-||. Recall that Hy = Hj(Q2), H_y =H~'() and that X = Hy x H.

As before, we define X; = H1 X H1 and the bkew adjoint operator A : X1 — X

is given by
10 I . fl g
A= [—Ao O} , le., A {g} = [—Aof} .

For some fixed xg € R™, the function m, the set I'(xg) and the number r(z() are
defined as at the beginning of this chapter.

Throughout this section, we denote by X the Hilbert space H; x H, with the

scalar product
<[f 1} , H> = (o1, Aof2) + (g1, 92).
91 921/ »
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We introduce the dense subspace of X defined by D(A) = Hs x H; and the linear
operator A : D(A) — X defined by

A= [_?4(2) é} . de, A m = [_jgf} . (7.5.1)
By using the strict positivity of Ag and Proposition 3.3.6, it follows that A3 > 0 so
that, by Proposition 3.7.6, we have that A is skew-adjoint. By Stone’s theorem it
follows that A generates a unitary group on X. We denote by X; the space D(A)
endowed with the graph norm.
Let T' be an open subset of 992, O an open subset of , let Y = L?*(T") and
consider Cy € L(H,,Y), Cy € L(H), C € L(X,,Y) and C € L(X,Y) defined by

8f‘

leza— vV feH, Cog = gxo VgeH,

c=1[cr 0], C=1[0 G,

where xo stands for the characteristic function of O.
The first result concerns the Schrodinger equation with Neumann observa-
tion.

Proposition 7.5.1. The operator Cy is an admissible observation operator for the
unitary group generated by iAg on HY(Q). Moreover, if T is such that the pair
(A,C) is exactly observable, then the pair (iAo, C1), with state space H(SY), is
ezactly observable in any time T > 0.

Proof. We know from Theorem 7.1.3 that C' is an admissible observation operator
for the semigroup generated by A so that, by Proposition 6.7.1, it follows that C
is an admissible observation operator for the unitary group generated by iAj.

If (4, C) is exactly observable, then it follows from Theorem 6.7.2 that the
pair (iAp,C1), with state space Hy = HE(RQ), is exactly observable in any time
T>0. 0

Remark 7.5.2. In terms of PDEs, the result in Proposition 7.5.1 means that if T"
is such that (7.2.9) holds for 7 = 79, then for every 7 > 0 there exists k. > 0 such
that the solution z of the Schrodinger equation
%(mﬂf) = —iAz(x,1) V (z,t) € Q% [0,00),
with
z(x,t) =0 V (z,t) € 00 x [0,00),
and z( ) =20 € H3(Q ) NHS(Q), satisfies

(z,1) dodt > k2| 20ll20) V20 € H*(Q) N H(Q).

Recall that a sufﬁment condition for I' to satisfy the above requirement has been
given in Theorem 7.2.4.
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Now we consider the Schrodinger equation with distributed observation.

Proposition 7.5.3. Let O be an open subset of Q0 such that the pair (A, 5) is exactly
observable. Then the pair (iAo, Cy) is exactly observable in any time T > 0.

Proof. 1t suffices to apply Theorem 6.7.5. 0

Remark 7.5.4. In terms of PDEs, the result in Proposition 7.5.3 means that if O
is such that (7.4.2) holds for 7 = 79, then for every 7 > 0 there exists k. > 0 such
that the solution z of the Schrodinger equation

%(mﬂf) = —iAz(z,t) V (z,t) € Q x [0,00),

with
z(x,t) = Y (z,t) € 00 x [0,00),

0
and z(-,0) = 29 € H?(Q) N H(), satisfies

/ / 22, 8)2dadt > £2]|z0]2 Wz € L2(Q).
0 (@]

We next consider the two exact observability problems for the Euler—Ber-
noulli plate equation. First we tackle a boundary observability problem.

Proposition 7.5.5. Assume that T is such that the pair (A, C) is exactly observable
and let
Ci € L(Hs x H3,Y)
2 2

be defined by

Olw

c m _ % v m € D(AS) x D(AD).

g v
Then Cy is an admissible observation operator for the unitary group generated by
A on H% X H% and the pair (A, C1), with state space H% X H% , 15 exactly observable
mn any time T > 0.

Proof. We know from Proposition 7.5.1 that the pair (iA4g, Cy), with state space
Hy is exactly observable in any time 7 > 0. Moreover, by using Proposition
3.6.9, the eigenvalues of the Dirichlet Laplacian satisfy the condition (6.8.8) for an
appropriate d > 0. By applying Proposition 6.8.2, it follows that the pair (A, C;)
is exactly observable in any time 7 > 0. O

Remark 7.5.6. In terms of PDEs, the result in Proposition 7.5.5 means that for
every 7 > 0 there exists k- > 0 such that if I' is such that (7.2.9) holds for 7 = 79,
then the solution w of the Euler—Bernoulli plate equation

0%w

W(%t) + A%w(z,t) = 0, (x,t) € Qx[0,00),
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with

Wia0x[0,00) = AWjaax[0,00) = 0,

and w(-,0) = wp € D(A2), 22(.,0) = w; € D(Ay), satisfies

ot
I
Proposition 7.5.7. Let O be an open subset of Q0 such that the pair (A, 5) is exactly
observable, and let Co € L(X, H) be defined by

Co |:ch:| = gXxo 4 |:£:| e X.

Then Cqy is an admissible observation operator for the unitary group generated by
A and the pair (A,Co), with state space X = D(Ag) x X, is exactly observable in
any time T > 0.

8w

ovot

2
w;
dodt > &2 (ol + o) ¥ [10] € DL

Proof. We know from Proposition 7.5.3 that the pair (iAg, Cp) is exactly observ-
able in any time 7 > 0. Moreover, by using Proposition 3.6.9, the eigenvalues of
the Dirichlet Laplacian satisfy condition (6.8.8) for an appropriate d > 0.

By applying Proposition 6.8.2, it follows that the pair (A, Cp) is exactly ob-
servable in any time 7 > 0. g

Remark 7.5.8. In terms of PDEs, the result in Proposition 7.5.7 means that if O
is such that (7.4.2) holds for 7 = 79, then for every 7 > 0 there exists k. > 0 such
that the solution w of the Euler—-Bernoulli plate equation

O*w 9
W(a@t) + A%w(x,t) =0, (z,t) € (0,7) x [0,00),
with

Wia0x[0,00) = AWjaax[0,00) = 0,

and w(-,0) = wp € D(A2), 22(.,0) = w; € D(Ay), satisfies

ot
),
Remark 7.5.9. By using Theorem 7.2.4 it follows that the conclusions in Proposi-
tions 7.5.1 and 7.5.5 hold if I" D T'(z¢) for some xy € R™. According to Theorem

7.4.1 we have that the conclusions in Propositions 7.5.3 and 7.5.7 hold if I is as
above and N (T") C O for some ¢ > 0.

3u} 2 wo
% dnat > 12 (luolBoey + i) ¥ |0 € DL
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7.6 The wave equation with boundary damping
and boundary velocity observation

In this section we give a sufficient condition for the exponential stability of the
semigroup constructed in Section 3.9 (the wave equation with boundary damping)
and we show that this implies an exact boundary observability result for the same
semigroup with boundary observation of the velocity.

Notation and preliminaries. We use the notation from Section 3.9, but with
stronger assumptions on 2, I'g and I'y. More precisely, 2 C R"™ is supposed to
be bounded, connected and with C? boundary 9. The sets 'y and I'; are de-
fined by

Top={z €| mz) v(z) <0},

'y ={z €| mx)- v(z) >0}, (7.6.1)
where v is the outer normal field to 9Q and m(z) = x — xo for some zg € R™.
Thus I'y and T'y are disjoint open subsets of 9€). We assume that

To#0, T1#0, TouTy = 09. (7.6.2)
Note that this implies
closT'o =Ty, closT'y =17,

so that these assumptions clearly exclude simply connected domains. Intuitively,
we imagine Iy as the surface of a bubble inside the domain 2, xq is in the bubble,
while I'y is the outer boundary. The space H%O () consists of those functions in
H!(Q)) whose trace vanishes on I'g (this space is discussed in Section 13.6). We
know from Section 13.6 that the induced norm on Hy, () (as a closed subspace
of H'(Q)) is equivalent to the norm ||V f||(z2(q)». The state space is

X = HE,(9) x L(Q)

and it is endowed with the inner product
) s e [
<{g}’ [¢}> QVf Vedr + ngdx v gl o € X.

The corresponding norm is denoted by || - ||. Let b € C1(I'1) be a real-valued
function and let A : D(A) — X be the operator defined by

o) = {|f] € pe@ @) <@ | G =~}

gl e
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We know from Propositions 3.9.1 and 3.9.2 that A is m-dissipative so that it
generates a contraction semigroup T on X. Also recall from Section 3.9 that an
alternative way of defining D(A) is to say that D(A) consists of those couples
(7] € HE, () x HE, () such that Af € L?(Q) and

(Af, 0 r2) + (V. VO r2 = — (079, 9) 120 V¢ € Hp, (Q). (7.6.3)

Consider the initial and boundary value problem

(x,t) = Az(z,t) on Q x [0, 00),
z2(x,t) =0 on I'y x [0, 00),

(7.6.4)
%z(z,t) +b%(x) 2(x,t) = 0 on I'y x [0, 00),

z(x,0) = zo(x), 2(z,0) = wo(x) on Q.

We have seen in Corollary 3.9.3 that for every [ 4 | € D(A), problem (7.6.4) admits
a unique strong solution z and that this solution satisfies

d . .
3 (192601 +150.0lE0) = =2 [ P@P@ P (765)

The main result of this section is the following.

Theorem 7.6.1. With the above notation, assume that infzer, |b(x)] > 0. Then
there exist M > 1 and w > 0 (depending only on Q and on b) such that the strong
solutions of (7.6.4) satisfy, for everyt > 0,

| M

In order to prove Theorem 7.6.1 we need some notation and two lemmas. If
z is the strong solution of (7.6.4) and € > 0, we set

) <

,t

% [Zﬂ € D(A). (7.6.6)

p(t) = Re /Qz(x, t)[2m(z) - VZ(z,t) + (n — 1)Z(x,t)] dz YVt >0, (7.6.7)

Velt) = 1920, 0)lFzaqape + 126 Dl 3agey +2p(t) V120, (76.5)
We also introduce the positive constants r(xg) = ||m/|| ) and
1
€o

B 2r(xg) +e(n—1) "’
where c is the constant in the Poincaré inequality in Theorem 13.6.9.

Lemma 7.6.2. With the above notation, assume that € € [0,20). Then

1
FVo(t) < V() < 5Vo(t) Vit>0.
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Proof. From the Cauchy—Schwarz inequality and other elementary inequalities,
O] < 12y 2 @) IVl pa@ye + (0 — DIlzWllay] Ve > 0.

By applying the Poincaré inequality in Theorem 13.6.9, it follows that

. 1
PO < [2r(@o) + el = D] [0 2@y V2O luxan < 5 Vo) ¥e>0.

The above inequality clearly implies the conclusion of the lemma. O

Lemma 7.6.3. Let f € H*(Q) N'Hf (Q). Then

2Re /Q(Af)(m-vf)dx _ (n—2)/Q|Vf|2

af — 2
+ 2Re {m%(m-Vf)do—/aQ(mﬁ/MVﬂ do.

Proof. By using integration by parts (see Remark 13.7.3) it follows that

2Re /Q(Af)(an?)dac:2Re/8 %(m-V?)do—Re/QVf-V(2m~V?)dx

Q 14
_ of o oFvg 2. . 2
~ome [ SV 2/Q|Vf| dz /Qm (V[V/7) de. (7.6.9)

On the other hand, according to (13.3.1), we have
m- (VIVS) = div (|97m) - n|VfE2,

so that by applying the Gauss formula (13.7.3) it follows that

. 2 — Cy 2 - 2.
[ @vsR) e = [ mniwspas [ 9iPas

The above formula and (7.6.9) clearly imply the conclusion of the lemma. g
We are now in a position to prove the main result of this section.
Proof of Theorem 7.6.1. Since z is a strong solution of (7.6.4), we have
2 € O([0, 00), H*(€2)) N ([0, 00), Hr, () N C([0, 00), L*(2)),

and from Corollary 3.9.3 it follows that

Vo(t) = —2 [ b?2?de. (7.6.10)
Iy
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On the other hand, from (7.6.7) and the fact that z satisfies the first equation in
(7.6.4), it follows that

p(t) = 2Re /Az(m~VE)dx+(n—1)Re/Az?dx
Q Q
+ 2Re /z’(m-V?)dx—k(n—l)/ 12|? da Vt>0. (7.6.11)
Q Q

For the first term on the right-hand side of the above formula we can use Lemma
7.6.3 to get

2Re/Az(m-VE)dx = (n—2)/ V2|2 dz
Q Q

0
+ 2Re ® (m- V7)o —/ (m-v)|Vz|*do Vt>0. (7.6.12)
o0 o o0
Using the facts that Vz = %V on I'y and % = —b%% on I'y, the second and the

third integral on the right-hand side of the above formula can be, respectively,
written as

2

. gi (m - VZ)do = /Fo(m~u) % do—/Fl b2i(m-VZ)do Vi>0,
(7.6.13)
2 0z |” 2
(m-v)|Vz|*do= | (m-v)|=—| do+ [ (m-v)|Vz]°de V=0
o0 o v Iy
(7.6.14)
Using (7.6.12)—(7.6.14) and the fact that m - v < 0 on I'y, it follows that
2Re / Az (m-Vz)dzr < (n— / |V2|?da
—2Re [ b?2(m-Vz)do —/ (m - v)|Vz*do Vt>0. (7.6.15)
Fl Fl

For the second term on the right-hand side of (7.6.11) we note that

/Az?dxz/ %gda—/|v,z|2dx Vit>0.
Q o0 OV Q

Since z = 0 on I'y and % = —b%2 on I'y, it follows that

Re /Azzdx = —Re bQZ'Eda—/ |Vz|?dz Vt>0. (7.6.16)
Q Ty Q



7.6. The wave equation with boundary damping and observation 255

For the third term on the right-hand side of (7.6.11) we have
2Re / i(m-VZ)dz = / m-V(|z*)dz = / [div (|2]*m) — n|z]] dz V¢ > 0.
Q Q Q

Using the Gauss formula (13.7.3) together with the fact that 2 = 0 on I'g, we
obtain

2Re /z’(m-V?)dx = / (m~1/)|z'|2do—n/ |2|% da Vt>0. (7.6.17)
Q I Q
By combining (7.6.11) with (7.6.15)—(7.6.17) we obtain

p) <= Valt) + [ (mv) (18 = |V2P) do
I
— (n—1)Re / b’2Zdo — 2Re / b?:(m - VZ)do Vt>0.
Fl l—‘1
It follows that
p0) <~ Voft) + D [ 2o — [ (o) 9ePdo
bO Ty I
—(n—1)Re / b2zzdo——2Re/ Vi(m-VZ)de Vit=0, (7.6.18)

Fl l—‘1

where by = inf,er, bp > 0. Let 8 > 0 be such that

[ irae < [19rPas v rend @
Ty Q

It is easy to see that

1
-1 [ 12:2do gi/ b [(n— 12817 + 522 de
Fl l—‘1
1 1
< 5(n—1)2ﬂ b2|z’|2dx+§VO(t) Vit>0.
I

Moreover, denoting 6 = inf,er, /m - v > 0, we have

2 / b?2(m - VZ)do| < / [b] - |2] - [|bm|| oo (ry) V2| do
Fl l—‘1
1om17 e () 20:12 1 2
\Tl Flb|z| da+§A1(m-V)|Vz| do Vit>0.

Using the last two formulas with (7.6.18) it follows that for every ¢ > 0, we have

Vo(t)+1 2[|m|l Lo (ry)
2 32 0

1bml|7 o 1y

+ (n - 1)2ﬂ + 52

plt) < — ] : b2z do.

(7.6.19)
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Since, according to (7.6.8), for every £ > 0 we have V. = V| + £p, we can combine
(7.6.10) and (7.6.19) to obtain

Velt) < = 5Vo(t)

1 2 o bm 2 o
S T I L T PiPdo V>0,
2 bo d Iy

It follows that there exists 1 > 0, depending only on b and on 2, such that
%u%g—%%@) Vee (0,e1), t>0. (7.6.20)
Let 5 = min {%07 S I, where g is the constant in Lemma 7.6.2. It is clear that

€2 > 0 depends only on b and on €. By combining Lemma 7.6.2 and (7.6.20) it
follows that

vaﬂs—%mﬁ> Vo0,
which implies that
Vo, (t) < e 5V, (0) Vi>0.

Using again Lemma 7.6.2 it follows that (7.6.6) holds with M =3 andw = 2. [0

Corollary 7.6.4. With the above notation and with the assumption in Theorem
7.6.1, the semigroup T is exponentially stable.

Proof. We have seen in Section 3.9 that the strong solutions of (7.6.4) satisfy

—
- W
—~

~

0
.
-

H =0 [Zﬂ Vi>0. (7.6.21)

Therefore, the conclusion of Theorem 7.6.1 can be rewritten as

"H‘t [20} ‘ < Me™! {ZO} v [20} € D(A), t>0.

wo wWo wo
Using the density of D(A) in X, it follows that the above estimate holds for every
[e0] € X, so that T is an exponentially stable semigroup. O

Below, as usual, X stands for D(A) endowed with the graph norm.
Corollary 7.6.5. With the assumptions in Theorem 7.6.1, let C € L(X1, L*(T'1))
be defined by

f 99

C =b=

[g v

Then C' is admissible for T and (A, C) is exactly observable.

v m € D(A).

I
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Proof. Integrating (7.6.5) with respect to time, it follows that for every 7 > 0,

IV 20l Ez20pn + lwoll 220y — (||VZ('aT)||2L2(Q)]" + ||2('aT)||%2(Q)>

—2//b2 |2dodt—2/
I

Because of (7.6.21), this implies that C' is an admissible observation operator for T.
On the other hand, Theorem 7.6.1 implies that for 7 > 0 large enough we
have

z(-,t)

[%W} H2 dt. (7.6.22)

IV 202y + lwollZagay = (I92C, D)z + 13C, DIy
1
> 5 (IVz0lEz(ap + lwollegey ) -
Combining the above estimate with (7.6.22) it follows that
/

which means, according to (7.6.21), that the pair (A, C) is exactly observable. [

20

[ ae > 3 (Il + kb)) ¥ 22| € D)

7.7 Remarks and bibliographical notes on Chapter 7

General remarks. An important idea which we aimed to explain in Chapter 7 is
that the splitting of a system governed by PDEs into low- and high- frequency parts
is an important step in understanding the observability properties of the system.
The high-frequency part can be tackled by various methods (we used multiplier or
perturbation techniques in our presentation) whereas low frequencies are tackled
by using the finite-dimensional Hautus test combined with unique continuation for
elliptic operators. The two parts are finally put together by using the simultaneous
observability result in Theorem 6.4.2 and its consequences.

The multiplier method is a tool coming from the study of the wave equation
in exterior domains and in particular from scattering problems (see Morawetz [172]
and Strauss [212]). The use of multiplier methods for the exact observability of
systems governed by wave equations or Euler-Bernoulli plate equations became
very popular after the publication of the book by Lions in [156]. Since then, re-
search in this area has flourished. The main advantage of the multiplier method
is that it is very simple, being essentially based on integration by parts. This was
the main motivation for choosing it in Chapter 7. Among the disadvantages of this
method we mention that it cannot (in general) tackle lower-order terms or variable
coefficients. This difficulty can be overcome in some cases (like in Section 7.3) by
using the decomposition into low and high frequencies. A systematic method of
tackling lower-order terms is provided by Carleman estimates, which can be seen as
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a sophisticated version of the multiplier method, the multiplier being constructed
from an appropriate weight function. The calculations in this method can be very
complex (see, for instance, Li and Zhang [153] and the references therein).

The important work of Bardos, Lebeau and Rauch [15] (see also Burq and
Gérard [25]) brought in methods coming from micro-local analysis which gave
sharp results for the minimal time required for exact observability and the choice
of the observation region. Moreover, these methods are successful in tackling lower
order terms. In their initial form, the micro-local analytic methods required a
C* boundary. This restriction has been relaxed in Burq [24]. A presentation of
the methods introduced in [15] requires a solid background in pseudo-differential
calculus and some basis in symplectic geometry, so that it lies outside the scope
of this book.

A subject which is missing in our presentation is the approximate observabil-
ity of systems governed by the wave equation. It turns out that, for the Neumann
boundary observation, this property holds for any open subset I' of 9. In the
case of analytical coefficients, this follows from Holmgren’s uniqueness theorem
(see, for instance, John [125, Section 3.5] or Lions [156, Section 1.8]). In the case
of a wave equation with time-independent L°° coefficients in some of the lower
terms, the corresponding results (much harder) have been obtained, with succes-
sive improvements of the observability time, in Robbiano [190], Hérmander [102]
and Tataru [215].

Another issue of interest which has not been tackled in this work is the study
of the relation between the observability of systems governed by the wave equation
and the observability of finite-dimensional systems obtained by discretizing the sys-
tem with respect to the space variable. More precisely, the observability constants
of the finite-dimensional systems obtained by applying finite differences or finite
elements schemes to a wave equation may blow up when the discretization step
tends to zero, as it has been remarked in Infante and Zuazua [107]. This difficulty
can be tackled, for instance, by filtering the spurious high frequencies. We refer the
reader to Zuazua [245] and the references therein for more details on this question.

Section 7.1. The result in Theorem 7.1.3 has been called “hidden regularity prop-
erty” by Lions and his coworkers. This terminology was motivated by the fact that
(7.1.8) can be used to give a sense, by density, to the normal derivative on 99 of
the solution 7 of (7.1.2)—(7.1.4), for initial data f € H{(Q), g € L?(Q2). Note that,
in this case, the trace of % on 02 makes no sense by the usual trace theorem
since, at given ¢ > 0, the regularity of the map = — n(z,t) is, in general, only
H§(). Our proof of Theorem 7.1.3 is essentially the same as in Lasiecka, Lions
and Triggiani [143] (see also Lions [156, p. 44] and Komornik [130, p. 20]).

Section 7.2. The main result in Theorem 7.2.4 has been first proved (with a less
accurate estimate of the observability time) by Ho in [99]. Our proof follows [130,
Chapter 3] and it yields the same observability time as in [130]. Note that the
proof of Theorem 7.2.4 is quite elementary (only integration by parts).
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As mentioned in Remark 7.2.5, the condition that I' O I'(zg) in Theorem
7.2.4 is not necessary for the exact observability of the wave equation with Neu-
mann boundary observation. More general sufficient conditions have been given by
versions of the multiplier method like the rotated multipliers from Osses [179] or
the piecewise multipliers from Liu [160]. The most general known sufficient condi-
tion for exact observability in time 7 has been given in [15]. This condition means,
roughly speaking, that any light ray travelling in Q at unit speed and reflected
according to geometric optics laws when it hits 92 in a point not belonging to T,
will eventually hit I' in time < 7 (see [15] or [169] for more details on this condi-
tion). This condition is “almost” necessary in a sense made precise in [15] and we
shall refer to it as the geometric optics condition of Bardos, Lebeau and Rauch.

Note that the minimum time for exact observability in Theorem 7.2.4 is,
in general, far from being sharp (see [130, Remark 3.6] for the description of a
situation in which 2r(z¢) is the optimal lower bound for the exact observability
time).

Section 7.3. By using an approach based on Carleman estimates (for hyperbolic
operators) as in Fursikov and Imanuvilov [69] or on microlocal analysis as in
[15], it is possible to tackle directly the perturbed wave equation with Neumann
boundary observation. Our aim in establishing Theorem 7.3.2 was to show that
by a perturbation method the problem is reduced to the constant coefficients case
from Theorem 7.2.4 without increasing the observability time. Note that Komornik
in [128] has proved, by a multiplier based approach, the result in Theorem 7.3.2
in the particular case of I' satisfying the assumptions in Theorem 7.2.4.

Section 7.4. The study of locally distributed observation for the wave equation
seems to have been initiated by Lagnese in [136], who considered particular ge-
ometries (like one-dimensional or spherical). For a general n-dimensional bounded
domain, Zuazua has shown in Chapter VII of [156] that the wave equation with
distributed control in an e-neighborhood of an appropriate part of the boundary is
exactly observable. Our Theorem 7.4.1 improves the estimates on the observability
time from [156]. Our proof of Theorem 7.4.1 combines methods from [156], Liu
[160] and the decomposition of the system into low- and high-frequency parts. We
mention that alternative ways of obtaining Theorem 7.4.1 are microlocal analysis
or Carleman estimates. Our proof of Proposition 7.4.5 follows essentially Haraux
[93]. For more general results which yield exponential stability from observability
estimates we refer the reader to Tucsnak and Weiss [223] and to Ammari and
Tucsnak [7].

Section 7.5. The first result on the exact boundary observability in arbitrarily small
time for the Euler—-Bernoulli plate equation has been obtained, by using multipliers
and a compactness-uniqueness argument, by Zuazua in Appendix 1 of [156], who
assumed that the observed part of the boundary satisfies the assumptions in The-
orem 7.2.4. A different method for exact observability in arbitrarily small time has
been applied for the Euler—Bernoulli plate equation with clamped or hinged bound-
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ary conditions in Komornik [130]. The microlocal approach to the Schrédinger and
Euler-Bernoulli equations is due to Lebeau [150], who showed that we have exact
boundary observability in arbitrarily small time for these equations provided that
the observed part of the boundary satisfies the geometric optics condition of Bar-
dos, Lebeau and Rauch (see the comments on Section 7.2). The approach based
on microlocal analysis, without explicit reference to the wave equation, has been
further developed in Burq and Zworski [27].

The fact that, with appropriate boundary conditions, an exact boundary ob-
servability result for the wave equation implies, with no need of repeating multipli-
ers or microlocal analysis arguments, observability inequalities for the Schrodinger
and plate equations has been remarked in Miller [170]. We were able to give very
short proofs for Propositions 7.5.1 and 7.5.3 thanks to the use of the abstract
results from Theorems 6.7.2 and 6.7.5. Note that the geometric optics condition is
not necessary for the exact observability of the Schrodinger and plate equations,
as it has been first remarked in Krabs, Leugering and Seidman [134] and then in
Haraux [92]. Detailed results in this direction are given in Section 8.5.

If we consider the Euler—Bernoulli plate equations which correspond to
clamped or free parts of the boundary, then the corresponding fourth-order differ-
ential operator is no longer the square of the Dirichlet Laplacian, so that the exact
observability cannot be reduced to a problem for the wave equation. We refer the
reader to Lasiecka and Triggiani [148], [147] for some results concerning this case.

Section 7.6. The study of the exponential stability of this damped wave equation
has been initiated in Quinn and Russell [185]. Other early papers devoted to the
same subject are Chen [30, 31, 32, 33] and Lagnese [137]. Our presentation follows
closely Komornik and Zuazua [132]. An interesting feature of the method in [132]
is that it allows, with b2 = m - v and for n < 3, to avoid the second condition
in (7.6.2) (which excludes simply connected domains). The fact that the second
condition in (7.6.2) is not necessary for n > 3 (still with b¥*> = m - v) has been
shown in Bey, Lohéac and Moussaoui [19]. The fact that condition (7.6.1) can be
relaxed to
'y D {z€d| m(x)- v(z) >0},

has been shown in Lasiecka and Triggiani [149]. Finally, let us mention that the
exponential decay property has been established in Bardos, Lebeau and Rauch
[15] assuming that 9 is of class C'*°, that the second condition in (7.6.2) holds
and that I'y satisfies the geometric optics condition.



Chapter 8

Non-harmonic Fourier Series
and Exact Observability

In this chapter we show how classical results on non-harmonic Fourier series im-
ply exact observability for some systems governed by PDEs. The method of non-
harmonic Fourier series for exact observability of PDEs is essentially limited to one
space dimension or to rectangular domains in R, since it uses that the eigenfunc-
tions of the operator can be expressed (or approximated) by complex exponentials.
We shall see that, in some of the above-mentioned cases, this method yields sharp
estimates on the observability time and on the observation region.

Notation. In this chapter we denote by |z| both the absolute value of a complex
number z and the Euclidean norm of a vector z € R™ (where n € N). The inner
product of z, w € C™ is denoted by z - w. In this chapter we found it more
convenient to use a definition for the Fourier transformation that differs by a
constant factor from that in Section 12.4. More precisely, for n € N and f €
L'(R™), the Fourier transform of f, denoted by f or Ff, is defined by

f(f)Z/neXp(—ixf)f(x)dx VEER”.

8.1 A theorem of Ingham

In this section we prove Ingham’s theorem (shown below), widely used in the
literature, in order to establish the exact observability of systems governed by
PDEs. We also derive a consequence for systems with skew-adjoint generators.

Theorem 8.1.1. Let Z C Z, let (A\p)mez be a real sequence satisfying

ml,rll.£1|)\m - =7>0 (8.1.1)

m#l
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and let J C R be a bounded interval. Then, for every sequence (am) € I*(Z,C)
the series Y., .z ame™! converges in L*(J) to a function f and there ezists a
constant ¢1 > 0, depending only on v and on the length of J, such that

/ FOP A< e Y Jam]* (8.1.2)

meZ

Moreover, if the length of J is larger than 25, then there exists co > 0, depending
only on v and on the length of J, such that

e Y Jamf? < /|f J2dt. (8.1.3)

meZL

The main ingredient of the proof of Theorem 8.1.1 is the following result.

Lemma 8.1.2. Let ({1 )mez be a sequence satisfying

. f |t — | = 70 > 1. (8.1.4)
m;él

Let k : R — R be the function defined by

~f cos (% if <,
k(t) = { 0 (2) if  t >

Then the inequality
2
Z am el/‘mt

(1) St < [ Tro0| 2

( ) > faml? (8.1.5)

meZ

holds for every sequence (am)mez with a finite number of non-vanishing terms.

Proof. Clearly we have that k € L'(R) and
+oo
/ EOIFOP A= > amark(m — ). (8.1.6)
> m,leT
It is easy to check that the Fourier transform of k is given by

~ . 4cos(m¢)
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so that for every m € Z we have

~ 4 8 1

E(pm — ) < ———5—— < —3 —
; ; 43(m—1)2—-1 = 3 = 4r2 — 1
I#m l#m

e .
_vgr:l 2r—1 2r+1) 2 @

2 2
The above inequality and the fact that |am,a7] < W for every m, l € T
imply that

> Gk (i — 1)

m,lEL
m#l
1 ~ ~
< | 20 laml® D2 klm = w0l + D laal® Y [k — )|
meZ l#m leT m#l
~ %(0)
= Z |am|2 Z k(pm — )| < —5~ Z |am|2~
meT I#m N ez

By combining the above estimate and (8.1.6), we obtain the conclusion (8.1.5). O
We are now in a position to prove the main result in this section.

Proof of Theorem 8.1.1. Suppose that the sequence (a,)mez has a finite number
of non-vanishing terms. Let o > % Then the sequence (pm )mez, defined by p,, =
aApy, for every m € 7, satisfies (8.1.4) with vy = ay. By using (8.1.5) combined
with the fact that
T
vie [-2.7],
2

2

e

k(t) >

it follows that
2

1
dt < 4(1+—2> § lam|?.
Y

meZ

2 J_z
2

The above estimate, combined with the fact that

ud
2 .
§ U,mBZMmt
i

2 |meZl

E amezﬂmt

meZ

2
dt,

am
2

’ 1
dt:—/
Q) _an
2

2 amez)\mt

meL

yields that
2

1 2
dt S 40&\/5(1—5—0[2—72) Z |am| .

meZL

am
2

/;M
p)

2 amez)\mt

meZL
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By using a simple change of variables (a translation) it follows that

/ > ame?r 4a\f(1+ > 2>Z|am|2

meZL
for every interval of length an. Since every bounded interval J C R can be covered
by a finite number of intervals of length ar, it follows that there exists a positive
constant ¢q, depending only on v and on the length of J, such that

/ Zame téclz|am|2.

meZ meT
This implies that for every bounded interval J and every I2 sequence (@, )mez,
the series Y, .7 ame™’ converges in L?(J) to a function f and there exists a
constant ¢;, depending only on v and on the length of J, such that f satisfies
(8.1.2).
We still have to prove (8.1.3). By using (8.1.5) we obtain that for every
sequence (am)mez with a finite number of non-vanishing terms and for every

a > %, we have
2
™
:a/
T |mezT

T
/ Za pidmt
m
AT lmez
2
Z amePmt] dt > 4a< ) Z |am|2
meT

meL

2

2

By using a simple change of variables (again a translation) we obtain that
2

1
/ Z ame?mtl > da (1 - a2—72> Z | |? (8.1.7)
meZl

meZl
for every interval J C R of length 2amr (which can be any real number strictly
larger than —) We have already seen that, for every (? sequence (a,,) and every
bounded interval J C R, the series Y 7 amet converges to f in L?(J). This
fact, combined with (8.1.7), implies that (8.1.3) holds for every interval J of finite
length |J| > 27’77 with

2(v2|J|? — 4n?
oy = 2P —ar) .
™2 |J|
One of the consequences of Ingham’s theorem is the following result on sys-
tems with a skew-adjoint generator and scalar output.

Proposition 8.1.3. Let A : D(A) — X be a skew-adjoint operator generating
the unitary group T. Assume that A is diagonalizable with an orthonormal ba-
51S (Om )mez in X formed of eigenvectors and denote by i\, € iR the eigenvalue
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corresponding to ¢p,. Assume that the eigenvalues of A are simple and that there
exists a bounded set J C iR such that

—pul=~>0. 8.1.8
MEQA)\J pl = (8.1.8)

Moreover, let C € L(X1,C) be an observation operator for the semigroup generated
by A such that

1nf |Cdm| >0 and sup [Codp| < . (8.1.9)
meZ

Then C' is an admissible observation operator for T and the pair (A, C) is exactly
observable in any time T > 27“

Proof. Note first that for every z € X; we have

CTiz = Y (2, ¢m)Come*! Vit > 0. (8.1.10)
meZ
On the other hand, the fact that the eigenvalues of A are simple, combined with
(8.1.8), implies that

A—
A1n(A)| ul > 0.
#1

The above property, combined with (8.1.10) and with the fact that sup,,c7|Con| <
00, implies, by using Theorem 8.1.1, that for every 7 > 0 there exists a constant
K., > 0 such that

/ ICT,22dt < K2||2|)? Ve X
0

We have thus shown that C' is an admissible observation operator for T. Denote
V = span{¢y | A € J}+.
For every z € X1 NV we have
CTyz = > (z,¢m)Come* Vi>0.
meZ
A’V?'L g"]

From the above formula and (8.1.8) it follows, by using Theorem 8.1.1, that for
every 7 > 27” there exists k; > 0 such that

/ CT,22dt > k22|72 Ve XinV. (8.1.11)
0

If we denote by Ay the part of Ain V and by Cy the restriction of C' to D(Ay ), the
last formula says that the pair (Ay, Cy) is exactly observable in any time 7 > 27”
Since C¢ # 0 for every eigenvector ¢ of A, we obtain (by applying Proposition
6.4.4) that the pair (A4, C) is exactly observable in any time 7 > 27“ O
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8.2 Variable coefficients PDEs in one space dimension
with boundary observation

Notation and preliminaries. Throughout this section, J denotes the interval (0, 1)
and a,b : J — R are two functions such that a € C?(J), b € L>°(J) and a is
bounded from below (i.e., there exists m > 0 such that a(x) > m > 0 for all
x € J). We denote by H the space L?(J) and D(Ag) = H; is the Sobolev space
H2(J) N H(J). The operator Ag : D(Ag) — H is defined by

D(Ag) = HA(J) NHY(J), Aof = ——( df>+bf Y f € D(Ay).

d dx

(8.2.1)
Recall from Proposition 3.5.2 that Ag is self-adjoint, diagonalizable and that its
simple eigenvalues can be ordered to form a strictly increasing sequence (Ag)g>1-
We have also seen in Proposition 3.5.2 that there exists an orthonormal basis
(¢r)k>1 of H formed by eigenvectors of Ay and that if b is non-negative, then Ay
is strictly positive and Hy = = H}(J). In the case of a non-negative b we define
X=H 1 X H, which is a Hilbert space with the inner product

<[f1} 7 [fﬂ >X = (A2 f1, A f2) + (91, 95),

g1 g2
we set X7 = Hy X H% and we define the linear operator A : X; — X by

A= [_?40 é} ie., Am = [—Zof:|' (8.2.2)

Recall from Proposition 3.7.6 that A is skew-adjoint on X so that it generates a
unitary group T on X. Define Cy € £L(H;,C) and C € L(X,C) by
dz
Ciz = E(O)’ C=[C1 0] VzeH,. (8.2.3)
In this section we give some observability results for systems governed by
the string or by the Schrédinger equation with variable coefficients. The basic
tools for proving our results will be Ingham’s theorem (with its consequences from
Proposition 8.1.3) and the results on Sturm-Liouville operators from Section 3.5.
The following property of the eigenvalues and eigenvectors of Ay plays an
important role in the remaining part of this section.

Lemma 8.2.1. Assume that b is non-negative. Then

1 |den
2.4
sup |42 <o>\ < o0, (8.2.4)
1 depy,
inf don . 9.
in | dr (0)‘ >0 (8.2.5)
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Proof. We first note that, since the eigenvalues of Ay are real and the coefficients
a and b are real-valued functions, we have that the functions (¢p),>1 are real
valued. Moreover, the fact that b is non-negative implies that Ay > 0 so that
An > 0 for all n € N, hence the expression on the left-hand side of (8.2.5) is well
defined. At this point it is convenient to use the change of variables introduced in
Section 3.5. More precisely, we set

Vode
0 Va(x)’

and we consider again the one-to-one function g from J onto [0,!] defined by

I = (8.2.6)

o .
o(z) = /O e Ve, (8.2.7)

and its inverse h which maps [0,!] onto J. We know from Lemma 3.5.4 that the
function 1,,, defined by

Un(s) = [alh(s)]F oalh(s)) Vs el0,], (8.2.8)
is in H2(0,1) N H§(0,1) and it satisfies
_dd;/’; (5) = (A — 7))t (s) Vs elo,], (8.2.9)

where the function » € L*°(0,1) has been defined in (3.5.4). Moreover, it is easy
to check, by using (8.2.7) and (8.2.8), that

l
/ Yi(s)ds =1 VneN. (8.2.10)
0

Taking next the inner product in L2[0, 1] of both sides of (8.2.9) by 1, and using
(8.2.10) we obtain that

1
sup ——
neN >\n

dipy,
ds

< 0. (8.2.11)
£2[0,]]

Now we take the inner product in L?[0,1] of both sides of (8.2.9) by (s — l)%.
For the left-hand side, we get

2

! Ay, , | diby, I d |dvy,
/O(s—z) o (5) T s = 5/0 (s—l)g‘g(s) ds (8.2.12)
| 1Y d,, P
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For the right-hand side, we get

l
5= 0 Don(s) = r(s)uns)) g ds
0

l l
:%”/< D5 = [ (=) G (ne)ds

/zzﬂ ds—/(s—w () S22 ()i (3)4ls

By combining the above relation and (8.2.13) it follows that
! 2(
™ / ol

dwn dwn

+—/ s—Dr ‘W”( Y (s) ds

The above equality, together with (8.2.10), (8.2.11) and the fact that lim,, . Ay, =
00, implies (8.2.4).
The same ingredients yield that

dyn
15 ()

> 1.

Ap —00

Using next the fact (easy to check) that %(0) # 0 for every n € N, it follows
that

1 |dy,
f — . .2.14
s O | >0 (8.2.14)
On the other hand, from (8.2.7) and (8.2.8) it follows that
dwn _ 3 d@n
22(0) = [o(0)) S22(0).
The above relation and (8.2.14) imply the conclusion (8.2.5). O

Proposition 8.2.2. Assume that b is non-negative. Then the operator C defined in
(8.2.3) is admissible for T. Moreover, the pair (A, C) is exactly observable in any
time T > 21, where | has been defined in (8.2.6).

Proof. The proof is essentially based on Proposition 8.1.3 and on the above es-
timates on the spectral elements of Ag. More precisely, denote pup = /A, with
k € N, and consider the family (¢x)rez~ defined by

1
¢k:7[zuk@k:| Vkezr,



8.2. Variable coefficients equations in one space dimension 269

where, for all k£ € N, we define ¢_;, = —p, and p_r = —pg. According to Propo-
sition 3.7.7, the eigenvalues of A are (iuy)rez+ and they correspond to the or-
thonormal basis of eigenvectors (¢ )rez+. This fact, combined with Proposition
3.5.5, implies that assumption (8.1.8) in Proposition 8.1.3 holds with v = 7.

On the other hand, Lemma 8.2.1 implies that assumption (8.1.9) in Propo-
sition 8.1.3 is also satisfied. Moreover, it is easy to check that C¢ # 0 for all
k € Z*, so that we can apply Proposition 8.1.3 to get the desired conclusion. 0

Remark 8.2.3. In terms of PDEs, the above proposition can be restated as follows:
For every 7 > 2[ there exists k. > 0 such that the solution w of

2
T wy= 2 (amg—jm) Cb@w(at), zed, t30,
w(0,t) =0, w(mt)=0, t €10, 00),
w(e,0) = f(x), 2 (2,0) = g(x), ved,
satisfies
| Ow
|50, t)\ at > 82 (1B +lola) v |1] e,

Moreover, according to Remark 6.1.3, the above estimate is equivalent to

|

Corollary 8.2.4. The observation operator Cy is admissible for the group generated
by iAg in H%. Moreover, the pair (iAo, C1) is exactly observable (with state space

62 2 2 2 f 2
P00 @z (15 +loliyn) ¥ 1] epe

H%) in any time T > 0.

Proof. 1t is easy to check, by a simple change of variables, that it suffices to
consider the case of a non-negative b. In this case the result follows by simply
combining Proposition 8.2.2 and Theorem 6.7.2. g

Remark 8.2.5. In terms of PDEs, the above proposition can be restated as follows:
For every 7 > there exists k; > 0 such that the solution w of

12 (2t = 3((@%g%o>—mmm%o,xeit>a

ot ox
w(0,t) =0, w(l,t)=0, t € [0, 00),
w(z,0) = f(z), reJ,
satisfies
7| ow
i a(Ot) dt = k2| f13 ) vV feH.
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8.3 Domains associated with a sequence

In this section we introduce the concept of domain associated with a sequence and

we give some conditions, either necessary or sufficient, for an open bounded set

D C R" to be a domain associated with the sequence A = (A,,). These results will

be used in Section 8.4 in order to obtain new estimates on non-harmonic Fourier

series in several space dimensions.

Let n € Nand Z C Z. We say that a sequence A = (A, )mez in R™ is regular if

m1,111£1|)\m - M| =7v>0. (8.3.1)
m#l

In the remaining part of this section we denote by A a regular sequence in

R", D CR™ is a bounded open set and L3(D) is the closure in L?*(D) of

span {em @ |m € T}.

Definition 8.3.1. We call an open subset D C R" a domain associated with the
reqular sequence A if there exist constants d1(D), d2(D) > 0 such that, for every
sequence of complex numbers (@, )mez with a finite number of non-vanishing
terms, we have

< 61(D) Y |am[*dz. (8.3.2)
meZ

With the above definition, Theorem 8.1.1 can be rephrased as follows: If A is

a real sequence satisfying (8.1.1), then every interval of length strictly larger than

27“ is a domain associated with A.

Remark 8.3.2. By using Proposition 2.5.3 we see that the open bounded set D C
R™ is a domain associated with the regular sequence A iff the family (e“‘k“)

is a Riesz basis in L (D).

kel

In order to give conditions ensuring that a domain is associated with a regular
sequence A, we need some notation and a technical lemma. For every @ > 0 we
denote by D, with a > 0, the hypercube D, = [—a, a]™.

Lemma 8.3.3. Let n € N, r > 0, let x, be the characteristic function on the
interval [—r,r] and let h, = ﬁxr * Xr. Moreover, let K, € L(R™) be defined by

K. (x) =11 1 he(xm) and let K, be the Fourier transform of K,. Then

K,(0) = (zl—r)n 7 (8.3.3)

Ki(z) =0 ifx & Dy, (8.3.4)
K(0) =1, (8.3.5)

= _ b . sin2(r§m) N
K6 = -, 11 —a VEeR™\ {0}, (8.3.6)

m=1
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Proof. By using the definition of h, and some basic properties of the convolution,
it follows that h,(0) = 5= and h,(x) = 0 if |z| > 2r. These facts and the definition
of K, clearly imply (8.3.3) and (8.3.4).
On the other hand, the Fourier transform of h,. is clearly given by
sin?(r¢)

7e(0) =1 and Ay (€) = e VEA£0.

These facts and the formula

K(€) = T or6m)

clearly imply (8.3.5) and (8.3.6). O
Remark 8.3.4. From (8.3.4) it easily follows that

K,.(x) = 0if |z| > 2rvn. (8.3.7)
Proposition 8.3.5. Let (fm)mez be a sequence of vectors in R™ satisfying

i — > . ..
ok i | = vn (8.3.8)

m#l

Then there exists 3 > 0 such that the ball centered at the origin and of radius (3
is a domain associated with ().

Proof. Let (am)mez be an I? sequence having a finite number of non-vanishing

terms and set ,
fz) = Z amer .
meZ

Let (K, )r>0 be the functions introduced in Lemma 8.3.3. For every r > 0 we have

[ E@I@Pd = 3 o+ 3 anmRon =) (839)

meZ m,lET
m#l

The last term on the right-hand side of the above relation satisfies

Z amaf_ll?r(,um - ,Ul)
m,lel
m#l

<

S a3 1B — )|+ 3 Nl S Bt — )]

meTL l#m leT m#l

=D laml* D 1K (s — ). (8.3.10)

|
meZ l#m

N =
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From (8.3.8) it follows that for every p € Z. the number of terms of the sequence
(m) in Dpyq \ Dy is bounded by c;p™~!, where ¢; is a universal constant, and
that ur — p € D1 if k # I. From these facts and the estimate (following from

(8.3.6))
— 1

K.(§) < V&€ Dpi1\ Dy,

712np2n

it follows that for every fixed m € Z we have

Z |IA(,,(,u,m — )| = Z Z |IA{7’(,U'm sl

l#m p=1 Nm*l»’fleDPJrl\DP
o0 oo
T 1
Sa Z 712np2n = ,,1271 Z L

p=1

It follows that

lim > K (e — )| = 0,
l#m

so that, by using (8.3.10), it follows that for ry large enough we have

_ 1
> am@ Ky, (pm — )| < 3 > laml*. (8.3.11)

m,leT meZ
m#l
Using (8.3.9) and (8.3.11) we obtain
32l < [ Ko@)
mEI

The above estimate, combined with (8.3.3), (8.3.4) and with the fact, easy to
check, that K, (z) is maximum for = 0, implies that

/D |f(2)*dx > 2n+1r > laml*. (8.3.12)

270 meZT

Moreover, it is easy to check that K,,(z) > (%)n for x € Dy, so that (8.3.9) and

(8.3.11) yield that
3r
/D F@Pdr < 285 a2,

0 meZ

By a change of variables, we see that the last inequality still holds if we replace
D, by any domain obtained from D,,, by a translation. Since Ds,, can be covered
by three such hypercubes, it follows that

24 97"0 2
/D F@)Pd S Jaml?.

270 meZ
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The above estimate and (8.3.12) imply that Ds,, is a domain associated with the

sequence (). It follows that if § > "T%, then the ball centered at the origin
and of radius f is a domain associated with the sequence (). O

Corollary 8.3.6. Let A = (\,)mez be a sequence satisfying (8.3.1). Then there

exists an « > 0 such that every ball in R™ of radius % is a domain associated

with A.

Proof. Let (ttm)mez be the sequence defined by
m = —Am VmelT.
The sequence (u,,) satisfies (8.3.8) so that, by Proposition 8.3.5, there exist con-

stants 3, d1, d2 > 0 such that for every (am,)mez with a finite number of non-
vanishing terms we have

523 Janl < [
meZ

meT lz]<B
2 "
dr = (—) /
/w<ﬁ Vn |z <2

it follows that every ball in R™ of radius ﬁ,yﬂ is a domain associated with A. O

2
dz < 01 Z lam|?.
meZ

g ameWm T

Since

2
§ amel)\m-x

meZL

E ametn

meZL

dz,

Proposition 8.3.7. Given an open bounded set D, a regular sequence A in R™ and
a sequence (a;) € I1*(Z,C), the series Y., .7 ame™® converges in L*(D). Let
Fy : 12 — L2%(D) be the linear map associating with a sequence (am)mez the
function f defined by

f(z) = Z amerm T VxeR". (8.3.13)
meZL
Then Fx € L(I?,L*(D)), ||Fallzq2,2(py) depends only on ~ and on D, and the
adjoint of Fy is given by
FR(p) = (@(Am))mer Ve LY(D), (8.3.14)
the Fourier transform @ being computed after the extension of ¢ by zero outside D.

Proof. By compactness, clos D can be covered by a finite number of balls of radius
«, where « is the constant from Corollary 8.3.6. It follows that there exists a
constant o, depending only on v and on D, such that

/ § amez)\m-x
D

meZL

2
dz <62 Z | |

meZL
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for every sequence (@, )mez having a finite number of non-vanishing terms. From
the above relation it follows that the series Y-, 7 ame™ ™ converges in L?(D) to
some function f and that

[ 5@ <5
D meZL

so that F) is well defined. Moreover, F) is bounded and its norm depends only
on v and on D.

Let ¢ € L?(D) and also denote by ¢ its extension to R™ obtained by setting
¢ = 0 outside D. Then

(Faa, @) r2(py = Z am/ eAmTo(z) da
D

meT
= Z am/ e~mrp(r)dr = Z am®@(Am),
meTl D meTl
which implies (8.3.14). O

Proposition 8.3.8. The open set D is a domain associated with A if and only if for
every 12 sequence (by)kez there exists a function G € L?(R™) such that supp G C D
and G(A\m) = by, for every m € T.

Proof. Assume that D is a domain associated with A and let (¢x)rez be a Riesz
basis in L2 (D) which is biorthogonal to (e****).cr (see Definition 2.5.1 and the
comments following it). According to Proposition 2.5.3, the series ), -, bp¢r con-

verges in L3 (D). Denote
G=> buox,

keT

and extend G by zero outside D. Then G € L*(R™) N L*(R™) and for every k € T
we have

Gm) = > by / dr()e P dg,
kez R
By using the fact that (¢y,)zez is biorthogonal to (€™ ®).cz, we get that G(Am) =
by, for every m € 7 so that we have shown one of the claimed implications.
Conversely, assume that for every sequence (bg)rez there exists a function
G € L(R") such that supp G C D and G(\,) = by, for every m € Z. This means
that the map F} € L(L3(D),!?), which is the adjoint of the operator Fj from

Proposition 8.3.7, is onto. This implies, according to Propositions 12.1.3 and 2.8.1,
that Fj is bounded from below; i.e., (8.3.2) holds for some ¢; > 0. O

Proposition 8.3.9. Assume that (Gy,)mez is a sequence in L*(R™) such that

e supp G, C D for every m € T,

e There exists M > 0 such that Hé—; < M for everym € Z,

[P
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o for every l, m € T we have é\l()\m) = dim (the Kronecker symbol).
Then any open set D' such that clos D C D’ is a domain associated with A.

Proof. First we choose ¢ € (0,7/2) small enough in order to have clos D +
B(0,2¢) ¢ D' (here B(0,7) denotes the open ball of radius r with center 0).
Let (K,)r>o be the functions introduced in Lemma 8.3.3. For m € Z we define
pm(z) = e~ TK_(x) so that supp p,, C B(0,2¢) for every m € .

Let (b, )mez be a sequence containing only a finite number of non-vanishing
terms and define

G = bnGm*pm.

meZL
We clearly have that supp G C D’ and
= Y G (OK(E— Am) VEeR, (8.3.15)
meZ
so that N
G()\l) =b Viel. (8.3.16)
On the other hand, by using Parseval’s theorem and (8.3.15),
2
M? —
|G(z)>dz < n/ > bl Ko(€ = Am) | dE. (8.3.17)
D’ @2m)" Jgn meT
By using again Parseval’s theorem and the fact that K. is even, we obtain that
2
/ > b Ko(€ - /\) d¢ = / ZK ()b e | da
meZL "
(2m)" / K2(x Z |bm e~ m | da

meZ

Z |bm|el)\m T

meZ

dx.

<

The above relation, combined with (8.3.17) and with Proposition 8.3.7, yields that
there exists a constant M, independent of the finite sequence (by), such that

/ Gz)Pdz < M2 [b]? (8.3.18)

meZL

Thus, there exists M > 0 such that for every finite sequence (b, )mez there exists
a function G € L?(D’) satisfying (8.3.16) and (8.3.18). An easy approximation
argument yields that for every (by) € I2(Z) there exists a function G € L?(D’)
satisfying (8.3.16). The conclusion follows now from Proposition 8.3.8. U
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8.4 The results of Kahane and Beurling

In this section we give some extensions of Theorem 8.1.1 (Ingham’s theorem)
which have been obtained by Kahane and by Beurling. The results obtained in
this section will be used in Section 8.5 to derive exact observability results for the
Schrodinger and the Euler-Bernoulli equations in a rectangular domain. First we
need some more results on domains associated with a regular sequence.

Proposition 8.4.1. Let D be a domain associated with the sequence A = (M) mez,
let p € R™ be such that

inf |u—Apn| =d>0.

meZ

Let D' C R™ be an open bounded set such that D C D’. Then the function x +— e**®
does not belong to L3 (D’) and the distance in L?(D') from this function to L3 (D")
is larger than a constant depending only on A, D’ and d.

Proof. Let I C Z, let (am,)mez be an [? sequence and let f € L? (R™) be the
function defined by

fl@) =" ame?. (8.4.1)

meZ
Consider the function ¢ € L2 (R™) defined by
q(z) = eu(z) — f(x), (8.4.2)
where _
eu(z) = e VzeR". (8.4.3)

Let o > 0 be such that D+ B, C D', where B, stands for the ball in R™ centered
at the origin and of radius a. We denote by V, the Lebesgue measure (the volume)
of B, and we set

1

A e Yz 4 y)dy. (8.4.4)
a J B,

r(z) = q(x)

A simple calculation shows that

r(@) = > bpen?, (8.4.5)

meZ

1 .
bm = am (V / e Om =1 g 1) VmelT.

It is easy to check that there exists ¢; = ¢;(a, d) > 0 such that

where

i/ ei()‘m_“)'xdx—l‘ > VmeT,
By

Va
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so that, using (8.4.5) combined with the fact that D is a sequence associated with
A, we get that there exists co = co(A, D, D', d) > 0 such that

/ Ir(z)|?dz > co Z |am|?. (8.4.6)

meZL

On the other hand, from (8.4.4) it follows, by applying the Cauchy—Schwarz in-
equality, that

/ Ir(2) 2 de < / lg(2)[? e Vq(z 4 ) dy

2/ |q(a:)|2da:+—// q(z +y) > dyda

D [e3

:2/ |q(a:)|2da:+—/ / lq(z + y)|? dzdy
D (e

2 [ |q<a:>|2da:+—/ [ a@asay =1 [ g da.
D ! ’

The above inequality, combined with (8.4.6), implies that

2
dz

at )Pz > Zl ml?. (8.4.7)

mEI

On the other hand, according to Proposition 8.3.7, there exists ¢3 = ¢3(D’, A, d)

such that
D laml® = ¢ / > am e“m"”

meT meZ

By combining the above estimate with (8.4.1)—(8.4.3) and with (8.4.7), we obtain
that

dx.

lew = FIZ2cpy = el flZ2(pn (8.4.8)

where ¢y = 2= depends only on A, d, D and D'. For the remaining part of this
proof we distinguish between two cases.

Case 1. Assume that || f||z2(pr) = VOIgD,) , where Vol(D') stands for the volume of
D’. This assumption and (8.4.8) imply that

Vol(D')\/e1

lew — fllLzpry = 5

Case 2. Assume that || f||z2pyde < %D/). Then

Vol(D")
lex — fllzzcpry = llewllzzory — I fllz2pry = 5 -



278 Chapter 8. Non-harmonic Fourier Series and Exact Observability

Consequently, if we denote ¢5 = min (VOI(D;)‘/&, VOlgD/)>, we have that cs
depends only on D, D', A and d and

eip,-z o 2 amei)\m-z
D/

meZL
Corollary 8.4.2. With the assumptions of Proposition 8.4.1, there exists a function
H, € L*(D’) such that

2
dz > c2 >0 Y (am) € 2(Z,C). O

L2(D")

HN(/'L):]‘7 HN()\W) =0 Vm€I7 ||HM||L2(D’) <M7
with |H,||z2(pry depending only on A, D' and d.

Proof. Let Py denote the orthogonal projector from L?(D’) onto L3 (D’) and let
e, be the L?(D’)-function & — €. Then ||e, — Paey || 12(pry is the distance from
ey to L3 (D’) so that, by Proposition 8.4.1, we have |le, — Pae,|| = 3 > 0, with
B depending only on A, D’ and d. Denote G, = e, — Ppe,,. A simple calculation
shows that CAT'M(M) = (2. This implies that the function H, = %Gu satisfies

ﬁ#(y) = 1. Moreover, the fact that H,, L L3 (D’) implies that

—~

Hy(Am) =0 VmeT.
Moreover,
1
||H#||L2(D') = 67
so that ||H,||z2(py depends only on A, D" and d. O

Theorem 8.4.3. Let A1, Ay be two regular sequences in R™, with n € N. Assume
that D1 C R™ (respectively, Do C R™) is a domain associated with Ay (respectively
with Ag) and that the sequence A = Ay U Ay is regular. Then any open set D C R™
containing the closure of D1 + Dy is a domain associated with A.

Proof. We first denote the sequence A1 U Ag by (Ax)rez and we set

inf [Am —N| = d > 0.

m,leT
m#l

Let D’, D" be domains containing the closure of D1 + Dy such that the closure

of D" is contained in D’. According to Proposition 8.3.9, the claimed result is

established if we prove that for every p € A there exists G, € L*(R") such that

suppG,, C D", the sequence ||C/¥;|| Lo (Rn) is bounded by a constant depending

only on d, D and D", é\u(u) =1 and é\u()‘) =0 for every A € A\ {u}.

Without loss of generality, we can assume that y is a term of the sequence A;.
Since D; is a domain associated with the sequence A1, we can apply Proposition
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8.3.8 to get the existence of a function G, .1 € L?(D;), depending only on Ay and on
Dq such that Cjﬂ\l(u) =1, and 67#\10\) = 0 for every A € Ay \ {p}. Moreover, after
extending G/,;1 by zero outside D; an by using the Cauchy-Schwarz inequality,
we get that ||G/,-:1 || Lo (mn is bounded by a constant depending only on d and D;.

On the other hand, according to Corollary 8.4.2, there exists a function
G2 € L*(D") such that

— —

Gua(p) =1, Gu2(\) =0 VAeAy, |Guallezipry < M,

where M is a constant depending only on Ay, D” and d. The last inequality
implies, by applying the Cauchy—Schwarz inequality, that

1Gu2llLeo@ny < M,

where M is a constant depending only on Ay, D and d. We have thus constructed
a function G, = G, 1 * G, 2 satisfying the required conditions, which ends up our
proof. O

One of the applications of Proposition 8.4.3 is the following generalization of
Ingham’s theorem (Theorem 8.1.1), due to Beurling.

Proposition 8.4.4. LetZ € {Z,N} and let (Am)mez be a reqular increasing sequence
of real numbers. Assume that there exist p € N and v > 0 such that

[Amtp — Am| = Dy VmeZT. (8.4.9)

Then every interval of length strictly larger than 27” is a domain associated with

the sequence A.

Proof. For 1 € {0,...,p—1} we denote by A' = (A ),,e7 the sequence defined by
AL = Np VmelT.
We clearly have
Moo= AL, = py VeZ, 1e{0,...,p—1}.

By applying Theorem 8.1.1 it follows that, for every Il € {0,...,p—1}, any interval
of length strictly larger than i—: is a domain associated with the sequence Al. By
applying iteratively Proposition 8.4.3, it follows that any interval of length strictly

larger than 27“ is a domain associated with the sequence A. 0

Theorem 8.4.5. Let A be a regular sequence in R™. For d > 0 denote by w(d) the
upper limit when |b| — oo of the number of terms of A contained in the ball of
center b and of radius d. If w(d) = o(d) when d — oo, then every ball in R™ of
strictly positive radius is a domain associated with A.
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Proof. For an arbitrary d > 0 we consider all the hypercubes in R with edges of
length d and with summits having all the coordinates multiples of d. This family
of hypercubes can be divided into 2" subfamilies such that the distance between
two hypercubes from the same family is larger than d. On the other hand, all but
a finite number of these hypercubes contain at most w(nd) points. Consequently,
for every d > 0, the sequence A can be seen as the union of a finite sequence and
of &(d) = 2"w(nd) sequences A; such that

inf |A—pl>d.

From Corollary 8.3.6 it follows that there exists o > 0 such that, for every j €
{1,...,&(d)}, any ball of radius > § is a domain associated with the sequence A;.

By applying Theorem 8.4.3 it follows that any ball of radius > %M) is a domain

associated with A. Since %M) = o(d) when d — oo it follows that any ball of
strictly positive radius is a domain associated with A. 0

8.5 The Schrodinger and plate equations in a
rectangular domain with distributed observation

We have seen in Section 7.5 that if { is a bounded domain with 9 of class C?
or if  is a rectangular domain, then the Schréodinger and the plate equations
in  with distributed observation define an exactly observable system provided
that the observation region satisfies a geometric condition. In this section we show
that if Q is a rectangular domain, then the above-mentioned systems are exactly
observable for any observation region.

Notation. Let a, b > 0 and denote 2 = [0, a] x [0, b]. We use some of the notation
in Section 7.5. More precisely, set H = L?(Q) and D(Ag) = H; is the Sobolev
space H?(Q) NHS(Q). The strictly positive operator Ag : D(Ag) — H is defined
by Agp = —Ag for all ¢ € D(Ag) and we denote Hy = D(AZ). The inner product

on H is denoted by (-,-) and the corresponding norm by || - ||. O is a non-empty
open subset of 0, and we introduce the observation operator Cy € L(H) by
Cog = gxo Vge H, (8.5.1)

where xo is the characteristic function of O.
We denote by X the Hilbert space H; x H, with the scalar product

<[f1} ’ [fz} >X = (Aof1, Aofa) + (g1, 92).

g1 g2

We define a dense subspace of X by D(A) = Hy x H; and the linear operator
A :D(A)— X is defined by

A=t e alll =[5 (852)
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which generates a unitary group on X. We denote by A} the space D(A) endowed
with the graph norm and we introduce the observation operator C € L(X;, H) by

c=10 Gl
The main result of this section is the following.

Theorem 8.5.1. With the above notation, the pairs (iAo, Co) and (A,C) are exactly
observable in any time T > 0.

Remark 8.5.2. For the Schrodinger equation, the result in Theorem 8.5.1 means
that for every 7 > 0 there exists k,; > 0 such that the solution z of

%(mﬂf) =1iAz(z,t) V (z,t) € Q x [0,00),

with
z(x,t) =0 Y (z,t) € 90 x [0,00),
and z(-,0) = 29 € H2(Q) N HS(Q), satisfies

/ / |z(z, t)[*dzdt > k2|20 Yz € L*(9).
0o Jo

For the plate equation, the result in Theorem 8.5.1 means that for every
7 > 0 there exists k; > 0 such that the solution w of the Euler—-Bernoulli plate
equation
0w 9
W(I,t) + A%w(z,t) =0, (z,t) € Qx][0,00),
with
Wia0x[0,00) = AWjaax[0,00) = 0,

and w(-,0) = wp € D(A2), 2%(.,0) = w; € D(Ay), satisfies

ot
|,
The main ingredient of the proof of Theorem 8.5.1 is the following proposi-
tion.

3@02 wo
% dwat > 12 (luolBoey + o) ¥ |0 € DL

Proposition 8.5.3. Let r, s > 0 and let A € I>(Z*,R?) be defined by

ma\/T
Amn = ny/'s VYm,n € Z. (8.5.3)
rm? + sn?

Then any ball of strictly positive radius in R is a domain associated with A.
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In order to prove Proposition 8.5.3 we need some notation and a lemma. For
R>0and [§] € Z?\ [§] with |k| < R and |I| < R, we denote

SRkl = {[:ﬂ € 7% | |2rkm + 2sln| < 3R2} ,

and we introduce the subsequence Ag ; = ()\mn)[m] of A.

ESR,k,1

Lemma 8.5.4. With the above notation, any ball in R of strictly positive radius is
a domain associated with Ap ..

Proof. Without loss of generality, we can assume that k& # 0. Then the condition
['W] € Sgk, implies that there exists a constant ¢ > 0 (depending on 7, s, R, !
and k) such that

rm? 4+ sn? = en? + O(n) v [T;ﬂ € Sr k- (8.5.4)

The above formula implies that the number of terms of Ag ; contained in a ball

b
of center b = {g;} € R? and of radius d > 0 is bounded by the number of terms
3

of the sequence (rm? + Sn2)[m]eSR ., in (b3 — d, b3 + d). Relation (8.5.4) implies

that, after possibly eliminating a finite number of terms, the sequence Ag j; can
be rewritten as a strictly increasing sequence (o, ),>1 satisfying

Untp — Qp 2 0(27?,]) +p2) =+ O(n) .
By choosing p large enough it follows that
Qpip — Qp = NP.

Consequently, the number of terms of Ag,; contained in a ball of center b and

of radius d is smaller than c(y/|bs| +d — \/[bs| — d) + 1, which tends to 1 when
bs — o00. The conclusion follows now by applying Theorem 8.4.5. O

Proof of Proposition 8.5.3. Let § > 0. It is easy to see that the assertion saying
that any ball of strictly positive radius is a domain associated with A is equivalent
to the assertion saying that any ball of strictly positive radius is a domain asso-
ciated with GA. Therefore it suffices to tackle the case in which r, s from (8.5.3)
satisfy r, s € (0,1].

Let £ > 0, R > max(1,2a/¢), where « is the constant in Corollary 8.3.6, and
let Zr be the union of all the strips Sg,; with k% + 12 # 0, |k| < Rand |I| < R
(there are at most (2R + 1)? such strips). Denote A; = (/\m")[?}]ezg' Then

A = U ARk,

klE[—R,R)
k21240
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so that, by combining Theorem 8.4.3 and Lemma 8.5.4 it follows that any ball in
R3 of strictly positive radius is a domain associated with A;.

Let Jr = Z?\ Ig and let Ay = (/\mn)[m] so that A = Ay U Ay If we
admit that !

€Jr’

N 115\2 IA—ul = R, (8.5.5)
KL#M
then, by Corollary 8.3.6, we have that any ball of radius £/2 is a domain associated
with Ay so that, by applying Theorem 8.4.3, we obtain that any ball of radius ¢
is a domain associated with A.

We still have to show (8.5.5). Let [], [™] € Jr with [}7] # [ ]. If
lm —m/| > Ror |[n—n'| > R, then (8.5.5) clearly holds. If |m — m/| < R and
|n —n'| < R, then there exist k, | € [-R, R|NZ with k? + [? # 0 such that
m =m+k n =n+1.
Then, by using the facts that [}] € Zg, r, s € (0,1] and R > 1, it follows that

2

rm? + sn? — rm'> — sn’?| = |2rmk + 2snl + rm? + sn?|

> |2rmk + 2snl| — |rk* + sl?| > 3R®* —rR?* —sR* > R* > R,
which implies (8.5.5). O
Proof of Theorem 8.5.1. We have seen in Example 3.6.5 that the eigenvalues of

Ag are

an:rm2+sn2 Vm,n €N,

where r = Z—; and s = ’g—j and that a corresponding orthonormal basis formed of

eigenvectors of Ag is given by

Omn(T,y) = \/% sin (v/r mz) sin (/s ny) vV m,n € N.

The above facts imply that the semigroup T generated by 1A, satisfies
Tz = Z zmnei(rm2+s”2)tg0mn YV z € D(4y),

where we have denoted
Zmn = <Za§0mn> Vm,nEN.

Let 7 > 0. From the definition (8.5.1) of Cjy it follows that
2

/ ||CTtZ||2dt:/ A Z Zmnei(rm2+sn2)t§0mn(x7y) dzdydt (856)
0 0 eN

2

4 i ; 2 2
= %/(; /O Z Zmnel(rm +sn?)t 31n(\/;m.73) sm(\/gny) dIdydt

m,neN
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We now extend (zmn)m,nen to a sequence denoted (zmn)m,nez- by setting
Z—m;n = T Zmn,; fm,—n — T Zmn;~f—m,—n — “mn v m,n &€ N.

With the above relation notation, formula (8.5.6) can be easily put in the form

2
T 1 T , )
/||C']th||2dt=ﬁ/ /0 Z €Tt (VT Mt /5 ny) dzdydt
0 0

m,nez*

2
T

= %/OT/O Z zmneumn[g] dxdydt,

m,ne’z*

where (Amn )m.nez is the sequence of vectors defined in (8.5.3). By applying Propo-
sition 8.5.3 it follows that there exists a constant ¢ > 0 (depending only on O and

on 7) such that
.
/ ICTezl|?dt > ¢ Y 0 Jzmal?,
0

m,nez

so that the pair (14, Cp) is exactly observable in any time 7 > 0.

On the other hand, by using the fact that (rm? + sn?)? > rsm?n? for all
m,n € N, it follows that >,y 2 < 0o. This fact and the exact observability
in any time of (iA4p, Cy) imply, by using Proposition 6.8.2, that the pair (A, C) is
exactly observable in any time 7 > 0. O

8.6 Remarks and bibliographical notes on Chapter 8

General remarks. The fact that a bounded interval J is a domain associated with
the real sequence (A, )nen (in the sense of Definition 8.3.1) is equivalent to the
fact that, for any sequence (¢, )nen, the moment problem

/ ft)e=Ptdt = ¢, VneN (8.6.1)
J

admits at least one solution f € L?(J). We refer the reader to [240, p. 151] for
the proof of this equivalence. Therefore the inequalities of Ingham and of Beurling
from Theorem 8.1.1 and Proposition 8.4.4 can be interpreted as giving conditions
for the sequence (\,,) guaranteeing the solvability of the moment problem (8.6.1).
Consequently, the exact observability of the systems considered in this chapter
can be reduced to moment problems of the form (8.6.1). This equivalence has
been used in the pioneering papers of Fattorini and Russell [63, 62] and of Russell
[199, 197] for systems governed by hyperbolic or by parabolic PDEs in one space
dimension. The method of moments has then been developed and systematically
applied to systems governed by PDEs in the book of Avdonin and Ivanov [9]. The
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direct use of Ingham-type inequalities in exact observability problems has been
initiated by Haraux in [92, 94]. The book of Komornik and Loreti [131] gives the
state of the art on this method.

An interesting subject which is not tackled in this book consists in giving
precise estimates of the constants involved in Ingham—Beurling-type inequalities
in function of the distribution of the frequencies and of the length of the interval.
We refer the reader to Seidman [206], Seidman, Avdonin and Ivanov [207], Miller
[170] and Tenenbaum and Tucsnak [218] for results in this direction.

Section 8.1. Our proof of Ingham’s theorem is essentially the same as one of the
original proofs in Ingham [108]. Note that [108] contains two other proofs (based
on different choices of the kernel k) which are also very interesting.

Section 8.2. The results here are essentially contained in [197]. The multiplier
method used in the proof of Lemma 8.2.1 is inspired from Lagnese [136].

Sections 8.3 and 8.4. The presentation follows closely Kahane [126]. The proofs of
Propositions 8.4.1 and 8.4.4 are borrowed from [131]. Note that, based on ideas of
the original proof in Beurling [18], the recent paper of Tenenbaum and Tucsnak
[219] provides more information on the constants involved in Proposition 8.4.4.

Section 8.5. The presentation follows closely Jaffard [123]. The main result has
been generalized to several space dimensions in Komornik [129]. The correspond-
ing boundary observability problem is more delicate. We refer the reader to Ram-
dani et al. [186] and to [219] for results in this direction. Note that the exact
observability for the Schrodinger equation with an arbitrary observation region
fails if the considered domain is a disk in R? (see Chen et al. [34]). For more com-
plicated examples of exact observability for the Schrédinger equation without the
geometric optics condition we refer the reader to Burq and Zworski [27].






Chapter 9

Observability for Parabolic Equations

9.1 Preliminary results

In this section and the following one, we shall use the notation from Section 3.4:
H is a Hilbert space with the inner product (-, -) and the induced norm || - ||. The
operator Ag : D(Ag) — H is assumed to be strictly positive. The space D(Ap)
endowed with the norm ||z||; = ||Aoz| is denoted by H; and H 1 is the completion
of D(Ap) with respect to the norm

lelly = v/{Aow, w),

so that Hy coincides with D(A ) with the norm ||w|1 = ||A w||. We have seen in
Propos1t10n 3.8.5 that —Ao generates an exponentially stable semigroup S on H.

We assume that AO is compact so that, according to Proposition 3.2.12,
there exists an orthonormal basis (¢ )ren in H consisting of eigenvectors of Ay.
We denote by (Ax)ren the corresponding sequence of strictly positive eigenvalues
of Ag. We know from Proposition 3.2.12 that limy _, oo A\ =

Let Y be a Hilbert space and assume that C, € E(H 1,Y). Recall from
Proposition 5.1.3 that Cj is an admissible observation operator for S. In this
section we give some preliminary results concerning the observability properties
of the pair (—1407 Co)

Proposition 9.1.1. Assume that Co € L(H1,Y) is compact. Then the pair (—Ag,Cop)
1s not exactly observable.

Proof. We denote by ¥ the extended output map of (—Ay, C); see (4.3.6). Since S
is exponentially stable, according to Remark 4.3.5, we have W € £(H,L?([0,00);Y)).
We compute

R 1
[oul? = [l CopulPdt = 5= [Coal*
0 n

287
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~ 1 ~
Define Cy = Co4, 2, so that Cy € L(H,Y) is compact. Then our earlier compu-
tation shows that

1

[Weon|l =

1 ~
= —||Cospnll.

The sequence (p,,) is weakly convergent to zero in H. Since Cy is compact, it
follows that Cyp, — 0 1in Y’; see Proposition 12.2.5 in Appendix I. We have shown
that U¢,, — 0, which implies our claim. g

Remark 9.1.2. Since the embedding H 1 C H is compact, the above result holds,
in particular, for every Cy € L(H,Y).

Example 9.1.3. Let Q C R™ be an open bounded set with C? boundary and put
H = H{(Q). Let —Ap be the Dirichlet Laplacian on ), as defined in Section 3.6,
but restricted such that it is a densely defined strictly positive operator on H. Then
using Theorem 3.6.2 we can show that H = H2(Q) NH(Q). Let Y = L*(09Q)

and let Cy € E(H%7Y) be the Neumann trace operator: Cpf = %. According to

Corollary 13.6.8, Cj is compact. Thus, according to the last proposition, (—Ag, Cp)
is not exactly observable. In terms of PDEs this means that if z is the solution of
the heat equation

0

a—j(z,t) = Az(z,t), x€Q, t>0,
z(x,t) =0, reI, t=0,
Z(.Z‘,O) ZO(I)7 IGQ7

where 2o € H?(Q) N HE(2), then, denoting by || - || the norm on H} (),

-
inf / /
llzoll=1 Jo Joq

The last proposition may explain why exact observability rarely holds for
semigroups generated by negative operators. For this reason, we shall concentrate
on final state observability, as defined in Section 6.1.

We give a quite technical sufficient condition for final state observability. This
condition uses the concept of a biorthogonal sequence, as defined Section 2.5.

2
dodt =0 V71>0.

0

0z
v

Lemma 9.1.4. Let 7 > 0 and assume that there exists a family (Gp)nen which
is biorthogonal, in L*([0,7];Y), to the family (e‘A"'tC'()(pk)keN. Moreover, assume
that

> e P Guliaoayy) = M? < 0. (9.1.1)

neN

Then the pair (—Ap, Co) is final state observable in time T.
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Proof. For zg € H and t € [0,7] we set H(t) =Y., e 2 7 (20, 0n)Gn(t). Then,
by using the Cauchy—Schwarz inequality in L?([0,7],Y), it follows that

/ IH@)3dt < > (20, 0n) (20, pr)e > AT Gl| 20,71, |Gkl L2 10,71, v)
0 k.neN
2

Z (20, on) | Gn ||L2([o,r],Y)€727’\"

neN

Using the Cauchy—Schwarz inequality in 1% and (9.1.1), this becomes

/O IH (#)][5-dt < (Z 6_27)\"|<207<Pn>|2) (Z 6_2”"||Gnlliz([o,f]7y>)

neN neN
= M? <Z e 2 (zo7apn>|2> . (9.1.2)
neN
On the other hand, due to the assumed biorthogonality,
| Cosezo @)y dt = 3 (ool Tonromte 7 [ (e Copr, Gunlt))y e
0 0

k,neN

= 57 {20, pad2e 2.

neN

Using the above formula together with (9.1.2) and the Cauchy—Schwarz inequality,
it follows that

8720l = 3= Ifeo. en)le 7 = [ (Cusiza, Ht) v
0

neN

< M [[CoSt 20l L2(j0,71,y) Z (20, ¢n)|2e=2An7
neN

= M ||CoSt20l|L2([0,71,v) IS+ 20| »

which implies the conclusion of the lemma. O

9.2 From w = —Apgw to 2 = —Apz

We continue to use the notation introduced in the previous section.

Our aim is to show that if a system is described by the second-order equation
w = —Apw and by y = Cow (y being the output signal) and if this system is exactly
observable, then the system described by the first-order equation z = —Agz, with
y = Cyz, is final state observable. Such results imply the final state observability
of systems governed by the heat or related parabolic equations, in arbitrarily small
time, by using results available for systems governed by the wave equation.
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We shall also use some notation from Section 6.7. More precisely, we set
X=H 1 X H, which is a Hilbert space with the scalar product

(3D, v

U1 V2

we define a dense subspace of X by D(A) = Hy x H, and we consider the skew-
adjoint operator A : D(A) — X defined by

A= [_?40 é} . (9.2.1)

We denote by T the unitary group generated by A on X and we let C' € L(H; %
H%,Y) be defined by

C=10 Co. (9.2.2)

For k € N we set ux, = vk, op—x = —¢ and p_j; = —pug. With the above assump-
tions and notation, we know from Proposition 3.7.7 that A is diagonalizable, with
the eigenvalues (ipy)gez+ corresponding to the orthonormal basis of eigenvectors

1
i Pk *
= — [ VkeZ". 9.2.3
o V2 [ Pk } 8:23)
In order to show that the exact observability of (A, C') implies the final state
observability of (—Ag, Cp), we give a necessary condition for the exact observability
of (A, C), which will be combined with the sufficient condition for the final state
observability of the pair (—Ag, Cy) given in Lemma 9.1.4.

Lemma 9.2.1. Assume that the pair (A, C) is exactly observable in time 1o. Then
there exists a bounded sequence (Fy)nez+ in L*([0,70];Y) such that (Fy)nez- is

biorthogonal, in L*([0,70];Y), to the sequence (em’“tC’ogok)keZ*.

Proof. Let ¥, € L(X,L*([0,00);Y)) be the output operator associated with
(A, C), which has been introduced in (4.3.1). By definition, the exact observability
in time 79 of (4,C) means that there exists m > 0 such that ||¥, zo| = m| 20|
for every zp € X. It is easy to check that

(Wro20)(t) = > (20, bn)e ' Coy, Y 2 € D(A), Ve [0, 7).

nez*

The above formula and the exact observability of (A4,C) implies that the se-
quence (ei”ktC@C)k ez satisfies the left inequality in (2.5.5). The right inequality
in (2.5.5) holds due to the admissibility of C. According to Proposition 2.5.3,
(e“‘ktC’qbk)keZ* is a Riesz basis in its closed linear span in L?([0,70]; V). By Def-
inition 2.5.1 the family (ei“’ctC’qbk) wez» admits a bounded biorthogonal family
(Fp)nez- in L2([0,79);Y). Finally, by using (9.2.3) and (9.2.2) it follows that the
sequence (F),)nez+ defined by F,, = \%Fn has the required properties. O
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Theorem 9.2.2. Assume that the pair (A, C) is exactly observable. Moreover, as-
sume that the sequence of eigenvalues (Ag)ren of Ao satisfies

e <o VB3 >0. (9.2.4)

m2>=1
Then the pair (—Ap, Co) is final state observable in any time 7 > 0.

In order to prove the above theorem we need a technical result asserting the
existence of an appropriate entire function with fast decay on the real line. This
will be a multiple of the Fourier transform of the C>° function defined by

e et <1
() = : ’ 2.
ou(t) {0 if |t =1, (9:2:5)

where v is a positive constant. By elementary considerations, for every n € (0,1)
we have

1
/ o, (t)dt > 2ne 1% .
1

1

W) implies the left inequality in

Selecting n =

2e vt !
< o, (t)dt < 2e7Y, 9.2.6
— < [ o (9.2.6)
while the right inequality can be obtained by elementary considerations.

The following result furnishes the required fast decay property.

Lemma 9.2.3. Let 3 > 0,8 > 0, and set v = (7w + 0)?/B3. The function o, being

defined as in (9.2.5), put C, = (filay(t)dt)_l and denote by Hp s the entire
function defined by

1
Hps(2) = C, / o, (t)e Pt dt, (9.2.7)

—1

Then we have
Hps(0) =1, (9.2.8)
e i) eBlzl/(2vr+1) R 9.0
zZ S , 2.

pali) > o @eR) (9:29)
|Hps(2)| <M (z=a+iy, =yeR), (9.2.10)
|Hﬁ,6(-73)| <C v + 1631//4*(7T+5/2)\/m (.73 c R)’ (9.2.11)

for some constant C > 0 depending only on §.
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Proof. Conditions (9.2.8) and (9.2.10) follow from the definition of C,.

To show (9.2.9), we may assume z > 0. We first note that, from (9.2.6), we
have

1 3
5611 § Cy § 5\/ v+ 16”. (9212)
Then, since o, (t) > e V! for %77 <t < np with n := 1/y/v+ 1, we have (as
required)
1
Hps(iz) > C’ pe~ vV 1HBIn/2 5 llneﬁ"z/Q.

Thus, it only remains to establish condition (9.2.11). Since Hg 5 is even, we
consider only the case x > 0. Since all the derivatives of o, vanish for x = —1 and
x = 1, after several integrations by parts we get

C, U,(,j) o
|Hp.s(z)| < Cullov =@ (x>0, jeN). (9.2.13)

(Bx)
Fort € (—1,1) weset p=1—t and z = t + ge'’, with ¥ € (—, 7]. We have

2 1 1 1 1 — o(sin1/2)?
R ~R R S .
T T T T T 2% T 2202 - o) v/2)?

Since the last term is an increasing function of (sin1/2)?, we obtain

2 1 1
2 J— — — = .
Rel—z2 29—!-2 (lz —t| = o)
Therefore
oy (2)] < e V/4e—v/4 (lz —t| = o). (9.2.14)

Applying Cauchy’s integral formula, we obtain that

. lo—v/40
e ()] < e/ sup L

=5 Qj (j € Nv te [_]-a]-])a
e

which, in view of the elementary inequality j! > j7e™7 (j > 1), yields

N2
, 27941
|or,(])(t)| < e_”/4(% (jeN, te[-1,1]). (9.2.15)

From this, (9.2.12), (9.2.13) and the fact that Hg s is even, we get that

2
27 l)
3 3v/a\#J*) (275 .
|Hps(x)| < 5vVv+1le (Fva)i (x>0, jeN).
Selecting j = 0when 0 < z < land j = L%\/ﬁ J otherwise, we readily check that
(9.2.11) holds as required (recall that [x| stands for the integer part of the real
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number z). Indeed, we deduce from the above that there exist positive constants
Cp, C1,Co and C (depending only on §) such that for every x > 1, we have

02
Hps@| o (27
VU + Ledv/4 (25)%
< 0267(Tr+5)\/5\/5 < Cef(ﬂ+5/2)\/§.

< Cre %

This concludes the proof. O
We are now in a position to prove the main result in this section.
Proof of Theorem 9.2.2. Let (Fj,)nez+ be the sequence constructed in Lemma

9.2.1. For m € N we consider the function T, defined by

T0 .
T(z) = / e "EF, () dt vVzeC.
0
It can be seen easily that Tm is of exponential type at most 79. More precisely,
for every m € Z*,
ITm(2)]ly < My/me™! VzeC, (9.2.16)

where M = sup,,cz- | Full£2(j0,7],v)- Moreover, by using the fact that the families
(Fp)nez+ and  (e"*Copy,) are biorthogonal in L2([0, 70],Y), we have that

keZx*
<Co<pk,Tm(uk)>Y =/ (Copr, e ' Fy(t)), dt (9.2.17)
0
TO .
= / <e“"“tC’0g0k,Fm(t)>Y dt = Spm Vk, meN,
0
(Cop Tm(-m)), = / (Copr, €M F (1))t (9.2.18)
0

:/ <e_i“’°tC’o<pk,Fm(t)>Y dt

0
TO X

= / <e”‘*kt00<p_k,Fm(t)>Y dt =0 Vk, meN.
0

For each m € N the function z — Ty (2) 4+ Ty (—2) is even. Therefore, there exists
a family of entire functions (Y, )men such that, for every m € N,

T (—i2?) = To(2) + Ton(—2) VzeC.
The above relation, combined with (9.2.16), (9.2.17) and (9.2.18), implies that

ITom(2)ly < 2M eV VzeC, (9.2.19)
<Co§0k, Tm(_i)\k»y = 6km v k, m € N. (9.2.20)
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For 6 > max(0,2(79 —7)) and 3 € (0, 5 ), we consider the function Hpg s introduced
in Lemma 9.2.3 and we define the family of functions (Q,)men by

Hp(2/2)
(2) = 1o . 2.21
Qm(z) oo /2) (2) VmeN (9.2.21)
Relations (9.2.20) and (9.2.21) imply that
(Coprs Qm(—=iAk))y = Okm Yk, meN. (9.2.22)

On the other hand, by using (9.2.9), (9.2.10) and (9.2.19), it follows that the
function Q,, is, for each m € N, exponential of type 7 and by combining (9.2.11)
and (9.2.19), it follows that

Qm € L'(R;Y)NLA(R;Y) Vm e N.
Moreover, by using (9.2.4), (9.2.9), (9.2.10) and (9.2.11), it is easy to check that

D 1@mll72my) < oo (9.2.23)
meN

By the Paley—Wiener theorem on entire functions (Theorem 12.4.3 from Appendix
1), Qp, is, for each m € N, the Fourier transform of a function g,,, € L*(R) with

Supp gm C [_%7 %}7 i'e'v

(VR

Qm(z) = /_ gm(t)e” "= dt (z€C).

3
Now we consider the family of functions (G,,)men defined by
Gm(t) = ¢ % g (t - %) (t € R). (9.2.24)
Then

/ <67Akt0080k7 Gm(t)>y dt = /E
0

-
2

<67>\k(5+%)00ﬁpk7 Gm(s+ %)>y ds

(2
= ¢Am=A) % <€_)‘ksco<,0kagm(3)>y ds

-z
2

] 5
_ e()\m—)\k)g <COSDI<:7/ e—)\ksgm(s)ds>

= e =22 (Copn, Qun(—idn))y -

The above formula and (9.2.22) imply that the family (G,,)men is biorthogonal,
in L2([0,7],Y), to the family (e*)‘ktCogok)keN. Moreover, by combining (9.2.23)
and (9.2.24), it follows that condition (9.1.1) holds. By applying Lemma 9.1.4 we
get the conclusion of the theorem. O

Y
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Example 9.2.4. Let H = L?[0, 1] and let Ay be the positive operator from Example
3.4.12, where we have seen that Hy = HE(0, 7). Let C be the observation operator
defined by

Cof = f(0) VieH,:.

Since H!(0,7) is continuously embedded in C[0, 7], Cp is well defined and it is in
L(Hy,C). Let X = H}(0,7) x L2[0,7] and let A: D(A) — X be defined by

df 0 I
D(A) = {f € H*(0, ) N HE(0, ) ‘ E(O) :0} x HRp(0,7), A= {—Ao 0} .
We have seen in Proposition 6.2.5 that the pair (A4,C), with C' = [O C’o}7 is
exactly observable. According to Theorem 9.2.2, it follows that the pair (—Ag, Cp)
(with state space H) is final state observable in any time 7 > 0.

9.3 Final state observability with geometric conditions

In this section we apply the results from the previous section and from Chapter 7

to several systems governed by parabolic PDEs. We use the notation H, Ag, Hy,

Hy, X, X1, A from the previous section, but H and Ay will be chosen in several

manners in order to tackle the variety of examples considered. We denote by 2 an

open bounded set in R™ which either has a C? boundary or it is rectangular.
First we consider a heat equation with locally distributed observation.

Proposition 9.3.1. Let H = L?(Q) and let —Aq be the Dirichlet Laplacian on (2,
introduced in Section 3.6. Let O C € be an open set satisfying the assumptions in
Theorem 7.4.1, let Y = L*(O) and let Co € L(H,Y) be defined by

Cof = flo-
Then the pair (—Ap, Co) is final state observable in any time T > 0.

Proof. We know from Theorem 7.4.1 that (A,C) with C' = [0 Cp] is exactly ob-
servable. Moreover, from Proposition 3.6.9 it follows that the eigenvalues (A) of Ag
satisfy (9.2.4). Therefore, the conclusion follows by applying Theorem 9.2.2. [

Remark 9.3.2. In terms of PDEs, the above proposition says that if z is the solution
of the heat equation

%(x,t) =Az(z,t), z€8, t=0, (9.3.1)
z(x,t) =0, red, t=0, (9.3.2)
z(+,0) = zo(x), x €, (9.3.3)
where zg € H?(2) N'HL(2), then
inf / / |z(z,t)[*dazdt > 0 V71 >0.
HZ(T)HL2(Q):1 0 o
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Our next example concerns the heat equation with boundary observation.

Proposition 9.3.3. Let H = H}(Q) and let —Aq be the Dirichlet Laplacian on €,
but restricted such that it is a densely defined strictly positive operator on H. Let
I' C 99 be an open set satisfying the assumptions in Theorem 7.2.4, let Y = L?(T)

and let Cy € L(HL,Y) be defined by

o = e

Then the pair (—Ap,C1) is final state observable in any time T > 0.

Proof. We consider the operator A, defined in (9.2.1), so that it is a densely defined
skew-adjoint operator on H 1% H. Consider the initial and boundary value problem

0%n
o2
n=0 on 90 x(0,00),

—Anp =0 in Qx(0,00),

n(z,0) = f(x), gt (2,0) = g(z) for v €Q,

where [/] € D(A?). According to Theorem 7.2.4 and Remark 7.2.6, for 7 > 0

large enough, there exists a constant k; > 0 such that

.12
9 ot > K2(IAFIP +IVal?) ¥ [4] € D(A?),

where || - || stands for the norm in L?(£2). The above estimate means that the pair
(A,C), with C = [0 (1], state space Hy x H and output space Y = L3(T), is
exactly observable. The conclusion follows now by applying Theorem 9.2.2. O

Remark 9.3.4. In terms of PDEs, the above proposition says that if z is the solution
of the heat equation (9.3.1)-(9.3.3), with 2o € H?(Q) N H(£2), then

inf J:t dodt>0 V7>0.

H”rcl(n

y=1

Remark 9.3.5. Recall from the comments on Section 7.2 in Section 7.7 that the
assumptions in Theorems 7.4.1 and 7.2.4 can be replaced by the weaker geometric
optics condition of Bardos, Lebeau and Rauch [15]. Therefore, the conclusions in
propositions 9.3.1 and 9.3.3 still hold if the assumptions on O and I" are replaced
by the geometric optics condition.

The example in the proposition below concerns a one-dimensional heat equa-
tion with variable coefficients and boundary observation.
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Proposition 9.3.6. Denote J = (0,1) and let a,b : J — R be two functions such
that a € C?(J), b € HY(J) and a is bounded from below (i.e., there exists m > 0
such that a(x) = m > 0 for all x € J). We denote by H the space H§(J) and we
consider the Sturm-—Liouville operator Ag : D(Ag) — H which has been introduced
in Section 8.2, but restricted such that it is a densely defined self-adjoint operator
on H. Let Y = C and Cy € L(H1,Y) be defined by

01225(0) VZGH%.
Then the pair (—Ap, C1) is final state observable in any time 7 > 0.

Proof. In this proof A, defined in (9.2.1), is restricted such that it is a densely
defined strictly positive operator on H 1 X H.
Consider the initial and boundary value problem

2’(1} w
aa?(xﬂf) = % (a(x)g—x(xnf)) —b(x)w(x,t), zelJ, t=0,
w(0,t) =0, w(m,t) =0, t €0, 00),
wle,0) = 1), Pe(r,0) = g(2), vel

where [{;] € D(A?). According to Remark 8.2.3, for 7 > 0 large enough, there
exists k; > 0 such that

J
The above estimate means that the pair (A,C), with C = [O Cl], state space

H 10X H and output space Y = C, is exactly observable. Since, by Proposition

3.5.5, the eigenvalues (\g) of Ay satisfy (9.2.4), the conclusion follows now by
applying Theorem 9.2.2. O

o, |
0.0 dt > k2 (IfBew +loldew) ¥ [§]€DA?). (93.4)

Remark 9.3.7. In terms of PDEs, the above proposition says that if z is the solution
of the variable coefficients heat equation

%(mﬂf) 4 (a(m)%(ac,to —b(x)z(z,t), ze€J t=0,

oz Ox
2(0,t) =0, w(l,t)=0, t €[0,00),
Z(.I‘,O):f(.f), .TEJ,

with f € H2(J) N H(J), then

-
inf /
=™l )=t Jo

9 (0,1)

2
dt >0 V71>0.
ox
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We consider a system corresponding to the linearized Cahn—Hilliard equation.

Proposition 9.3.8. Let H = L?(Q) and let —Ag be the Dirichlet Laplacian on €,
introduced in Section 3.6. Let O C Q be an open set, let Y = H and let Cy € L(H)
be defined by

Cof = fxo,
where xo s the characteristic function of O. Assume that one of the following
conditions holds:
1. O satisfies the assumptions in Theorem 7.4.1.
2. Q is a rectangle in R?.

Then the pair (—A2,Co) is final state observable in any time T > 0.

Proof. Consider the space X and the operator A introduced in Section 7.5, i.e.,
X =H; x H D(A) = Hy x H; and A: D(A) — X defined by

0 I
A= o]
Let C € L£(X1,Y) be defined by C = [0 (. Then the pair (A,C) is exactly
observable in any time 7 > 0. Indeed, this has been shown in Proposition 7.5.7

if O satisfies the assumptions in Theorem 7.4.1 and in Theorem 8.5.1 if  is a
rectangle in R2. We can now conclude by applying Theorem 9.2.2. U

Remark 9.3.9. In terms of PDEs, the above proposition says that if z is the solution
of the linearized Cahn—Hilliard equation

0z 9
z(x,t) = Az, t) , Teo, t

z(-,0) = zo(x), €9,
where zg € H?(2) N'HL(2), then

inf //|z(x,t)|2dxdt>0 Vr>o0.
0 (@]

HZ(T)HL2(Q):1

, xE, t

)

0 >0
0 >0

)

9.4 A global Carleman estimate for the heat operator

The aim of this section is to provide a proof of a quite technical result, called the
global Carleman estimate for the heat equation. This estimate will be the main
tool in the proof of the final state observability for arbitrary observation regions,
which will be proved in the next section.

Throughout this section, @ C R™ is an open bounded and connected set
with boundary 0§ of class C* or Q is a rectangular domain, and 7 > 0. The
main result of this section is the following global Carleman estimate for the heat
operator % —A.
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Theorem 9.4.1. Let O be an open non-empty subset of Q). Then there exist a
positive function o € C*(clos Q) and the constants Cy > 0, so > 0, depending
only on Q, O and T such that for all

o € C([0.T)H(@) N HY(Q) N ([0.T): L2(2) (9.4.1)

and all s > sg, we have

// t(z;a(t))[ )|V‘P|2 %leﬂ dzdt (9.4.2)

—2sa(x t(T t)
< Gy [/ /ef?T = dazdt + s* / / 67|g0|2dxdt

t)?
Remark 9.4.2. The condition that 0 is of class C* can be weakened to 9 of
class C?; see the comments in Section 9.6.

90 Ago

The function « in the above theorem is constructed by using the theorem below.

Theorem 9.4.3. Let O be an open subset of Q and assume that IS is of class C™,
with m > 2. Then there exists a function ny € C™(clos Q) such that

o no(x) >0 for all x € 1,
o no(x) =0 for all x € 09,
o |Vno(z)| >0 for all z € clos (2\ O).

If Q is a rectangular domain, then there exists a function g € C*°(clos Q) satis-
fying the above three conditions.

The proof of the above lemma is obvious in the case of a rectangular do-
main. For an arbitrary  with boundary of class C™, m > 2, the proof is more
complicated, and it is given in Chapter 14.

We introduce now some notation. We set n(z) = no(z) + Ko and we define
the function

afz) = Mo — @) YV x € clos 2, (9.4.3)
where
Ko=d muxoml), =6 muoml), (049

and A is a constant which will be specified later. Moreover, for every = € clos )
and every t € (0,T) we set

a(x)

— B(z,t) 4
T —1) plx,t) =e . (9.4.5)

ﬂ(I,t) =

Several useful properties of the function 5 are summarized in the following lemma.
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Lemma 9.4.4. Assume that Ko and K1 are given by (9.4.4). Then

s Te2An(x)
826 2T2>\2e2)\n(w)
W(I, )‘ X W V(l‘,t) €0 x (O,T) (947)

Moreover, there exists C; > 0 (depending on Q and on O) such that, for every
x €clos Q, A\ =1 and every t € (0,T), we have

Ae (@)
VB (x, )] < C T V(z,t) € Q% (0,T),  (9.4.8)
|AB(x, )] < cl% V(z,t) € Q% (0,T),  (9.4.9)
‘v (g—f(x,t)> -Vﬁ(x,t)‘ < % V(z,t) € Q% (0,T),  (9.4.10)
‘g—f(x,t)(Aﬂ)(x,t)‘ < % V(z,t) € Q% (0,T).  (9.4.11)

Proof. We first remark that, according to (9.4.4) and to the fact that K; >
maXgzeclos 0 1, We have

2K, = 3Ky < 3n(x) Yz € clos Q. (9.4.12)
The estimate (9.4.6) follows from

o 2-T
3 = BT (M — ) (9.4.13)

and from the fact that 2n(z) > K for every x €  (this follows from (9.4.12)).
In order to prove (9.4.7) we note that

‘8%6 2|12 - 3Tt + 37|

W(x’t)’ T BT 13

(e)\Kl _ eAn(w)) ;

which, combined with (9.4.4) and (9.4.12), implies (9.4.7).
Inequality (9.4.8) follows from

AeM

mvn. (9.4.14)

V= -

From (9.4.14) it follows that

AeM AZeMn
An —
(T —t) LT —t)

AB = — |Vn|?, (9.4.15)
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which yields (9.4.9). Moreover, by using (9.4.13) or (9.4.14) we obtain that

|T — 2t|\2e2M
‘v( )w’ e N

which implies (9.4.10).
Finally, inequality (9.4.11) is an obvious consequence of (9.4.6) and (9.4.9).

O
We define the functions
_, [ 0p
s=p = -A 4.1
fs=0p ( 5 w) (9.4.16)
and
v =pp, (9.4.17)

with s > 0 and p defined in (9.4.5).
The main ingredient of the proof of Theorem 9.4.1 is the following lemma.

Lemma 9.4.5. With the above notation, there exist the constants sg, A\g > 0, K > 0,
depending only on Q, O and T, such that the inequality

[ /( (E *'AW)H(T §IvVe m e
< K/OT (IIfSII%z(Q) +/Oﬁ|w|2dx> dt (9.4.18)

holds for every ¢ satisfying (9.4.1) and for every s > so and X = Ag.

V|? +

e |¢|2) dxdt

Proof. The proof is divided into four steps.
First step. It can be easily checked that

0 8ﬂ sﬁ

— (5B
€)= s5e”, (9.4.19)
V(e™) = 5eVB, A(e™?) = seP A + s VAL, (9.4.20)
Notice that
i (z,0) = lim 6(z, 1)
_ o G _
= tLH& E(az t) = tErqr}i E(mﬂf) =0 VeeQ. (94.21)

By (9.4.19), (9.4.20) and the fact, following from (9.4.16) and (9.4.17), that

B
p° a(p%)—A(psw) = fs,
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we obtain that

My + Map = gs, (9.4.22)
where we have denoted
My = 8_¢ —2sVp3 -V, (9.4.23)
ﬁ A 2 2
My = s—oo = A = 7|V, (9.4.24)
and
These relations imply (using the notation || -|| and (-, -) for the norm and the inner
product in L?(9)) that
T T
| Qi + 10l + 2000 M) @t = [ lPa @420
0 0

Second step. We estimate the crossed term 2(M1v), Mat)) 12(ax(0,7)) in (9.4.26).
Relations (9.4.23) and (9.4.24) imply that

2(Mip, Ma)r2ax 0.1y = It + I + I, (9.4.27)
where
I _2/ / ( —ap — Ay — %V w) a¢d dt, (9.4.28)
I :48/ /(vg-v¢) Arpdadt (9.4.29)
0 Q
and
T
I3 = 45/ /Q <s2|Vﬁ|2¢ - s% ) (V3 V) dzdt. (9.4.30)
0

Integrating by parts with respect to x in (9.4.28) and using the fact that ¢¥» = 0
on 02 x (0,T), we obtain that

n= [T awer) - (2vor -s20) & ()] asar

By integrating the above relation by parts with respect to ¢ and by using (9.4.21),

we get
T b o?
I :/O /Q{252 {v (a_f)} .vg_sa—tf}wdxdt. (9.4.31)
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Integrating by parts in (9.4.29) we obtain that

[ N oar—as [ V) -
I, = 45/0 . (VB Vi) 5 dodt 43/0 /QV(W Vi) - Vipdzdt. (9.4.32)

Since [ and 1 are, for each ¢t € (0,7'), constant with respect to z € 99, the first
term on the right-hand side of the above relation can be written as

43/ GQVB V¢—d0’dt—4//m

The last term on the right-hand side of (9.4.32) can be written as

93 oY O
4s/ /v V- V) - Vidzdt = 4s Z/ /axzaxj e, 6)I]d zdt

i,j=1
Y W
/ / ox; 633383:1 8333 oz, drdt.

By integrating by parts with respect to  in the last term on the right-hand side,
the above relation becomes

923 0y O
45/ /v VB - V) - Vipdzdt = 4s Z/ /8%8% 9o axjd xdt

ig=1
425 / /{m o dt—2$/ /Q(Aﬂ)|v¢|2dxdt.

The above relation, combined with (9 4.32) and (9.4. 33) gives

I2_2//8Q ddt—4s// 625 awawd dt

63326333 Ox; 0x;

d dt. (9.4.33)

i,j=1

2
2 /O /Q (AB)| Ve[ dedt. (9.4.34)

In order to transform I3 (which was defined in (9.4.30)), we notice that by inte-
grating by parts we get

T T
3 2 . _ 9.3 20,12
s /O /Q|Vﬂ| ¢ (V- Vi) dodt = —2s / /|Vﬂ| [Y2ABdzdt

923 98 0P
— 4 Z/ /am% e |¢| dzdt,

3,j=1

43/0 a%(vg Vi) dedt = —23// ( ) (|2]*V3) dzdt

> 9B >
—2s /0 T — (AB)||* dadt.




304 Chapter 9. Observability for Parabolic Equations

The above two formulas and (9.4.30) imply that

9? op o
298 / JACHERSIREE Z/ | S g

i,j=1

+ 2s // ( ) (|| Vﬂ)dxdt+2$/ /85 (AB)[Y)*dzdt.  (9.4.35)

Relations (9.4.27), (9.4.31), (9.4.34) and (9.4.35) imply that

2
0°B 0% 0% ;4
O0x;0x; Ox; Ox;

2(Miy, Matp) r2ax0,ry) = 1+ Jo+ J3 — 4s Z / /

3,j=1

2 / [ (a0)v6P — S@DIVAPIUR) dode,  (9.430)
0 Q

where

B 0B 9B
4.
S = / /8:618:6] ox; 8:5] [V dedt, (9.4.37)

1,7=1

s [
s [ [ )] o v [ ot

— dordt7 (9.4.38)

(9.4.39)
By setting
n 377
=2 4.4
€0 xEclos (Q\O) Z 8331 8IJ (9 0)
and using the fact that
~ 0’8 98 9B
—1 aibiaibj 8:51 8xj
" 9%n on 877 677 877
2\3¢3Mn 43
Z O0x;0z; Ox; 83,3 Z 83:1 656]
together with (9.4.37), we obtain that
On On Ay | Ao €MyY)?
1 =4 343 _ )y -
A [Z/ /(axiaxj oz, 0z; | 2 )t3(T 5 dodt
3,j=1
)\CO 3’\77|”€/’|2 344 dn On 3’\77|¢|2
5 dadt 4s° )\ dxdt.
/ /t3 o s Z//axlaxj t3T t)3 .
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The above relation implies, if we assume that \ satisfies

4 " 9%n  On On
Az — — 9.4.41
Co zemd%?fz i]zz:l 89518:5] axi axj ( )
that
3)\7](&6) 2

Ji >0083>\4/ / W' dzdt (9.4.42)

R

463 )\4 _Co| e

A / / ‘axz 0 2| 3T —1)3 dedt.

By using (9.4.40) it follows that, for every t € (0,T), we have

S n a77 2 Co | 3xny,,2
- — d
/ = 83:1 633] 2 eyl de
2
2/ On 9n " _ <o 3|2 da — C—O/ 3|2 da
Q\O =1 6:51 6Ij 2 2 o

>—C—°/ M|y dz.
2 O

The above inequality and (9.4.42) yield that

e3M() [4)]2 e32n(@) 2
Jy > cOSBA‘*/ / W' dxdt—2c 33/\4/ / W' dxdt. (9.4.43)

On the other hand, the facts that 7 =0 on 92 and > 0 in £ imply that

foJe an
_— = >
8V(ac) )\61/( z)eM >0 Ve o,

so that, by using (9.4.38), it follows that
J2 2 0. (9.4.44)
The definition (9.4.39) of J3, together with (9.4.10)-(9.4.7), implies that there

exists a constant Cy > 0 (depending only on ©, O and T') such that for every
A, s > 1 we have

242 g e3in(@) 2
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Relation (9.4.36), combined with (9.4.41), (9.4.43), (9.4.44) and (9.4.45), implies
that there exists a constant C3 > 0, depending only on 2, O and T, such that

2(M19, Mav)) 12 (ax (0,1))

3)\77 2 3)\77 2
0333/\4/ / W' dxdt—zcos3A4/ / W' dzdt

82ﬁ oY 8¢
—ds Z / / Ox;0xj Ox; 633] dedi

i,j=1
2 / [ ((a8)196P = S @DIVAPIUF) dadt (9.4.46)
0o Ja
provided that
4 s 0%*n On On| 20,
> 1, > 1, — —,— - 4.4
3 A Hax Co zernclgci;ziﬂ 'Zl 8:518% ox; axj Co (9 7)

(Recall that ¢y has been defined in (9.4.40).) From the estimate (9.4.46), combined
with (9.4.26), it follows that

! 3y POy
/ (||M1¢IIL2(Q)+||M2¢IIL2 )dt+Cgs>\/ / — s drdt
0

3)\n(w) 2
/ ll9s|| dt+2cO53A4/ / W' dzdt

T 826 61/) 8¢
+4s Z /o  Oz;0x; 0x; Ox; 2Jy, (9.4.48)

i,j=1

where
T
Ji = / / (s(AB)IVI2 — s*(AB) VR [2) dadt. (9.4.49)
0 Q

On the other hand, (9.4.25) implies that

T T T
/||gs||2dt<2/ IIfs||2dt+282/ (A8 dt.
0 0 0

By using (9.4.9) it follows that

T T 2>\n|¢|2
gs||Pdt < 2 fs|?dt +2C% 2/\4 s dadt.
t2
0 0

If we take, in the above inequality,

(9.4.50)

22
s = max{l,ﬂ}

3
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and we use the elementary fact that

1 - T2
2(T —1)2 = 3(T—1)3

Vte (0,7,

we obtain

T 3)\4 3)\7] 2
[ lda <2 / I+ &8 / Jca
0

The above estimate and (9.4.48) yield that

T 314 3)\ 2
Css° A n
| (1001 + 132010 ) ae+ =25 / / 7';@'@&

3)\7](&6) 2
/ I fsll dt+20033)\4/ / |¢| dedt

//6825 aw o (9.4.51)

;0% 83:1 633]

z]l

provided that s and A satisfy (9.4.47) and (9.4.50).
Third step. We estimate Jy, defined in (9.4.49). First we notice that

T
T [ {s(aa)IeR ~s(as) (#195R0) } dear.

The above relation, combined with (9.4.22)-(9.4.25), implies that

J4—// (AB) |V¢|2dxdt—s//A5 <—¢ Mot) — A¢> dzdt
// (AB) |V¢|2dxdt—s//A5 <—¢+M1¢ gs — A¢) dadt
:/ /s(A5)|V¢|2dxdt
0 Q
T 8ﬂ
s [ [ @ (fs My - sEd)ﬂLAzﬂs(Aﬂ)w) dadt.
By using the fact that div (V1)) = |[V4)|? + 1A in the above formula, we obtain
T
Jy= AB) div (Vip)dzd
= [ [ as)div e dedr

T
ws [ @9 (fs M= s+ S(Aﬂ)d)) dudt.
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A double integration by parts with respect to z in the first term on the right-hand
side of the above relation implies that

//A2 |¢|2dxdt—s/ /Aﬁ 95 2 dzdt (9.4.52)

+s/ /Aﬂ My + s(AB)Y) dadt.

On the other hand, by using the elementary inequalities

a2
ab§Z—|—2b2 Va,beR,
la 4+ b? < 2(a® 4 b?) Va,beR,

we have

T
/Q(Aﬁ)w (fs — My + s(AB)) dedt

T T
_ . 2 2 2
< / / o — M| - |s(ABYp| dedt + s / / (AB 2 dzdt

1 r B 2 2 g 20,2
4/0 /Qlfs Myap|” dedt + 3s /O /Q(Aﬁ) 9|2 dadt

1 r 2 2 2 ’ 2 2
<5 [ (100 + 1) e+ 35 [ [ @9P10f dadt
2 0 0 Q

From the above estimate and (9.4.52), it follows that

|J4] < //N’ )|9|? dadt — //Aﬁ —— || dzdt (9.4.53)
vy / (1M By + 1oy ) -+ 852 / | @pPvpasar,

On the other hand, by using (9.4.5) it is easy to check that there exists a constant
C(92,0) > 0 such that

_ C(2.0)

t(T_t) | (e)m)| < t(T_t) )\463)\77_

|A%6] =

The above formula, combined with (9.4.11), (9.4.53) and with the fact that

1 T4
HT —t) = B3(T —1)3

Ve (0, (9.4.54)
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yields the existence of a constant Cy > 0 (depending only on 2, O and T') such
that, for every s, A > 1 we have

e 2 2 o [T e\ 2
< 5 [ (e + 1) e+ Cusxt [ [ uanar,
Fourth step. From the above formula and (9.4.51), we obtain that there exists

C5 > 0 (depending only on ©, O and T') such that, for every s and A satisfying
(9.4.47) and (9.4.50), with s > §5%, we have

! 5,4 W<I>|¢|2
0

3)\77 2
/ 1ol gy + s\ / / |w| dodt

a%e aw O
+852/ /axzaxj 9 0z, (9.4.55)

3,j=1

Now we transform the above estimate into an inequality involving the terms con-
taining A, Vo) and 22, which occur on the left-hand side of (9.4.18). We begin
with the term containing At by noticing that

T
%/O /Qt(T—t)e—WAdedt
T 2
= %/0 /Qt(T—t)e”\” (M2¢ s2|Va? w—s—%) dzdt

T
< §/ /t(T_t)e**"|M2w|2dxdt+3s3/ /t(T—t)e*A"IVﬁI“lezdwdt
SJo Ja @

T
+3s/ /t(T— *Ma
0 Q

The above estimate, combined with (9.4.8) and (9.4.6), yields that

T
% / / t(T—t)e‘M’|A¢|2dxdt (9.4.56)

dxdt.

2
< 3 [T iRt + (9,0, 1) / / 7|¢|2dxdt

Now we give an upper bound for the term containing V1 on the left-hand side of
(9.4.18). Integrating by parts, we obtain

25/\2// < |V¢|2dxdt—25/\2// ) - (Vi) dadt

—23A2/ / _t A¢)¢dxdt—25A3/ / vn Vi) dadt
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= 23A2/ / T (—AY) ¢dxdt—sA3/ / vn V|y|?)dedt
= stZ/ / _t Aw)@bdxdt—&—s)\g’/ / An)|¢|2dxdt

+s/\4/ / g Vool ded.

The above estimate, combined with (9.4.54) and with other elementary inequali-
ties, yields that, for every s > 1,

23/\2/ / |w|2dxdt
_ _2/ / (%Q?A@b) <%¢> dedt
+3A3/ / An 4|2 dxdt+sA4/ /
/ / T 1) *M|A¢| dzdt + C(Q, 0) 3>\4/ /t3 lvl dadt.

From the above and (9.4.56), it follows that if s > 372, then

|V77| [p[* dardit

23/\2/ /t ! LM Wy |? dadt (9.4.57)

/ | Mo dt—|—$3/\4/ /t3 |1/)| dzdt.

Now we move to the term containing %—f. By using (9.4.23), (9.4.8) and some
elementary inequalities, it follows that

Lol

2

<§/0 (T - )My dt+4s// T~ HIVHPITYP
2

2T ||M1¢||2+4s>\201/ /

From the above it follows that if

T
dxdt = 1/ /t(T—t)|M1¢+2svﬁ-w|2 dzdt

|V¢|2dxdt

s> 377, (9.4.58)
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then

da: dt

o e
5 Jo ot
g/ (| M| dt—|—4$)\201/ /

Let us now fix A satisfying (9.4.47). By combining (9.4.55)7 (9.4.56), (9.4.57) and
the last inequality, it follows that there exists Cg > 0 (depending only on Q, O
and T') such that the inequality

17 17
;/ /t(T—t)e*’\"|A¢|2dxdt+—/ /t(T—t)
e3A () ]4/]2
+$)\2/ / |Vz/)| dIdt+83/\4/ / ’ W' dzdt
3)\ 2
(/ (FA dt+83>\4/ / " W' dzdt

0*8 oY o
i Z / / 020, d; Oz, dz dt) (9.4.59)

1,7=1

|v¢| dzdt.

2
8—¢ dzdt

holds for every s satisfying (9.4.50), (9.4.58) together with s > %. In order to
eliminate the last term on the right-hand side of (9.4.59), we note that

—~ 0’ oY 0y = —M (T —)7! ()\2 on on \ Al ) o 9y

52 02i0z; Oz O; dx; dx; " Oxi0x; ) dx; Oxy
AZeAn e o? oY 0
= (V- V)? - Ui _ _¢_¢
t(T —t) t(T —t) \Oz;0x; ) Ox; Ox;
e
< — 2,
From the above estimate and (9.4.59) we get the desired conclusion. O

We are now in a position to prove the main result in this section.

Proof of Theorem 9.4.1. We fix A satisfying (9.4.47) and we consider an arbitrary
s satisfying (9.4.50), (9.4.58) together with s > 5C4.

By using (9.4.17) and the fact that p = €7, it follows that ¢ = e~*%¢, so that

Vi) = e *P(Vyp — 5pVp3).

From the above formula and the elementary inequality

la—sb? > L — 22 Va,beR,
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it follows that

T 1 9 T e*28ﬂ 9
s ——|V¢|"dadt = / ——— |V — sV dedt
| wm=gIve 5 |

T —t)
—23[3 —255
/ / T / VB o dudt
t(T —t)
> S/ 2S g [VelPdadt — K s° / / | 2dadt,

where K7 > 0 depends only on 2 and O. The last formula implies that for every
e € (0, i) we have

2
ss/ T )|V¢| dzdt + s / /t3 |¢| dzdt
— 2
—ss/ T )|V¢| dzdt + s* / /t3 |g0| dzdt
s [ G e dad
>
> 5 | I Velaai+ //t3 s7leldodt.

The above estimate, combined with (9.4.18), yields the conclusion. O

9.5 Final state observability without
geometric conditions

In this section 2 C R™ is an open set with boundary of class C?, X = L?(Q), b €
L>®(Q;R"), ¢ € L>=(2,R) and A is the operator of domain D(A) = H2(Q)NH(Q),
defined by

Af = Af4+b-Vf+cf vV feD(A),

where - stands for the inner product in R”. We know from Example 5.4.4 that
A generates a semigroup T on X that corresponds to the convection-diffusion
equation on €2, with homogeneous Dirichlet boundary conditions.

Let O be a non-empty open subset of Q2 and let Cy € £(X) be defined by

Cof = fxo,

where X is the characteristic function of @. The norm on X is denoted by || - ||.

In this section we show that the geometric assumptions on the observation
region which have been used in the previous section are not necessary for the final
state observability of a convection-diffusion equation with distributed observation.
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Theorem 9.5.1. The pair (A, Cyp) is final state observable in any time T > 0. In
terms of PDEs, this means that for every T > 0 there exists a constant k; > 0
such that, for every zo € H2(2) NHS(Q), the solution of

0z

a(m,t) = Az(z,t) + b(x) - Vz(z,t) + c(x)z(z,t), z€Q,t>0, (9.5.1)
z(z,t) =0, €9, t>0, (9.5.2)
2(x,0) = zo(z), x €9, (9.5.3)

satisfies

/ /|z(x7t)|2dxdt > kz/ |z(z, 7)|? dedt. (9.5.4)
0o Jo Q

Proof. Let a be the function constructed in Section 9.4. According to Theorem
9.4.1, it follows that there exist sg, Cy > 0, depending only on 2, O and 7, such
that, for all s > sg, we have

T e [ —1|7. 2 s* 2
Anée()[“ h—w|Vd+ﬁﬁtBﬂd}m& (9.5.5)
—2sa(a) 2|2 T —2sa()
< Cy {53/ e tc=t —————dxdt —|—// et—0 (lez|?> +|b-Vz|?) dzdt].
Ox(0,7) t3(r —t)? 0Ja (feal” + ")

On the other hand, it is easy to see that

o —2sa(x) 9 6 9 o —2sa(r) o 3 12
/ /e =0 |ez|*dedt < T ||c||Loo(Q/ /e =0 70 (1 — )72 * dadt,
0o Jo o Jo

(9.5.6)
T —2sa(a) 9 9 9 T —2sa(x) 1 -1 2
TR b Ve drdt < 2oy [ [ T ¢ (7 — )7 Va2 dadt
0 Q 0 Q
(9.5.7)

Relations (9.5.5)—(9.5.7) imply that there exist s1, C; > 0, depending only on 2,
O, 7, ||b]|se and ||¢||so, such that, for all s > s;, we have

—2sa(z 2 —2sa(z 2
/ /e ) |VZ| )d zdt < Oys? / /e = (t)) |Z| 0 dzdt. (9.5.8)

It is easy to check that there exist two constants Co, C3 > 0, depending only on
Q, O, 7, such that

—2sa(x)

e tr=n T 37
- = C v 7t Q FEEVEN B
Br—13~ (z,6) € x(4 4)
—2sa(x)
e tr—D
<Cs Y (2,t) € 2 x (0,7).
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The above two relations and (9.5.8) imply that there exists Cy > 0, depending
only on Q, O, 7, ||b]|sc and ||¢||s, such that

3z T
/4 /|Vz|2dacdt < 04/ / I2[2 dzdt. (9.5.9)
= Ja 0o Jo

On the other hand, if M and w are as in (2.1.4), then, for every t € (i, %)7 we
have ,

I2(r)]| < Me* T Tyzo|| < Me T |12(2)]].
This fact, combined with (9.5.9) and with the Poincaré inequality, clearly implies
the conclusion (9.5.4). O

9.6 Remarks and bibliographical notes on Chapter 9

General remarks. The observability and the controllability of linear parabolic
PDEs in one space dimension has been extensively studied about thirty years
ago in a series of papers beginning with Fattorini and Russell [62]. The corre-
sponding results in several space dimensions have been obtained much later, as
described below. More recently, several researchers became interested in finding
precise estimates of the final state observability constants when the observation
time tends to zero. We did not tackle this challenging issue in this book, but we
refer the reader to Zuazua [244], Miller [169] and to Tenenbaum and Tucsnak [218]
for results on this topic.

Section 9.2. The fact that the exact observability of a system governed by the wave
equation implies the final state observability of a corresponding system governed
by the heat equation has been proved by Russell in [197, 198] (see also Seidman
[205]). The abstract version given in this book is closer to the approach in Avdonin
and Ivanov [9]. Lemma 9.2.3 is a key technical result which, in the form shown in
this book, has been proved in [218]. For earlier versions of this result we refer the
reader to Bombieri, Friedlander and Iwaniec [21] and to Jaffard and Micu [124].
A different proof for a generalization of Theorem 9.2.2 has been given recently
in Miller [171], using the “control transmutation method”. This generalization of
Theorem 9.2.2 eliminates the assumption that Aj is diagonalizable.

Section 9.3. The result in Proposition 9.3.6 has been obtained in Fattorini and
Russell [62, 63] by tackling directly the one-dimensional parabolic equation. The
observability for the system (9.3.4) has been used by Fernandez-Cara and Zuazua
[67] to show that the result in Proposition 9.3.6 holds when a is less smooth,
namely a function with bounded variation. By a different method, this result has
been generalized recently in Alessandrini and Escauriaza [3] to the case a € L™.

Section 9.4. The type of estimates derived in this section have been introduced by
Carleman in [29] in order to prove unique continuation results for linear elliptic
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PDEs in two space dimensions. Their use for global estimates for the heat equation
is due to Fursikov and Imanuvilov in [69]. Our approach follows Ferndndez-Cara
and Zuazua [66]. For a proof of Theorem 9.4.1 under the assumption that 02 is
only of class C?, we refer the reader to Ferndndez-Cara and Guerrero [64].

Section 9.5. The result in Theorem 9.5.1 has been obtained independently by
Lebeau and Robbiano in [151] and by Fursikov and Imanuvilov in [69]. These works
were the departure point of a series of papers devoted to the observability and
controllability of other parabolic equations, linear or nonlinear, and in particular
for the Navier—Stokes system (see, for instance, Barbu [14], Fabre [60], Ferndndez-
Cara et al. [65]).






Chapter 10

Boundary Control Systems

Notation. We continue to use the notation listed at the beginning of Chapter 2.
As in earlier chapters, if T is a strongly continuous semigroup on the Hilbert space
X, with generator A, then the spaces X; and X_; are as in Section 2.10 and the
extension of A to X is still denoted by A.

10.1 What is a boundary control system?

In this section we introduce boundary control systems, in particular well-posed
boundary control systems. Usually, boundary control systems are defined as sys-
tems having inputs and outputs. However, the novelty resides only in the equations
linking the input to the state. For this reason, here we introduce a restricted ver-
sion of the concept of boundary control system, which do not have outputs.

In Chapter 4 we have discussed infinite-dimensional control systems for which
the evolution of the state z is described by the differential equation 2(t) = Az(t)+
Bu(t), where u is the input signal. Systems described by linear PDEs with non-
homogeneous boundary conditions often appear in the following, quite different
looking, form:

At) = Lz(t),  Ga(t) = u(t). (10.1.1)

Often (but not necessarily) L is a differential operator and G is a boundary trace
operator. It is not obvious what is meant by solutions of the above equations, and
it is clear that some assumptions are needed in order to be able to translate these
equations into the familiar form 2(t) = Az(t) + Bu(t). In what follows, we assume
that U, Z and X are complex Hilbert spaces such that

Z C X,

with continuous embedding. We shall call U the input space, Z the solution space
and X the state space.

317
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Definition 10.1.1. A boundary control system on U, Z and X is a pair of operators
(L, @), where
LeL(ZX), G e L(ZU),

if there exists a 3 € C such that the following properties hold:

(i) G is onto,

(ii) Ker G is dense in X,
(iii) BI — L restricted to Ker G is onto,
(iv) Ker (I — L)NKer G = {0}.

We think of the two operators in this definition as determining a system
via (10.1.1). Broadly, our aim is to translate these equations into the familar form
2(t) = Az(t) + Bu(t). The boundary control system will be called well-posed if A
generates a semigroup on X and B is admissible for this semigroup.

With the assumptions of the last definition, we introduce the Hilbert space
X, and the operator A by

X, =KerG, A=1Ll,. (10.1.2)

Obviously, X7 is a closed subspace of Z and A € £(X;, X). Condition (iii) means
that BI — A is onto. Condition (iv) means that Ker (81 — A) = {0}. Thus, (iii)
and (iv) together are equivalent to the fact that 3 € p(A4), so that

(BI — A~ e L(X).
In fact, (B3I — A)~! € L(X, X1), so that the norm on X is equivalent to the norm
2]l = 1(BI — A)=]|,

which has been discussed in detail in Section 2.10. As usual, we define the space
X _1 as the completion of X with respect to the norm ||z||_1 = ||(8]—A)~'z||. Then
A has an extension, also denoted by A, such that A € £L(X, X_1), as explained in
Section 2.10. Note that, so far, A has not been assumed to be a generator.

Proposition 10.1.2. Let (L,G) be a boundary control system on U,Z and X. Let
A and X_1 be as introduced earlier. Then there exists a unique operator B €
LU, X_1) such that

L = A+ BG, (10.1.3)

where A is regarded as an operator from X to X_1. For every 8 € p(A) we have
that (B — A)™'B € L(U,Z) and

GBI—-A)'B=1I, (10.1.4)

so that in particular, B is bounded from below.
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Proof. Since G is onto, it has at least one bounded right inverse H € L(U, Z).
We put
B=(L-A)H. (10.1.5)

From G(I — HG) = 0 we see that the range of I — HG is in Ker G = X1, so that
(L—A)(I - HG)=0. Thus we get that BG = (L — A)HG = L — A, as required
in (10.1.3). It is easy to see that B is unique. To prove (10.1.4), first we rewrite
(10.1.5) in the form

(B — AVH — (BI — L)H = B.

If we apply (81 — A)~! to both sides, we get
H — (BT~ A8 — L)H = (51 — A)"'B,

which shows that indeed (8 — A)~'B € L(U, Z). Therefore, we can apply G
to both sides above and then the second term on the left-hand side disappears,
because X1 = Ker G. Since GH = I, we obtain (10.1.4). O

When L, G, A and B are as in the above proposition, we say that A is the
generator of the boundary control system (L, G) and B is the control operator of

(L,G).

Remark 10.1.3. It follows from (10.1.4) that B is strictly unbounded with respect
to X, meaning that X N BU = {0}. Another consequence of (10.1.4) is that

Z =X+ (BI-A)"'BU.

Indeed, for each z € Z, denoting v = Gz, we have z = z; + (8] — A)~! Bv, where
z1 € X5 (because Gz = 0). The converse inclusion is trivial. Thus, Z coincides
with the space defined in (4.2.9). Moreover, by the closed-graph theorem, the norm
of Z is equivalent to the norm defined after (4.2.9).

Remark 10.1.4. As a consequence of Proposition 10.1.2, (10.1.1) can be rewritten
equivalently as
2(t) = Az(t) + Bu(t), with 2(t) e X. (10.1.6)

This equivalence is meant in the algebraic sense, without making at this stage any
assumptions about the existence or uniqueness of solutions for these equations
(for example, we have not assumed that A generates a semigroup). Indeed, the
transformation from (10.1.1) to (10.1.6) is obvious from (10.1.3). Conversely, if
(10.1.6) holds, then applying G(B3I — A)~! to both sides, we obtain with (10.1.4)
that Gz(t) = u(t). Now from (10.1.3) it follows that 2(t) = Lz(¢).

When transforming (10.1.1) into (10.1.6), the control operator B is deter-
mined in principle from (10.1.5). However, this way of determining B is not sat-
isfactory for most examples, because it is awkward to work with the extended
operator A and with the right inverse H. Thus, we need more practical ways to
determine B. The following two remarks offer two ways to find B from L and G.
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Remark 10.1.5. The following fact is an easy consequence of Proposition 10.1.2
(we use the notation of the proposition): For every v € U and every 3 € p(A), the
vector z = (8I — A)~!Bv is the unique solution of the “abstract elliptic problem”

Lz = Bz, Gz=v.

For many L and G, this problem has a well-known solution, and it is easier to
describe z € X than to describe Bv € X_, since X is usually a more “natural”
space than X_; (see the other sections of this chapter).

Remark 10.1.6. Often we need to express B* in terms of L and G. Instead of
finding the control operator B and then computing its adjoint, it is usually more
convenient to use the following formula, which follows from (10.1.3):

(Lz,9¢) = (2, A"Y) + (Gz, B*Y) VzeZ, peDAY). (10.1.7)

Sometimes the expression (Lz,v) — (z, A*1)) can be written in a simple form
using integration by parts, thus revealing the expression for B*; see, for example,
Propositions 10.2.1, 10.3.3, 10.4.1, 10.5.1 and 10.9.1 later in this chapter.

Definition 10.1.7. With the notation of Proposition 10.1.2, the boundary control
system (L, G) is called well-posed if A is the generator of a strongly continuous
semigroup T on X and B is an admissible control operator for T.

Proposition 10.1.8. Let (L, G) be a boundary control system on U, Z and X, with
A, B as in Proposition 10.1.2. We assume that A is the generator of a strongly
continuous semigroup T on X.

Then for every T > 0, 2(0) € Z and u € H?((0,T);U) which satisfy the
compatibility condition Gz(0) = u(0), equations (10.1.1) have a unique solution z
and

z € C([0,T);2) n C*[0,T); X). (10.1.8)

If (L,Q) is well posed, then the same conclusion holds for every T > 0,
2(0) € Z and u € HY((0,T);U) that satisfies Gz(0) = u(0).

Proof. The identity Gz(0) = u(0) is equivalent to Az(0)+ Bwu(0) € X (this follows
from (10.1.4)). According to Remark 10.1.3, the space Z from the definition of a
boundary control system coincides with Z defined in (4.2.9). According to Remark
10.1.4, (10.1.1) are equivalent to (10.1.6).

Now consider the case when (L, G) is well posed (i.e., B is admissible for T).
We know from Proposition 4.2.10 that (10.1.6) has the unique solution z defined by
(4.2.7), where the operators @, are defined by (4.2.1). Still by Proposition 4.2.10,
z satisfies (10.1.8). If (L, G) is not assumed to be well posed, then we follow by the
same reasoning, but with Proposition 4.2.11 instead of Proposition 4.2.10. 0

Example 10.1.9. We want to formulate the equations

0z(w,t)  0z(x,t) B
% - o z(0,t) = u(t),
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as a boundary control system. Here, z,t > 0. Take X = L?[0,0), Z = H*(0, )
and define the operators L € £L(Z,X) and G € £(Z,C) by

dz

Lz= - ¢
i da’

Gz = z(0).

Notice that X; = Ker G = H}(0,00) and A = Ll|x, is the generator of the
unilateral right shift semigroup on X, last encountered in Example 4.2.7. Now it
is clear that all the conditions in Definition 10.1.1 are satisfied. To identify B,
we follow the approach in Remark 10.1.6. First we notice that A*y = ¢’ for all
1 € D(A*) = H'(0, 00). Integrating by parts, we see that

Comparing this with (10.1.7), it follows that
B*d) = d)(0)7 i'e'7 B= 507

with g as defined in Example 4.2.7. Thus, our system is equivalent to the one
from Example 4.2.7. In particular, this boundary control system is well posed.

Alternatively, we could solve the “abstract elliptic problem” from Remark
10.1.5 with =1 and v =1:

which gives z(x) = e~*. According to Remark 10.1.5, Bv = (81 — A)z. Using inte-
gration by parts, we can obtain from here that B = §p (we omit the computation).
Overall, for this system, the approach in Remark 10.1.6 is more efficient.

The next proposition shows that certain perturbations of well-posed bound-
ary control systems are again well-posed boundary control systems.

Proposition 10.1.10. Let (L, G) be a well-posed boundary control system on U, Z
and X, with generator A and control operator By. Let B € L(Y,X) and let C €
L(X1,Y) be an admissible observation operator for the semigroup T generated by
A. Let C° be an extension of C such that C°¢ € L(Z,Y). Assume that there exist
a€R and M > 0 such that C,, C p(A) and

|[Cé(sI — A) ™' By cwyy < M VseCy,.

Then (L 4+ BC*¢,G) is a well-posed boundary control system on U, Z and X .
Its generator is A+ BC and its control operator is JBy, where J is the extension
of the identity operator introduced in Proposition 5.5.2.

Proof. According to Theorem 5.4.2; A+ BC' is the generator of a strongly contin-
uous semigroup T¢ on X. Let us show that (L+ BC*¢, G) is a well-posed boundary
control system. Conditions (i) and (ii) in Definition 10.1.1 are obviously satisfied,



322 Chapter 10. Boundary Control Systems

since U, Z and G have not changed. The restriction of L 4+ BC*® to Ker G = D(A)
is A+ BC, so that conditions (iii) and (iv) in Definition 10.1.1 are also satis-
fied. Clearly the generator (L + BC¢, @) is A+ BC. Let us determine the control
operator of this boundary control system. For every z € Z we have, using (10.1.3),

(L+ BC®)z = Az+ B1Gz + BC°z,

where A is regarded as an operator from X to X_;. Applying J to both sides (so
that the left-hand side and the term BC®z remain unchanged), we obtain

(L+BC®)z = JAz+ JB1Gz + BC*z.
Now using (5.5.2) we obtain
(L+ BC®)z = (A+ BC)z + JB1Gz,

where A + BC is regarded as an operator from X to X, (the space X, is the
analogue of X_; for the operator A + BC, as in Proposition 5.5.2). Comparing
the above formula with (10.1.3) (with L+ BC* in place of L and A+ BC in place
of A), we see that the control operator of (L + BC*¢,G) is JB;.

It remains to show that (L + BC*®,G) is well posed. The operators C¢ and
B satisfy the assumptions in part (3) of Proposition 5.5.2. Therefore, according
to this proposition, JB; is an admissible control operator for T¢. This means that
our boundary control system is well posed. O

We shall see an application of the last proposition in Section 10.8.

10.2 Two simple examples in one space dimension

Notation. Throughout this section we denote

Hy(0,7) = {p€H'(0 vr) |¢(w):0}
H = L0, n], =

H1={f6H2(O7TQ’HRO7r ‘d_f = }

and the operator Ay : Hy — H is defined by

d2
AOf = _d—J;

We know from Example 3.4.12 that Ag > 0 and that the Hilbert spaces H 1
obtained from H and Ay, according to the definition in Section 3.4, is

\V/fEHl.

Moreover, we set U = C and we define the operator N : C — HL(0,7) by
(Nv)(x) = v(z —7) Yz el0,n]. (10.2.1)
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10.2.1 A one-dimensional heat equation with
Neumann boundary control

In this subsection we study a boundary control system modeling the heat propaga-
tion in a rod occupying the interval [0, w]. We want to control the temperature in
the rod by means of a heat flux u(t) acting at its left end. Normalizing the physical
constants, the temperature z satisfies the initial and boundary value problem

0z 0%z
dd _ -
5 (&t = 55 (@), O<az<m, t>0,
%(Oa t)=wu(t), z(mt)=0, t=0, (10.2.2)
Ox
2(2,0) = zo(x), 0<z<m.

Let A = —Ap. Since A < 0, it is the generator of an exponentially stable
semigroup T on X and T; > 0 (see Proposition 3.8.5).

To formulate (10.2.2) as a boundary control system, we take the solution
space Z = H?*(0,m) N'HEL(0,7) and the state space X = H. The operators L €
L(Z,X) and G € L(Z,U) are defined by

_ 4

i
Gf = 2(0) Vfez.

T da?’

Lf

Proposition 10.2.1. The pair (L,G) is a well-posed boundary control system on
U,Z and X. The control operator and its adjoint are given by

Bv = AoNv VveU, (10.2.3)
B*y = —1(0) YV € D(A"). (10.2.4)

Proof. We have Ker G = D(A) and A = L|p(4) is the generator of a semigroup on
X. Consequently, all the conditions in Definition 10.1.1 are satisfied, which means
that the pair (L, G) is indeed a boundary control system on U, Z and X.

In order to write a formula for B we use Remark 10.1.5. More precisely, for
every v € C, the abstract elliptic problem

Lf =0, Gf =v
is equivalent to

d*f ,
Tz = 0 in [0,7],

df

dx(o) =v, f(r)=0.

It is easy to verify that the unique solution of the above boundary value problem
is f = Nv. Using Remark 10.1.5 with 8 = 0, we obtain that —A~!Bv = Nv.
Applying Ag = —A to both sides, we obtain (10.2.3).
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In order to check (10.2.4), we take f € Z and ¢ € D(A*) = D(A). Then,
using integrations by parts, we obtain

df, ——
- L.

d?y
<Lfaw>_<f7A*’¢)>:<Lf71r/)>_<fa > -
The above formula together with (10.1.7) imply (10.2.4).
Since B* € L(H1,U), it follows from Proposition 5.1.3 that B* is an admis-
sible observation operator for the semigroup generated by A* = A. From Theorem
4.4.3 it follows that B is an admissible control operator for the semigroup gener-
ated by A, so that we have indeed a well-posed boundary control system. O

Remark 10.2.2. Using Remark 4.2.6, the above result can be stated as follows:
For every 2o € L?[0,7] and every u € L% _[0,00) there exists a unique function
z € C([0,00); L?[0, 71]) that satisfies, for every ¢t > 0 and every ¢ € D(Ay),

/OW Z(M)de—[ zo(2)ip(z) dz = /Ot {/Oﬂ Z($’0)32f Ao = ulopp(O)] d

In the PDE literature such formulas are used to define weak solutions for PDEs
with boundary control. Using this terminology, Proposition 10.2.1 is an existence
and uniqueness result for weak solutions of (10.2.2).

We show in Example 11.2.5 that this system is null-controllable in any time 7 > 0.

10.2.2 A string equation with Neumann boundary control

We consider the problem of controlling the vibrations of a string occupying the
interval [0, 7] by means of a force u(t) acting at its left end. If we assume that
the string is fixed at its right end, then the transverse deflection w satisfies the
following initial and boundary value problem:

0%w 0%w
W(I,t) az(xt) O<z<m t=0,
Jw
w(m,t) =0, %(O,t) = u(t), t>0, (10.2.5)
w(@,0) = fz), 22(@,0) = g(@), 0<a<m

ot
To formulate (10.2.5) as a boundary control system, we take the solution space
Z = [H*(0,7) NHE(0,m)] x Hp(0,)

and the state space
X = Hp(0,7) x H.
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We introduce the operator A : D(A) — X by

D(A) = {f € H%(0,7) N HE(0,7) g(c)) = 0} x HE(0,7), (10.2.6)
A[ﬂ - Eé} v m € D(A). (10.2.7)

Recall from Example 2.7.15 that A generates a group of isometries on X.
The operators L € L(Z,X) and G € L(Z,U) are defined by

R T R

g dx
Proposition 10.2.3. The pair (L,G) is a well-posed boundary control system on
U,Z and X. The control operator and its adjoint are given by

Bv — [A(B\zv} Vveu, (10.2.8)
B m = —1(0) % m € D(A"), (10.2.9)

where N has been defined by (10.2.1).

Proof. It is easy to see that Ker G = D(A) and L|ps) = A, so that all the
conditions in Definition 10.1.1 are satisfied. This means that the pair (L,G) is
indeed a boundary control system on U, Z and X.

To determine B we use Remark 10.1.5. More precisely, for every v € C,
consider the abstract elliptic problem

-0 of] -

It is easy to check that the unique solution of the above equations is ¢ = 0 and
f = Nv. Using Remark 10.1.5 with 8 = 0, we obtain that —A~!Bv = Nv.
Applying — A to both sides, we obtain (10.2.8).

In order to check (10.2.9), we take [/ ] € Z and [[;] € D(A*) = D(A). Then,
using integrations by parts and the fact that A is skew-adjoint, we obtain

EELBD - B - -zorm

The above formula together with (10.1.7) imply (10.2.9).

In order to show that B is an admissible control operator for the semigroup
T generated by A, we first notice that B* = C, where C is the operator defined
in (6.2.14). We have seen in Proposition 6.2.5 that C' is an admissible observation
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operator for T. Since T is invertible and A* = —A, it follows that B* = C is an
admissible observation operator for T*. From Theorem 4.4.3 it follows that B is
an admissible control operator for the semigroup generated by A, so that we have
indeed a well-posed boundary control system. 0

Remark 10.2.4. Using Remark 4.2.6, the above result can be stated as follows: For
every f € HL(0,7), every g € L?[0,7] and every u € L% _[0,00), there exists a
unique function

w € C([0,00); HE[0,7]) N CH([0, 00); L2[0, 7)),

such that w(0) = f and w satisfies, for every t > 0 and every ¢ € HL(0,7),
| it i@ - [ g
0 0

t s d_ _
:—/O [ i g—z;}(ﬁmo)%(x)dﬁc—&-u(o)wm) do.
Therefore, Proposition 10.2.3 can be interpreted as an existence and uniqueness
result for weak solutions of (10.2.5).

We show in Example 11.2.6 that the system discussed in this subsection is
exactly controllable in any time 7 > 27.

10.3 A string equation with variable coefficients

Let a € H'((0,7);R) and b € L ([0, 7]; R). Assume that there exists m > 0 with
a(z) = m for all z € [0, 7] and that b > 0.
Consider the initial and boundary value problem

%27?(%0 = 3% (a(x)a—w(%t)> —bx)w(z,t), O<z<m t>0, (10.3.1)

ox
w(0,t) = u(t),  wm,t) =0, (10.3.2)
w(-,0) = f, %—1:(-70) =g. (10.3.3)

These equations model the vibrations of a non-homogeneous elastic string which
is fixed at the end x = 7 and with a controlled displacement w(0,t) = u(t).
Throughout this section, we denote

H=1L%0,7], U=C,

and the operator Ay : H; — H is defined by

d
Hy = H*(0,7) N Hy(0,7), Aof = — —

dz

(aj—i)—kbf VfieH,. (10.3.4)
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We know from Proposition 3.5.2 that Ayp > 0 and that the Hilbert spaces H1
and H_1 obtained from H and Ay, according to the definitions in Section 3.4, are

H: = HL0,7), H_1=H0,n).

[N

From the same section we know that Ay has a unique extension to a unitary oper-
ator from H 1 onto H_ 1 and also from H onto H_;. We denote these extensions

also by Ap. The inner products in Hy, H and H_, will be denoted by (-,-)1, (-,-)

and (-,-) 1, respectively. With and Ap as above we set
X=HxH,, D(A)=H xH,

and A : D(A) — X is defined by

A m = [—Xof} % [ﬂ € D(A). (10.3.5)

Since Ay is strictly positive, it follows from Proposition 3.7.6 that A is skew-adjoint
and 0 € p(A). As usual, X; is D(A) endowed with the graph norm.

To formulate (10.3.1)—(10.3.3) as a boundary control system, we take the
input space U = C and we introduce the solution space Z by

Z = H}%(OJT) x L2[0,7], where H}%(OJT) = {¢ € H'(0,7) | (7)) = 0}.

The state z(t) of the boundary control system will correspond to [523} from

(10.3.1)-(10.3.3). The operators L € £L(Z, X ) and G € L(Z,U) are defined by

f-epty-w] vz

G m — (0) y m cz. (10.3.6)

We need the following technical result.

Proposition 10.3.1. For every v € U = C, there exists a unique function Dv €
H2(0,7) N HE(0,7) such that

% <ad(£cv)> —b(Dv) =0 in [0,7], (10.3.7)
Dv(0) = v, (Dv)(m)=0. (10.3.8)

Clearly, D may be regarded as a bounded linear operator from U into H.
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Proof. Let x € C*°[0, ] be such that x(z) =1 for 2 € [0, %] and x(z) = 0 for
T € [%T’T, ﬂ. We define the operator D by

(Dv)(z) = vAy" { ddx (a%) - bx} (z) + vx(z). (10.3.9)

It is easy to check that the above formula defines a bounded linear map from U
into H, that Dv € H?*(0,7) N 'HkL(0,7) and that it satisfies (10.3.8). Moreover,
from (10.3.9), it follows that Dv — vy € D(A4p) and

Ao(Dv—vyx) = v [ddx (afl—ic<> - bx} ’

which implies that Dv also satisfies (10.3.7). The uniqueness of the operator D
with the required properties follows easily from the fact that Ker 49 = {0}. O

Remark 10.3.2. In the case a = 1 and b = 0, the map D introduced above is the
one-dimensional counterpart of the Dirichlet map which will be studied in Section
10.6 and it is given explicitly by

(Dv)(z) = %(W—ac) Vaelon].

Proposition 10.3.3. The pair (L,G) is a well-posed boundary control system on
U,Z and X. Its control operator and its adjoint are given by

0
Bv = [AODV} VveU, (10.3.10)

B |2] =) 4 (4510)

where D is defined as in Proposition 10.3.1.

90 *®\
v M € D(AY) = D(4),  (10.3.11)

z=0

Proof. Notice that G is onto, Ker G = X; and A = L|x, is the generator of a
unitary group on X, so that all the conditions in Definition 10.1.1 are satisfied.

In order to write a formula for B we use Remark 10.1.5. More precisely, for
every v € C, the abstract elliptic problem

- o~

is equivalent to ¢ = 0 and f = Dv. Using Remark 10.1.5 with $ = 0, we obtain
that (—A)~'B = [RV]. Applying A to both sides, we obtain (10.3.10).
In order to calculate B* we take [/ ] € Z and [[]] € D(A*) = D(A). Then

LD LD = CRLED, (B R,

~tg)+ (g (o) -0h0) HU-ldg . 032

1
2
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Assume for a moment that f € H?(0,7) N HE(0, 7). Since Aé is unitary from H
onto H_1 (see Section 3.4), it follows that

d [ df B AN
(i (o) —or) = (5 (o) -oraao)

2

_ /O (5 (aj—f> —bf) A Tda.

Using integration by parts twice, the above relation becomes

<dx( ji) A >

:/Oﬂf% (adT>dx+f(0)a( 0 < (479)

0
_/ﬂbfmdwﬂf( Ao)Aq ') + £(0) di<A 1‘”)

0 i

xr=

{00+ £(0)a(0) - (4579)

=0

Since H2(0,7) N HE(0,7) is dense in HE(0,7), it follows that

<% G%) —bf7w>_% = —{(f.¥) + £(0)a(0) % (m>

for every f € Hp(0,7) and ¢ € L%[0
The inner product (g, Aop)

(10.3.13)

=0

.

[0,
1 from (10.3.12) can be expressed, using that

Aé is unitary from Hy to H, as
(9, A00)_1 = (9,%) Vge L?0,7], ¢ e Hy0,m). (10.3.14)

By combining (10.3.12), (10.3.13) and (10.3.14), it follows that

CLLED, B[, = om0z 59

Comparing this with (10.1.7), we obtain (10.3.11).

To prove that the system is well posed, denote Xo = D(A?) = H; x H% with
the graph norm (see Remark 2.10.5) and recall that X is D(A) endowed with the
graph norm. Notice that

z=0

B*Az = —a(0)Cx Vze Xy,
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where C' is the operator from Proposition 8.2.2. We know from this proposition
that C' is an admissible observation operator for the semigroup T generated by A,
acting on X7, and hence also for its inverse semigroup (whose generator is —A).
Since T is unitary (on any of the spaces X, X1), it follows that C' is admissible
for T* acting on the space X;. This implies that B* = CA~! is an admissible
observation operator for the semigroup T* acting on X. From the duality result
in Theorem 4.4.3 it follows that B is admissible for T acting on X. U

Remark 10.3.4. In (10.3.10) Ay is the extension of the operator from (10.3.4) to an
operator in L(H, H_1) and this extension cannot be expressed in a simple manner,
other than by duality. More precisely,

(AoDv, V), ., = (Dv, Aot) Vi € Hy.

In order to study the admissibility of the control operator B, it is more convenient
to study the admissibility of the observation operator B* for the semigroup gen-
erated by A*. We refer the reader to Example 11.2.7 for a detailed discussion of
this issue, together with a discussion of the controllability of this system.

10.4 An Euler-Bernoulli beam with torque control

In this section we study the initial and boundary value problem

2 4
%—;:(x,t):—%(x,t), O<z<m, t>0, (10.4.1)
w(0,t) =0, w(m,t) =0, (10.4.2)
0w 0w
w(-,0) = f, %—1:(-,0) =g. (10.4.4)

These equations model the vibrations of an Euler-Bernoulli beam which is hinged
at the end x = 7, whereas it is fixed at the end z = 0 and a bending torque
2277“2”(07 t) = u(t) is applied at this end.

Throughout this section, we denote H = L?[0, 7], U = C and the operator
Ap : Hy — H is defined by

d?f

H; = H?*(0,7) NHL(0, ), Aof = -3

VfeH,.  (104.5)

We know from Proposition 3.5.1 that Ag > 0 and that the Hilbert spaces H%
and H 1 obtained from H and Ag, according to the definitions in Section 3.4, are
given by

Hy = Hy(0,7),  H_p =H '(0,7).
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We know that Ag has unique extensions to unitary operators from H 1 onto H 1
and from H onto H_;. These extensions are still denoted by Ag. The inner prodz—
ucts in Hy, H and H_j will be denoted by (-,-)1, (-,-) and (-,-) _1. We denote
H; = AalH%. It is not difficult to check that
d2y d2y
_ 3 1 _ _

With H and Ag as above we set

XZH%XH_%, 'D(A)ZH%XH%,
fl_] 9 f
-[g] v []eom 049

Since A2 is strictly positive on Hfé, it follows from Proposition 3.7.6 that A is
skew-adjoint. As usual, we denote X7 = D(A), with the graph norm.
Let

da?

W = {gEHg(Onr)ﬂHé(O,w) ‘ d%(w):o}.

To formulate (10.4.1)—(10.4.3) as a boundary control system, we introduce the
solution space
Z =W xH 1.

The operators L € L(Z,X) and G € L(Z,U) are defined by

L lf]- a's v[f]ez
g s 9
f_af f
f-Fo  v[]ez a0
We also define the operator £ : C — W by
(Ev)(z) = 6L7r(ﬂ —z)3 - %(T( — ) YV el0,mn]. (10.4.8)

Proposition 10.4.1. The pair (L, G) is a boundary control system on U, Z and X.
The control operator and its adjoint are given by

By = [A(QSEV} Vveu, (10.4.9)
B m = % (A; ) . % m € D(A*) = D(A). (10.4.10)
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Proof. Notice that Ker G = X3 and A = L|x, is the generator of a unitary group
on X, so that all the conditions in Definition 10.1.1 are satisfied. In order to write a
formula for B we use Remark 10.1.5. More precisely, for every v € C, the abstract

elliptic problem
[ } ’ { }
g g

d'f : d*f d*f
T3 =0 in [0,7, f(0) = f(n) = @(0) =v, @(ﬂ') =0.
It can easily be checked that the unique solution of the above boundary value
problem is f = Ev, where the operator E has been defined in (10.4.8). Using
Remark 10.1.5 with 3 = 0 we obtain (—A)~*B = [£V], which implies (10.4.9).

Let []ﬂ € Z and || € D(A*) = D(A). Then, using that A* = —A, w

obtain <L [;”HiD —<[ﬂA WX

dif )
:<m@;—<d4#> 1+Uﬂw%—@ﬂ%@_% (10.4.11)

is equivalent to g = 0 and

1
Assuming for a moment that f € H*(0,7) N Z and using the fact that AZ is
unitary from H onto H_ 1 it follows that

d*f dtf dtf
(ov) = (odts) = [ g v

Using integrations by parts, the above relation becomes

(Hw) - [ (70)a
™ 12 2
- [

Using the facts that

1
2
2

) e+ or0) o (4579)

=0

2 2
d_(Aal ):—E, f€H, and df:—Aof,

dx? da?
together with the density of H*(0,7) N W in W, it follows that
d4f d2f d /——
— (A1
(Ge) =+ Lo 5 (57)

2 x=0

(10.4.12)

forevernyWand@/JGH%.
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To evaluate the last term on the right-hand side of (10.4.11), we use the fact

1
that Aj is unitary from H 1 onto H and we obtain that

(9, A3p)

By combining (10.4.11), (10.4.12) and (10.4.13), it follows that

CELED B D, - -Fo s )

Comparing this with (10.1.7), it follows that B* satisfies (10.4.10). O

Remark 10.4.2. In (10.4.9), Ap is the extension of the operator from (10.4.5) to
an operator in L(H, H_1). Comments similar to those in Remark 10.3.4 apply
also here: In (10.4.9) A2 is not the fourth derivative operator in the sense of
distributions. The operator A2E can only be defined by duality:

1= —<g,g0>% VgEH%, V@GH%. (10.4.13)

=0

(ASEV, ¥)u_y 1, = (AoEv, Aoy) Vi e Hy.

Proposition 10.4.3. The above boundary control system is well posed.

Proof. We have seen in the proof of Proposition 10.4.1 that A = L|ker ¢ generates
a unitary group T on X. Thus we only have to show that the control operator B
expressed in the same proposition is admissible for T.

We return to the hinged Euler-Bernoulli equation discussed in Example 6.8.4.
With our current notation the state space in Example 6.8.4 is X; = D(A), the
semigroup generator is A[p(42), which generates the restriction of T to X, and
the observation operator C' : D(A?) — C is given by

x Hs .

5
2

o

f dg f 2
C {g} = dx(o) v [g} €eD(A*)=H
We have shown in Example 6.8.4 that C' is an admissible observation operator for
T restricted to X;. Using the isomorphism @ = [‘%0 f?o} from X7 to X (which
commutes with A and hence with T), we obtain that CQ~! is an admissible
observation operator for T (acting on X). From (10.4.10) we see that CQ~! =
—B*. Thus B* is an admissible observation operator for T. Since T is invertible,
B* is admissible also for the inverse semigroup, which in our case is T*. By the
duality result in Theorem 4.4.3, B is an admissible control operator for T. g
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10.5 An Euler—Bernoulli beam with angular
velocity control

In this section we consider a system modeling the vibrations of an Euler—Bernoulli
beam which is clamped at the end z = 1 whereas it is fixed at the end 2z = 0
and an angular velocity %(07 t) = u(t) is imposed at this end. More precisely, we

study the initial and boundary value problem

0w 0*w
w(0,t) =0, w(l,t) =0, (10.5.2)
ow ow
£(07t) = u(t), %(l,t) =0, (10.5.3)
ow
w(-,0) = f, 50 =g (10.5.4)
We denote
9 9 dh
X =V xL?0,1), where V = <heH*(0,1)]|h(0)=n(1) = 5(1)20 .
The norm on X is defined by
2l = ll2ll3 + ll=2ll72

d221

2
where ||z1]2, = fol ’ 2| dz. We introduce the space Z C X by

Z = (VnH*0,1)) x V,

and we define the operators L : Z — X, G:Z—C by

- i ol -

e 22 do
With the above notation, (10.5.1)-(10.5.3) can be written as follows:
=Lz, Gz=u.

Such equations determine a boundary control system if L and G satisfy certain
conditions; see Section 10.1. We prove below that this is indeed the case. Before
doing this, we introduce the operator A = L|ker . It is easy to verify that

D(A) = Ker G = (VNH*0,1)) x H3(0,1),

which is a closed subspace of V.
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Proposition 10.5.1. The pair (L, G) is a well-posed boundary control system on C,
Z and X. Its control operator B is determined by

* 77[]1 dzwl wl *
B = — 0 4 € D(A*) = D(A). 10.5.5
v - - o Dlepay=pa.  0ss)
Proof. 1t is clear that G is onto. We decompose the state space X into two parts:
the null-space of A, denoted X, and its orthogonal complement X,.. From a simple
computation,

X, = Ker A= {[“qéx)}

ac C} . where q¢(z) = z(z —1)2.

Now we determine X, = X;-. If z = [Z}] € X, then z; € V and 23 € L?[0,1]. The
condition z € X;- is equivalent to

<Qa Zl>V =0.

We have, using integration by parts, that for every h € V|

d2q dn]'  ['dq, . dh
any = |5 - e G
Since %(1) = 0, we get, by another integration by parts,
d?q . dh Bg ' [tdq -
(¢, )y = — @(0) : a(o) - {@'h}o +/o Qe hdz.
Using that % =0 and h(0) = h(1) =0, we get
d2q dh

Therefore we have, for z; in place of h,

d*q . dz
w0 =0

Since j—ig(O) = —4, it follows that 92L(0) = 0, so that z; € H2(0,1). Thus we get
X, C H3(0,1) x L?[0,1]. The converse inclusion is proved by the same computa-

tion, so that
X, = HZ(0,1) x L*[0,1].

We denote by A, the part of A in X,.. Then

D(A,) = (H3(0,1)nH*(0,1)) x H3(0,1), A, = [_% q .
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It is easy to see that X, is invariant under A4; i.e., A,z € X, for every z € D(A,).
Moreover, by comparing the last two formulas with those in Section 6.10, we see
that the operator A, corresponds to the equations of a beam clamped at both
ends. Therefore, according to the remarks at the beginning of Section 6.10, the
operator A, is skew-adjoint, so that it generates a unitary group S on X,.. Since

(10.5.6)

A 0
X =X,0X,, A—{O 0},

it follows that A is skew-adjoint and hence it generates a unitary group T on X
given by Ty = [ 9]. In particular, it follows that conditions (ii)—(iv) in Definition
10.1.1 are satisfied, so that (L, G) is a boundary control system.

To compute the control operator B we use Remark 10.1.6; i.e., we use the
formula (10.1.7) to find B*. Using the fact that A* = —A, (10.1.7) becomes
(Gz,B*)¢c = (Lz,¥)x + {z, AY) x VzeZ,peDA).

Hence, denoting z = [Z1], ¥ = w; },

o T (gl [2]), (] L))
x4 X z? X

d* d*
= <Z27 ¢1>V - <£a ¢2>L2 + <Zla 77[J2>V - <Z2; $>L2 .

Using integration by parts twice for the above inner products in L?, many terms
cancel and we are left with

d dzo , %07
ﬁ(o)-B*w = —ﬁ(m —5(0) VzeZ, e D).

This implies (10.5.5).

In order to show that the boundary control system (L, G) is well posed, it
remains to prove that B is an admissible control operator for T, or equivalently,
that B* is an admissible observation operator for T*. We use again the decom-
position (10.5.6) of X. As already mentioned, the operator A, coincides with the
group generator of the clamped Euler-Bernoulli beam in Section 6.10. We define
the operators C, and C,, as the restrictions of B* to D(A,) and to X,,, so that
B* = [C’T C’n}. It is easy to see that C,. = —C, where C is the operator defined
in (6.10.5). Since C is admissible for S (see Proposition 6.10.1) and since C,, is
bounded, it follows that B* is an admissible observation operator for T. Since T is
invertible, B* is admissible also for the inverse semigroup, which in our case is T*.
We have thus checked that the boundary control system (L, G) is well posed. O
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10.6 The Dirichlet map on an n-dimensional domain

In this section we introduce the Dirichlet map and the boundary trace operators g
and -1, which are important tools for the formulation of certain PDEs as boundary
control systems (see, for example, Section 10.8).

We consider €2 to be an open bounded subset of R™ with boundary 02 of
class C? (as defined in Section 13.5). We denote by —A( the Dirichlet Laplacian
on , as introduced in Section 3.6, so that Ay : D(Ag) — L?(2), where

D(Ao) = HA(Q) NH(Q),

see Theorem 3.6.2, and Ag > 0. For any f € H?(Q) we denote by % the outward
normal derivative of f on 02 (see Section 13.6 for more details on this concept).
We denote H = L?(f2) and, as in Section 3.4, we define H; = D(Ay), Hy =

1 1
D(Ag), with the norms [|z|1 = [[Aoz||m and ||z|[1 = [|AGz|[n. The spaces H_1
and H_ 1 are defined as the duals of H; and of H 1 with respect to the pivot space
H, respectively. As explained a little earlier, we have H; = HZ(Q) N HS(2) and,
according to Proposition 3.6.1, we have H1 = HS(Q) and H_ = H-YQ).

Proposition 10.6.1. For every v € L*(052), there exists a unique function Dv €
L?(Q) such that

/(Dv)(x)g(x)dx - _/ dea Vge Q).  (10.6.1)
Q o0 v

Moreover, the operator D defined above (called the Dirichlet map) is linear and
bounded from L2(0Q) into L*(Q) and its adjoint D* € L(L*(Q),L*(0N)) is
given by
I(Ay?
Dg = — % Vge LXQ). (10.6.2)
Proof. We denote U = L?(99). Since Ay' € L(H, H;), and since by Theorem
13.6.6 in Appendix II, the map 9 — g—”f isin L(Hy,U), it follows that the expres-

—1
sion W € U depends boundedly on g € H. According to the Riesz represen-

tation theorem, for every v € U, there exists a unique Dv € H such that

-1
(Dv,g)y = <v, — W% Vg e L),

which is almost (10.6.1). To really get (10.6.1), we have to replace g with its
complex conjugate g. It is clear that the above formula implies (10.6.2). O
Proposition 10.6.2. For every v € L*(9€) we have Dv € C*(Q2) and ADv = 0.

Proof. First we prove that for every v € L?(9)) we have ADv = 0, in the sense
of distributions on €. Indeed, if we take in (10.6.1) g = Ay, where ¢ € D(Q), we
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obtain
B dp .
/Q(Dv)(x)(Agp)(x) dr = /Fv—ay do =0 Vo eD(Q).

From the definition of the Laplacian of a distribution (see Section 3.6 or Section
13.3), we now see that ADv =0 (in D’(Q)).

It follows from Remark 13.5.6 in Appendix II that for any v € L?(9€2) we have
Dv € H{?.(2), for every m € N. According to Remark 13.4.5 (also in Appendix II),
it follows that Dv € C*°(Q2). Thus, the formula ADv = 0 (which holds in the sense
of distributions) must actually hold in the classical sense. 0

Remark 10.6.3. The last proposition implies, in particular, that
D € L(L*(02),W(A)),

where

W(A) = {g€ L*(Q) | Ag e H 1 (Q)}, (10.6.3)
which is a Hilbert space with the norm
lglwea) = 1/lgl220) + 12913, 10) Vg eW(A).

For ) as above and for every f € C?(clos ), we introduce the boundary

traces

of

Yof = floa nf = W (10.6.4)

It can be shown that the operators 7y and 7; can be extended such that
Yo € LOHY(Q), HZ(09)), 7 € LIHAQ), H2(09)).

For the definition of the space H%(GQ) and some of its properties we refer the
reader to Section 13.5 in Appendix II. The dual of H2 (8Q)) with respect to the
pivot space L2(8) is denoted by H~2 (8)) — for more on this space we refer the
reader to Section 13.7.

Formulas (10.6.4) determine 7y and 71, because C?(clos ) is dense in both
HL(Q) and H2(2). vof is called the Dirichlet trace of f, while 1 f is called the
Neumann trace of f. For more details on these trace operators and for references see
Section 13.6. It is shown in Section 13.7 that vy has a unique extension such that

Yo € LOV(A), H™2(09)) (10.6.5)
and for every ¢ € Hz2(9Q) and every g € W(A),

(08B oy b oy = | 9850 = Ba.Bhsorpger (1066)
Here ¢ € H2(Q) is obtained from ¢ as in the proof of Proposition 13.7.8, so that

Yoo =0, me = (10.6.7)
Remark 10.6.3 with (10.6.5) imply that voD is well defined.
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Proposition 10.6.4. We have oD = I (the identity on L*(952)).
Proof. Take v € L2(09), ¢ € H2(8Q) and g = Dv. According to (10.6.6), we
obtain (using Proposition 10.6.2)

(0D% By oy sk oy = (D@ (AP) o)

Using the definition of D in Proposition 10.6.1, we obtain

_ _ 0(A; AP)
<VODV’§0>H_%(39),H%(8Q) - _AQVTdG'

Since ¢ € D(Ap), we have —AalA[ﬁ = . Thus, we get

(YoDv,®) vdo

H™E(09),HE (09) /an

for all p € Hz2(AN). Since this space is dense in L2(9Q), we get v Dv = v. O

Remark 10.6.5. The name “Dirichlet map” for the operator D is due to the fact
that, as we have shown, z = Dv is a solution of the Dirichlet problem

Az =0, Yoz = V. (10.6.8)

Proposition 10.6.6. For every v € L?(05)), = = Dv is the unique solution of the
Dirichlet problem (10.6.8) in L?().

Proof. Let z € L*(Q) be a solution of (10.6.8). Then g = Dv — z € L?(f2) satisfies
Ag =0, Yog = 0.

From (10.6.6) it follows that
/gA@u:o Vo€ H2(09),
Q

where @ € H?(Q) is obtained from ¢ as in the proof of Proposition 13.7.8. Using
the definition of the Laplacian in the distributional sense, it follows that

/gA@+¢mx=o Vo e HEOQ), ¢ eDQ).
Q

Recall that ¢ € H?(Q) N H{(Q), so that ¢ + ¢ € D(Ap) and the last formula
implies that
(9, Ag(@+¢)) =0 (10.6.9)

for every ¢ € H2(99) and ¢ € D(Q).
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Let us show that the set of all the functions of the form ¢ + 1 as above are
dense in HZ(Q) N H(Q). Take f € H2(2) NHE(Q) and denote ¢ = 1 f. Then,
according to (10.6.7), the corresponding ¢ € H2(£2) satisfies v1¢ = 71 f. It follows
that ¢o = f — @, which is an element of H2(Q) N H(Q), satisfies v1109 = 0.
According to Proposition 13.6.7 in Appendix I, it follows that ¢y € H3(Q). By
the definition of H3(f2) given in the same appendix, for every ¢ > 0 there exists
Y € D(Q) such that [[¢) — |2y < . It follows that || f — (¢ + ) |r2) < e
This shows that indeed the space of all the functions of the form n = ¢+ w, Where
© € H2(09) and ¢ € D(Q), is dense in Hy = H2(Q) NHL ().

The density result that we have just proved, together with (10.6.9) and the
fact that Ay € L(H,, H), implies that

(9, Aom) =0 VneH.

Since Ay is onto H, it follows that g = 0. O

We know from Remark 3.6.3 that Ay can be uniquely extended to a unitary
operator in L(Hy,H_1) orin L(H, H_1). These extensions (still denoted by Ao)
may also be regarded as strictly positive operators on H_ 1 oron H_1, respectively.

Denote X = H_ 1= = HY(Q) and regard Ay as a posmve operator on X,

with domain X; = H1 = Hy(92). According to Remark 3.4.7, X} = H = L*(Q)
and X_1=H_qis the dual of X 1 with respect to the pivot space X.

Proposition 10.6.7. Let By € L(L?(99), _%) be defined by By = AogD. Identify-
ing L*(02) with its dual, we have that Bj € E(X%,LQ(GQ)) is given by

(As'g)
ov

Proof. For v € L?(0f2) and g € X, we have

BSQZ— VgEX%.

1 1
(Bov,9)x Xy = (AoDv,g)x Xy = (AgDv, Agg)x -

[N

1
2

1
Since A is a unitary operator from X 1 to X and X 1= H, it follows that for
every v € L2(99Q) and g € X1 we have

<BOV7g>X_%7X% = <‘DVag>H
The above formula and (10.6.1) imply that
A(AT?
(Bov,g)x ,.x, = —(w%m VgeXi, veL*09),
2 2 14 2

which yields the conclusion. O
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10.7 The heat and Schrodinger equations
with boundary control
In this section 2 C R™ is open, bounded and with C? boundary 99Q. Let T’ be

a non-empty open subset of 9Q2. We first consider an initial and boundary value
problem corresponding to the heat equation

% = Azin Q x (0,00). (10.7.1)
We impose the initial and boundary conditions
z=u on I'x (0,00), (10.7.2)
z=0 on (OQ\T) x (0,00). (10.7.3)
z2(x,0) = f(x) for x € Q. (10.7.4)

To formulate these equations as a boundary control system, we introduce the
following input space U, solution space Z and state space X:

U=1*T), Z=H)N+DU, X =HQ), (10.7.5)

where D is the Dirichlet map introduced in Proposition 10.6.1. The space U is
regarded as a (closed) subspace of L?(9f2) by extending any element v € U to be
zero on 02\ I". Thus, D can be applied to elements of U.

The operators L € L(Z,X) and G € L(Z,U) are defined by

Lz = Az, Gz = Yoz, (10.7.6)

where 79 is the extension of the Dirichlet trace operator to the domain W(A)
introduced in (10.6.3). We have Z C W(A), as follows from the fact that A :
H(Q) —HH(Q) and from Remark 10.6.3. Thus, vz in (10.7.6) is well defined.

As in the previous section (and in Section 3.6), we denote by —Ag the Dirich-
let Laplacian on {2 and its various extensions. Again, Ay can be regarded as a
strictly positive operator (densely defined) on X. Considering this extension of
Ap, we denote (as at the end of the previous section)

Xy = D(A) = H)Q),  X; = D(A]) = LX(Q).

The space X _1 is the dual of X 1 with respect to the pivot space X, hence X _1 is
the dual of H2(Q)NH () with respect to the pivot space L?(2). Using Proposition
3.4.5 and Corollary 3.4.6 (with X in place of H), we see that Ay can be extended

also to an operator in E(X%,X_%) and Ag is a unitary operator from X; to X,

1
from X% to X_% and from X to X_;. Similarly, Aj is a unitary operator from
X to X%7 from X% to X and from X to X_%. Hence,

(z,w)x = <AJ%Z7AO_%U/>L2(Q) VzweX.
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Proposition 10.7.1. The pair (L,G) defined by (10.7.6) is a well-posed boundary
control system on the spaces U, Z and X defined by (10.7.5). Its generator is A =
—Ag and its control operator is B = AgD (this is By from Proposition 10.6.7).

Proof. Tt follows from Proposition 10.6.4 that if we take an arbitrary element of Z,
i.e., an element of the form 2z = h+ Dv, where h € H}(Q) and v € U, then Gz = v.
This shows that G is onto U, as required in Definition 10.1.1. To check the other
conditions in this definition, introduce A = L|ker g. Clearly Ker G = H{(Q).
Recall from (the second part of) Remark 3.6.3 that on H(Q), A = —Ap. Hence,
A = L|ker ¢ is the generator of the heat semigroup; see Remark 3.6.11. Moreover,
it follows that conditions (ii)—(iv) in Definition 10.1.1 are satisfied with 8 = 0, so
that L and G define a boundary control system.

Let us determine the control operator B of this system. We do this directly
from (10.1.3) (the definition of B). Indeed, if v € U, then (according to (10.1.3))

LDv — ADv = BGDv.

Taking into account the definitions of L and D and using Proposition 10.6.2, we
obtain

AoDv = BGDv.
Since GD = I (see Proposition 10.6.4), we obtain the desired formula for B.

It remains to show the well-posedness. We have already seen that A = —Ag
generates the heat semigroup T. Using the fact that B* € L£(X 1, U ) combined
with Proposition 5.1.3, we get that B* is an admissible observation operator for
T = T*. By applying Theorem 4.4.3 it follows that B is an admissible control
operator for T, so that we have indeed a well-posed boundary control system. [

Using the terminology of the PDE literature, the above result can be stated
in terms of the existence and uniqueness of weak solutions of (10.7.1)-(10.7.4),
without using any operators.

Definition 10.7.2. For f € H~1(Q) and u € L?([0,7]; L*(T")), we say that
z € C([0,00), H'(2))
is a weak solution of (10.7.1)—(10.7.4) if
(2()s V)1 13 — (s V) n-1@) 1 @)
t t 8E
= / (2(8), A)p-1(0), 110 ds —/ /u(s)a—dodt (10.7.7)
0 o Jr 14

for every t > 0 and every ¢ € H2(Q) N'H(Q) such that Ay € HY(Q).

The above definition is motivated by the fact that if z is a smooth solution of
(10.7.1)-(10.7.4), then, by taking the product of (10.7.1) with ¥ and by integrating
by parts on € and then on [0, ¢], we easily obtain (10.7.7). Conversely, if z is smooth
enough and it satisfies (10.7.7), then =z satisfies (10.7.1)—(10.7.4).
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Proposition 10.7.3. For every f € H™1(Q2) and u € L*([0,0); L*(T")), the problem
(10.7.1)~(10.7.4) admits a unique weak solution, in the sense of Definition 10.7.2.

Proof. Since B = AgD is an admissible control operator for the semigroup T gen-
erated by the self-adjoint A = —Ap on X (as proved in the previous proposition),
according to Remark 4.2.6, for every 29 € X and every u € L ([0,00); U), there
exists a unique z € C([0,00); X) such that, for every t > 0,

(2(t) = 20, 0)x = / [ (2(0), Aog)x + (u(Q). B*o)y] dC Vo € D(A).
(10.7.8)

1
Using the fact that Aj is an isomorphism from H onto H_. and Proposition

10.6.7, it follows that for every ¢ > 0,

1
2

(2(t) — 20, A5 Q)i 1

s A1
2

=

_ [ (A, p)
= —/O [<Z(C)7@>H_%,H% +/Fu(x7C)#(x7C)do dc.

Setting Aglgo = 1, the above formula implies that z is a solution of (10.7.1)-
(10.7.4), with f = zp, in the sense of Definition 10.7.2.

We show that this weak solution is unique. Let z be a weak solution of
(10.7.1)-(10.7.4), in the sense of Definition 10.7.2. Setting Agp = ¢ it follows
that z satisfies (10.7.8). Since, according to Remark 4.2.6, such a z is unique in
C([0,00); X), we obtain the uniqueness of the weak solution of (10.7.1)—(10.7.4). O

Now we consider an initial and boundary value problem corresponding to the
Schrodinger equation

oz .. .
5 iAz in Q x (0,00).

We impose the initial and boundary conditions

z=u on T x (0,00),
z2=0 on (OQ\T) x (0,00),
z2(x,0) = f(x) for x€Q.

Proposition 10.7.4. The pair (iL,G) defined by (10.7.6) is a well-posed boundary
control system on the spaces U, Z and X defined by (10.7.5). Its control operator
is B = iBy, where By = AgD is as in Proposition 10.6.7.

Proof. We have seen in the proof of Proposition 10.7.1 that G maps Z onto U.
Moreover, we have Ker G = H} () and L|ker ¢ = —iAo, so that L|ker ¢ generates
a unitary group T on X. It follows that conditions (ii)—(iv) in Definition 10.1.1
are satisfied with 8 = 0, so that L and G define a boundary control system.
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In order to determine the control operator B of this system we use (10.1.3).
More precisely, if v € U then, according to (10.1.3), we have

tLDv +iAgDv = BGDv.

Since LD = 0 and GD = I, we obtain the claimed formula for B.

The well-posedness of this boundary control system is equivalent to the fact
that B* is an admissible observation operator for the semigroup T*, which in our
case is the inverse semigroup of T. According to Proposition 10.6.7, we have

B*g:iizicl(Aalg) VgEX%,

where C1 f = % Ir. According to Proposition 7.5.1, C is an admissible observation
operator for T acting on X; = H 1. This implies that B* is admissible for T acting
on X, and hence also for its inverse T* acting on X. O

Remark 10.7.5. The concept of weak solution of the Schrédinger equation, with
the initial and boundary conditions imposed as before Proposition 10.7.4, is a
very slight modification of the one in Definition 10.7.2. It follows from the last
proposition that for every f € H~1(Q) and every u € L*([0,00); L%(T)), the
Schrodinger equation with the initial and boundary conditions mentioned above
has a unique weak solution. The proof is a very slight modification of the proof of
Proposition 10.7.3.

10.8 The convection-diffusion equation
with boundary control

In this section, 2 C R” is open, bounded and with C? boundary 95). In Example
5.4.4 we have introduced (with less assumptions on ) the operator semigroup T¢
corresponding to the convection-diffusion equation

% =Az+b-Vz+cz in Qx(0,00), (10.8.1)

with the homogeneous boundary condition
z=0 on 00.
In this section we assume that
be L>*(Q;C"), ce L>(Q), divb € L>°(Q) (10.8.2)

(this is more restrictive than in Example 5.4.4). We continue to regard T as a
perturbation of the heat semigroup, of the type discussed in Section 5.4. However,
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in this section we need to extend the semigroup T to the larger state space
X = H~1(2). This is needed in order to introduce a boundary control system
corresponding to the same PDE with Dirichlet boundary control.

We denote H = L?(12), A is the Dirichlet Laplacian on €, so that (as shown
in Section 3.6) A < 0, D(A) = H2(Q) NHJ(Q), Hy = D((—A)%) = H}(Q) and
H_y =M "'(Q). We define C' € L(Hy, H) by

1
2

Cz=0b-Vz+cz Yz € Hy(Q). (10.8.3)

Remark 10.8.1. In this remark we discuss the extension of the semigroup T to
the space H_1. It is not difficult to verify (using (13.3.1) to express div (b)), first
for 1 € D(Q) and then for ¢ € H}(2) by continuous extension) that

(A+C) % = Ay — div (b)) + &
=AY —b-Vip+ (c —divb)ip

for all v € D((A+ C)*) = D(A). Thus, (A + C)* is a perturbation of A of a
similar nature as A 4+ C. The graph norms of A, A+ C and (A + C)* on D(A)
are clearly equivalent. It follows that the space H_; for A+ C' (which is the dual
of H¢ = D((A + C)*) with respect to the pivot space H, see Proposition 2.10.2)
is the same as the space H_; for A. According to Proposition 2.10.4, T¢ can be
extended to a strongly continuous semigroup T¢ on H_1, and the generator of this
extended semigroup is an extension of A+ C', denoted A + C, with domain H. For
us, it is more interesting to understand the extension of T¢ to the smaller space
H e This extension of the original T¢ can be understood using the properties of

the semigroup T¢ acting on H and H_; and then using the interpolation results
from Remark 3.4.10. An alternative, direct approach will be used in what follows.

As in the previous two sections, introduce the state space X = H_ 1=

H=1(). It is clear that the heat semigroup T generated by A, originally defined
on H, has a continuous extension to an operator semigroup acting on X, still
denoted by T. The generator of this semigroup is an extension of the Dirichlet
Laplacian, still denoted by A, with D(4) = X; = H 1. Unless otherwise stated,
when we write A, we mean this operator. As mentioned in Section 10.6, we have
X, =D((-A)2) = L}(Q).

Lemma 10.8.2. We define C' by (10.8.3), where b and ¢ satisfy (10.8.2). Then C
has an extension C¢ such that

C® € L(LA(Q),H Q). (10.8.4)
Proof. We rewrite C, using (13.3.1), as

Cz = div (bz) — (divb)z + cz.
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This is true for z € D() and, by the density of D(2) in H}(Q), it holds for all
2 € H§(). Since div is a bounded operator from L?(Q) to H~1(2) (this follows
from Proposition 13.4.9), using our assumptions on b and ¢, (10.8.4) follows. O

In what follows we consider the boundary controlled convection-diffusion
equation. Let T' be a non-empty open subset of 0€). We consider the initial and
boundary value problem corresponding to the convection-diffusion equation
(10.8.1), where b and ¢ are as in (10.8.2). We impose the initial and boundary
conditions (10.7.2)—(10.7.4). To formulate these equations as a boundary control
system, we introduce the same input and solution spaces as in the previous section:

U=1*T), Z=mH\Q)+DU,

where D is the Dirichlet map. As usual, U is regarded as a subspace of L?(99).
The operators L € £(Z,X) and G € L(Z,U) are defined by

L2 = Az 4 C°z, Gz = Yoz, (10.8.5)

where A is the Laplacian in the sense of distributions, C¢ is the operator introduced
in Lemma 10.8.2 and 7y is a suitable extension of the Dirichlet trace operator (as in
the previous section). As explained after (10.7.6), 70z in (10.8.5) is well defined. It
is clear that indeed L corresponds to the convection-diffusion equation (10.8.1).

Theorem 10.8.3. The pair (L, G) defined above is a well-posed boundary control
system on the spaces U, Z and X .

Proof. We denote L = A (as in the previous section), so that (according to Propo-
sition 10.7.1) (L, Q) is a well-posed boundary control system on U, Z and X. The
generator of (L, G) is A and its control operator is By = —AD. According to Propo-
sition 5.1.3 and Lemma 10.8.2, C' from (10.8.3) is an admissible observation oper-
ator for the heat semigroup T on X (with output space X ). We have L = L+C*,
where C¢ is the extension of C from Lemma 10.8.2. Clearly Z C L*(Q) with con-
tinuous embedding, so that C°¢ € £(Z, X). To be able to apply Proposition 10.1.10
(with Y = X and B = I) we only have to verify that for some « € R,

|C¢(s] — A) ' Byl cwx) < M Vs€Cy. (10.8.6)

Let us factor C¢ = C’(—A)2, where C* € L£(X) (we have used that (—A)z
is unitary from X, to X). Similarly, we factor By = (=A)2(—A)2D, where
(=A)2D € L(U, X). Then (10.8.6) follows if we can show that for some o € R we
have

I(=A)%(sT — A" (=A)? |l cx) < M Vs € C.

For every a > 0, the above estimate is an easy consequence of A < 0. Thus, the
statement follows from Proposition 10.1.10. O
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Remark 10.8.4. With the notation of the last theorem, the generator of the well-
posed boundary control system (L, G) is A+C and its control operator is —JAD,
where J is the extension of the identity operator introduced in Proposition 10.1.10.
These additional statements follow from Proposition 10.1.10, once we have reached
the end of the proof of the theorem.

Remark 10.8.5. Let us denote by T the operator semigroup on X corresponding
to the well-posed boundary control system in Theorem 10.8.3. As explained in the
previous remark, its generator is A 4+ C. This semigroup is an extension of the
one from Example 5.4.4. This follows from the last part of Proposition 2.4.4 (with
V = L?(2)). In particular, it follows that L?(Q) is an invariant subspace for T.

10.9 The wave equation with Dirichlet
boundary control

The physical system that we have in mind in this section consists of a vibrating
membrane which is fixed on a part of the boundary, while the displacement field is
controlled on the remaining part of the boundary. A membrane could be modeled
in a domain in R?, but we consider a more general wave equation on a bounded
n-dimensional domain 2. We denote by I" the part of 02 where the control acts.
Our model is the following initial and boundary value problem:

0w .
5z = Aw in Qx (0,00), (10.9.1)
w=20 on OQ\T x (0,00), (10.9.2)
w=u on I'x (0,00), (10.9.3)
w(x,0) = f(x), %—1:(33,0) =g(z) forxeQ. (10.9.4)

The input of this system is the function « in (10.9.3). At the end of this section
we shall define weak solutions for the above initial and boundary value problem
and we shall prove the existence and uniqueness of these solutions. We shall also
see that lower-order terms can be added in the equation at no extra cost in the
difficulty of proving its well-posedness. (This is in contrast to the convection-
diffusion equation, where the lower-order terms needed much effort to handle.)

Notation. In this section, Q2 C R™ is bounded and open with boundary 09 of
class C?. Let T' be an open subset of 9 and denote U = L?(T"). For ¢ € H(Q),
we denote by ¢|r the restriction of the boundary trace vop to I'. Similarly, for
@ € H?(Q), we denote by g—f|p the restriction of the normal derivative y1¢ to
I (yo and v; have been introduced in Section 10.6). We denote H = L*() and
the operator Ay is the Dirichlet Laplacian defined in Section 3.6. With the above
smoothness assumptions on 92, we know from Theorem 3.6.2 that Ay : H; — H
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is defined by
Hy = H*(Q) NHL(Q), Aof = — Af YV fe€H.

We know from Proposition 3.6.1 that Aq is strictly positive and that the Hilbert
spaces H 1 and H_1 obtained from H and Ap, according to the definitions in
Section 3.4, are given by

= H (), H i =H Q).

N

We know from Corollary 3.4.6 and Remark 3.4.7 that Ay can be extended to
a unitary operator from H 1 onto H_ 1 and from H onto H_;. As usual, these
extensions will be denoted also by Ag. The inner products in H 1 H and H_ 1
will be denoted by (-, ->%, () and (-, ->7%. We also introduce the spaces

X=HxH_=LQ)xH'Q), DA)=HxH=HyQ) xL*Q)

1
2

and the operator A : D(A) — X defined by

A= [_?40 é} . (10.9.5)

Since Ag is strictly positive, we know from Proposition 3.7.6 that A is skew-
adjoint, so that it generates a unitary group T on X. We also know that 0 € p(A).
Moreover, we have X_1 = H_ 1 X H_,. Finally, we introduce

W = H(Q) + DU, (10.9.6)

where D is the Dirichlet map introduced in Proposition 10.6.1. Note that this space
has been denoted by Z in Section 10.7, where it was used as the solution space for
the boundary controlled heat and Schrédinger equations. However, in this section
we shall need the notation Z for the solution space for the wave equation.

To formulate (10.9.1)-(10.9.4) as a boundary control system, we introduce
the solution space

Z =W x H.
The operators L € L(Z,X) and G € L(Z,U) are defined by
J =18 el 4
L = , G = v €Z. 10.9.7
=12 M =1ie ! (1097

The fact that L takes values in X follows from the decomposition (10.9.6). Indeed,
any f € W can be written as f = fo+ Dv, with fo € H}(Q) and v € L*(Q), which
implies (using Proposition 10.6.2) that Af = Afy € H~1(Q).
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Proposition 10.9.1. The pair (L,G) is a well-posed boundary control system on
U,Z and X. Its control operator and its adjoint are given by

Bv:[Aﬁh} VveuU, (10.9.8)
Bﬁﬂ:—é%@f@r vﬂﬂeDMﬂ:Dmy (10.9.9)

Proof. 1t follows from Proposition 10.6.4 that if we take an arbitrary element of
W, i.e., an element of the form f = fo + Dv, where fy € H}(2) and v € U, then
G []] = v. This shows that G is onto U, as required in Definition 10.1.1. Notice
that Ker G = D(A) and L|ker ¢ = A. Indeed, we know from (the second part
of) Remark 3.6.3 that A = —Aj on H}(2). We know that A is skew-adjoint and
0 € p(A), so that conditions (ii)—(iv) in Definition 10.1.1 are satisfied with 5 = 0.
Thus, L and G define a boundary control system.

In order to write a formula for B, we use Remark 10.1.5. For every v € C,
we solve the following abstract elliptic problem in the unknown [/] € Z:

0 of] -

This problem is equivalent to g = 0, f € W, Af = 0 and ~of = v. It is easy
to see that the unique solution of this problem is given by f = Dv. (Proposition
10.6.6 is not needed for this.) Using Remark 10.1.5 with § = 0, we obtain that
(—A)~'Bv = [1v]. Applying A to both sides, we obtain (10.9.8).

In order to express B*, we use Remark 10.1.6. We take [/] € Z and [[] €
D(A*) = D(A). Then, using that A* = —A, we have

R, Bl B,

1
2

Using that
f = fo+Dv with foeH}Q), veU,

it follows that the second term on the right-hand side of the above relation can be
written as

(Af, ) = (Afo, )1 = (=fo,¥),

since Agl(Afo) = —fo. Writing fo = f — Dv and using (10.6.1), it follows that

-1
(Af, )y = —<fﬂm-—<v799%5EQ>U. (10.9.11)
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The inner product (g,AoapL% from (10.9.10) can be expressed, using that

1
Ag is unitary from Hi to H, as follows:

(9, Aop) 3 = (9, %) (10.9.12)

By combining (10.9.10), (10.9.11) and (10.9.12), it follows that

CRLED, -l [, - 257,

Comparing this with (10.1.7), we obtain (10.9.9).
To show that our boundary control system is well posed we note that

B*Am :%h v meD(ﬁ):Hle%.
Denote C' = B*A € L(X3,U), where X = D(A%) = H; x H, with the graph
norm (see Remark 2.10.5). We know from Theorem 7.1.3 that C' is an admissible
observation operator for T acting on X7, and hence also for its inverse semigroup
(whose generator is —A). Since T is unitary (on any of the spaces X, X), it follows
that C' is admissible for T* acting on the space X;. This implies that B* = CA~}
is an admissible observation operator for the semigroup T* acting on X. From the
duality result in Theorem 4.4.3, it follows that B is an admissible control operator
for T acting on X. O

Let us express the above result using the terminology commonly used by re-
searchers working on PDEs. First we define a concept of weak solution of (10.9.1)—
(10.9.4) in terms of these equations only, without using any operators.

Definition 10.9.2. For u € L?([0,00); L?(T")), f € L?(Q2) and g € H~(Q), a func-
tion

w € C([0,00), L*(2)) N C([0, 00), HH(€2))
is called a weak solution of (10.9.1)—(10.9.4) if the relation

/// (z,O)Ap(z dxd(ds—/// xC z)dod(ds

holds for every t > 0 and every » € H?(2) NHL(

This definition is motivated by the fact that if we assume that w is a smooth
solution of (10.9.1)-(10.9.4), then, multiplying (10.9.1) by ¢ and integrating by
parts on  and then twice in time, we easily obtain (10.9.13). Conversely, if w
is smooth enough and it satisfies (10.9.13), then it is easy to see that w satisfies
(10.9.1)-(10.9.4).
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The main result of this section is the following.

Theorem 10.9.3. For every f € L*(2), g € H™'(Q) and u € L? ([0, 00); L*(I)), the
system (10.9.1)-(10.9.4) admits a unique weak solution, in the sense of Definition
10.9.2. Moreover, for every T > 0, the map u +— w is bounded from L?([0,7]; L*(T"))
to C([0,7]; L2(Q)) NCL([0, 7]; H=1(Q)). This solution coincides with the solution

of 2= Az + Bu, z(0) = [ch}, as given in Proposition 4.2.5, if we put z = [ ].

Proof. Since B is an admissible control operator for T acting on X (as proved in
the previous proposition), according to Remark 4.2.6, for every 2z € X and every
u € L ([0,00);U), there exists a unique z € C([0,00); X) such that, for every
t>0,

loc

t

(2(t) = 20, P) x = /O [(2(€), A"¢)x + (u((), B ¢)u] d¢ V¢ € DAY).
(10.9.14)
Taking here z(t) = [ZU((:”, o= [f;] and zg = [g], we obtain that, for every t > 0,

<UJ(t) - f7 <P>H + <U(t) - g7¢>H,

1
2

-/ [_<w<c>,w>H+<v<<>7Aow>H_

N

AT
/F (2,020 ¥) w(a:,odo] A

for every o € Hi, v € H (we have used (10.9.9) to express B*). Using the fact

1
that Ag is an isomorphism from H onto H_1, it follows that

(w(t) = fro)m + ((t) — g, Ag " P)u_, 1 (10.9.15)

s

Nf=

d(Ay )
ov

- / [—<w<o,w>H+<v<<>,¢>H1,H1 - / u(, ©) <x,<>do] a.
0 2 2 T

Choosing 1 = 0 in the above relation, it follows that v(t) = w(t). Therefore
w € C([0,00); L*(2)) N CH([0,00), K ().
Using v(t) = w(t) in (10.9.15), it follows that for every ¢ € H, we have

[SE

t 71
(@) = 0. A5 00 yny =~ | [<w<<>,¢>H+ [ a2 w(a:,odo] ac.

Using in the above the fact that Ag is an isomorphism from H; onto H, it follows
that for every n € H;, we have

() = gotbar_yry == [ [l v + [ e, 5 w010 ac.
(10.9.16)
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Integrating the last formula with respect to ¢, it follows that w is a weak solution
of (10.9.1)-(10.9.4), in the sense of Definition 10.9.2 (using n = ).

Now we show that this weak solution is unique. Indeed, let w be a weak
solution of (10.9.1)-(10.9.4), in the sense of Definition 10.9.2. By differentiating
(10.9.13) with respect to t, it follows that w satisfies (10.9.16) (with n = %). From

here it is easy to check that z(t) = [38] satisfies (10.9.14). Since, according to
Remark 4.2.6, such a z is unique in C([0, 00); X'), we obtain the uniqueness of the

weak solution of (10.9.1)-(10.9.4), in the sense of Definition 10.9.2. O

10.10 Remarks and bibliographical notes on Chapter 10

Section 10.1. The abstract theory of boundary control systems started with Fat-
torini [61] and it was significantly developed by Salamon [203]. Our exposition
follows the ideas of [203], but in a more concise form. Relevant earlier references
on the translation of boundary control systems into the semigroup language can
be found in [203] and also in the survey of Emirsajlow and Townley [56]. Inter-
esting recent papers on passive and conservative boundary control systems are
Malinen and Staffans [165, 166]. As already mentioned, most references consider
also an output given by y = Kz, where K € L(Z,Y), and a boundary control
system is defined as the triple (L, G, K'). Without such an output, the discussion
of passivity in [165, 166] would not be possible. In this chapter we are only con-
cerned with the pair (L, G) and the translation of (10.1.1) into the standard form
2(t) = Az(t) + Bu(t).

The definition of a boundary control system in [203] (see assumption (BO0)
there) is not exactly the same as ours. Apart from the fact that we do not consider
outputs, the difference is that instead of our assumption (iii) the following weaker
requirement appears: “SI — L is onto”. From the subsequent text in [203] it is
clear that Salamon believed his assumptions to imply that g1 — A is invertible.
Unfortunately, this is not the case. For example, consider U = C?, Z = H'(0, 1),
X = L?[0,1], Lz = 2, Gz = [2(0) 2(1)], then A is dissipative but not m-dissipative.

Sections 10.2-10.5. These examples of systems in one space dimension are classical
and we are not able to trace their origin. Our treatment of the beam from Section
10.5 is a particular case of the arguments in Section 4 of Zhao and Weiss [242].

Section 10.6. The existence, uniqueness and regularity properties for the Laplacian
with homogeneous Dirichlet boundary conditions are classical topics, presented in
most of the standard books on PDEs (see, for instance, Brezis [22], Evans [59]
or Taylor [217]). The Laplace equation with non-homogeneous Dirichlet boundary
conditions can be reduced to the homogeneous case if the boundary trace is in
H %(89), but things get more complicated for less regular boundary data. The
study of the latter case is more difficult to find in classical books. Our presentation
of the Dirichlet map, defined on L?(952), is close to the “transposition method” as
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described in Lions and Magenes [157]. However, some of the properties we derive
(such as Proposition 10.6.4) have not been published before, as far as we know.

Sections 10.7 and 10.8. The semigroup approach to parabolic equations with non-
homogeneous Dirichlet boundary conditions (in view of control) in L?(9Q) has
been introduced (as far as we know) in Balakrishnan [12] and Washburn [225]. An
alternative definition of weak solutions, which was also extended for non-linear
equations, relies on taking test functions that depend both on the time and on
the space variables. We refer the reader to Amann [4] for a concise presentation
of this approach.

Sections 10.9. The use of the Dirichlet map and of semigroup theory for hyperbolic
equations with non-homogeneous Dirichlet boundary conditions in L?(9€) goes
back to Lasiecka and Triggiani [144, 145]. The fact that, for every 7 > 0, the
corresponding boundary control system defines a bounded map from L?(9Q) to

C([o, 7]; L2 (@) N C1([0, 7], H™H(€Q)),

has been shown in [145]. A different notion of weak solution for the wave equation
with non-homogeneous Dirichlet boundary conditions in L?(9f2) has been intro-
duced in Lions [156]. This notion of weak solution can be defined briefly as follows:
For u € L?([0,00); L*(T")), f € L*(Q) and g € H~'(2), a function

w e C([0,7], L2(Q)) nCH ([0, 7], H1(Q))

is called a weak solution of (10.9.1)—(10.9.4) if the relation

/0 /Qw(ﬁc7t) (9($,t) — Ae(gj,t)) dadt

4 / F ()0, 0)dz = (g, 0(-,0)) 21y 701 )
Q

T 00
:—/0 /Fu(a:,t)%(x,t)dadt

holds for every function 6 satisfying
0 € C([0,7); H*(2) NHy(Q)) N CH([0, 7] Hp (%)),
0(-,7) = 6(-,7) = 0.

It is not difficult to check that the above notion of weak solution coincides with
the concept from Definition 10.9.2.






Chapter 11

Controllability

Notation. Throughout this chapter, U, X and Y are complex Hilbert spaces which
are identified with their duals. T is a strongly continuous semigroup on X, with
generator A : D(A) — X and growth bound wy(T). Remember that we use the
notation A and T; also for the extension of the original generator to X and for the
extension of the original semigroup to X_;. Recall also that X{ is D(A*) with the
norm ||z||¢ = ||(BI — A*)z|| and X%, is the completion of X with respect to the
norm ||z[|%, = ||(BI — A*)~'z|. Recall that X is the dual of X{ with respect to
the pivot space X.

For u € L2 _([0,00);U) and 7 > 0, the truncation of u to [0, 7] is denoted by

loc
P.u. This is regarded as an element of L?([0, 00); U) which is zero for t > 7.

For any open interval .J, the spaces H!(J;U) and H?(J;U) are defined as
at the beginning of Chapter 2. H{ (0,00;U) is the space of those functions on
(0,00) whose restriction to (0,n) is in H'(0,n;U), for every n € N. The space
HZ .(0,00;U) is defined similarly. Recall that C,, is the half-plane where Re s > a.

11.1 Some controllability concepts
For infinite-dimensional systems we have at least three important controllability

concepts, each depending on the time 7. In this section we introduce these concepts
and explore how they are related to each other.

We assume that U is a complex Hilbert space and B € L£(U,X_1) is an
admissible control operator for T. According to the definition in Section 4.2, this
means that for every 7 > 0, the formula

bru = / T,_sBu(t)do (11.1.1)
0

defines a bounded operator @ : L?([0,00); U) — X.

355
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Definition 11.1.1. Let 7 > 0.

e The pair (A, B) is exactly controllable in time 7 if Ran &, = X.

e The pair (A, B) is approzimately controllable in time 7 if Ran @, is
dense in X.

e The pair (A4, B) is null-controllable in time T if Ran &, D Ran T-.

It is easy to see that exact controllability in time 7 is equivalent to the
following property: For any zg, 21 € X there exists u € L?([0,7]; U) such that the
solution z of

2(t) = Az(t) + Bu(t), z(0) = 2o, (11.1.2)

satisfies 2(7) = z1. Approximate controllability in time 7 is equivalent to the
following: For any zp,z; € X and any £ > 0, there exists u € L?([0,7];U) such
that the solution z of (11.1.2) satisfies ||2(7) — z1|| < €. Null-controllability in time
7 is equivalent to the following: For any zy € X, there exists a u € L*([0,7];U)
such that the solution z of (11.1.2) satisfies z(7) = 0. Indeed, all this follows from
(4.2.7). Often we need the above controllability concepts without having to specify
the time 7. For this reason we introduce the following.

Definition 11.1.2. (A, B) is ezactly controllable if it is exactly controllable in some
finite time 7 > 0. (A, B) is approzimately controllable if it is approximately control-
lable in some finite time 7 > 0. (A, B) is null-controllable if it is null-controllable
in some finite time 7 > 0.

Remark 11.1.3. Tt is easy to see that if T is right-invertible, then (A, B) is exactly
controllable in time 7 iff (A4, B) is null-controllable in time 7. Another simple
observation is that if Ran T, is dense in X and (A, B) is null-controllable in time
T, then (A, B) is approximately controllable in time 7.

Remark 11.1.4. The following simple observations are often useful. If the pair
(A, B) has one of the controllability properties introduced in Definition 11.1.1
and A € C, then also (A — A, B) has the same controllability property. If T is
invertible, and if (A4, B) has one of the controllability properties introduced in
Definition 11.1.1, then also (—A, B) has the same property.

The following proposition shows that if the system described by (11.1.2) is
null-controllable in time 7, then there exists a bounded operator F, which, when
applied to zp, provides the input function u that drives z(7) to zero.

Proposition 11.1.5. Suppose that (A, B) is null-controllable in time 7. Then there
exist operators F, € L(X, L*([0,00);U)) such that

T,+®.F. =0.

Indeed, this follows from Proposition 12.1.2 by taking F' = —T, and G = ®...
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11.2 The duality between controllability
and observability

In this section we show that the observability concepts introduced in Definition
6.1.1 are dual to the controllability concepts introduced in Definition 11.1.1 and
we give several applications of this duality to systems governed by PDEs.

Theorem 11.2.1. We assume that B € L(U, X_1) is an admissible control operator
for T, the semigroup generated by A, and let 7 > 0.
(1) The pair (A, B) is exactly controllable in time 7 if and only if (A*, B*) is
ezxactly observable in time T.
(2) The pair (A, B) is approzimately controllable in time 7 if and only if (A*, B*)
s approximately observable in time T.
(3) The pair (A, B) is null-controllable in time T if and only if (A*, B*) is final
state observable in time T.

Proof. We know from Theorem 4.4.3 that B* is an admissible observation oper-
ator for the semigroup T* generated by A*. Using the reflection operators S,
introduced at the beginning of this chapter, (4.4.1) can be written as follows:

or = 5,07, (11.2.1)

where U? is the output map corresponding to (A*, B*):

(W) () = {B*T:ZO for t € [0, 7],

0 for t>r.

In order to prove statement (1) note that, according to Proposition 12.1.3,
@, is onto iff ®* is bounded from below. By (11.2.1), this is equivalent to ¥? being
bounded from below, i.e., to the fact that (4*, B*) is exactly observable in time 7.

In order to prove statement (2) note that, according to Remark 2.8.2, Ran &
is dense in X iff Ker ®* = {0}. By (11.2.1), this is equivalent to Ker ¥¢ = {0},
i.e., to the fact that (A*, B*) is approximately observable in time 7.

In order to prove statement (3) we note that, according to Proposition 12.1.2,
Ran @, D Ran T, iff there exists a ¢ > 0 such that c||®%z| > ||TEz| for every
z € X. By (11.2.1), this is equivalent to ¢||¥dz|| > || T 2| for all z € X, i.e., to
the fact that (A*, B*) is final state observable in time 7. O

Example 11.2.2. We consider the problem of controlling the vibrations of an elastic
membrane by a force field acting on a part of this membrane. More precisely, let
n € N, let O C R” be a bounded open set with 99 of class C? or let Q be a
rectangular domain. The physical problem described above can be modeled by the
equations

0w

5z Aw=u in Qx (0,00), (11.2.2)
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w=20 on 99N x (0,00), (11.2.3)
w(z,0) = f(x), %—1:(33,0) = g(x) for z €Q, (11.2.4)

where f is the initial displacement and g is the initial velocity. Let O be a non-
empty open subset of ) and let u € L2([0, 00); L?(0)) be the input function. For
any such u we consider that u(z,t) =0 for x € Q\ O.

Equations (11.2.2)—(11.2.4) can be put in the form (11.1.2) using the following
spaces and operators:

X = Hi(Q) x L*(Q), D(A) = [H*(Q) NHy(Q2)] x H(), (11.2.5)
AH - {9} vmeD(A) (11.2.6)

g9 Af g ’ -
U=1L1%0) c L*(Q) and Bu = m VueU. (11.2.7)

The space X and the operator A coincide with those introduced in the preamble
of Chapter 7 so that, as mentioned there, A is skew-adjoint and, consequently, it
generates a unitary group T. Moreover we clearly have B € L(U, X), so that B is
an admissible control operator for T and

<Bu,[ﬂ>xz<u79>zj Vucl, {QGX.

From the above formula it follows that

. f} H
B = v e X,
[ g glo g
so that B* = C, where C is the operator introduced at the beginning of Section
74.

Let T" be a relatively open subset of 9€2. From the above facts it follows that if
I’ and O satisfy the assumptions in Theorem 7.4.1, then the pair (A, B) is exactly
controllable in the same time 7 as in Theorem 7.4.1. In particular, by combining
Theorems 7.4.1 and 7.2.4, we get that the above controllability property holds if
there exist g € R™ and ¢ > 0 such that

Ne:({z €0 | (x — z0) - v(z) > 0}) CclosO. (11.2.8)

Here we have used the notation N from (7.4.1). If (11.2.8) holds, then the pair
(A, B) is exactly controllable in any time 7> 2r(x¢), where r(zo) =sup,cq |z —zo|.

Example 11.2.3. Let the open sets 2, O and the space U be as in the previous
example. We denote H = L*(Q) (so that U C H) and D(Ag) = H; is the Sobolev
space H2(Q) NHA(2). The strictly positive operator Ag : D(Ag) — H is defined
by Ao = —Ap for all ¢ € D(Ap). Let By € L(U, H) be defined by

Bou = u VueU.
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Then the pair (—iAy, By) is exactly controllable in any time 7 > 0 provided that
one of the following assumptions hold:
(A1)  The boundary 99 of Q is of class C? and O satisfies the assumption in
Proposition 7.5.3.
(A2)  The set Q is a rectangle in R? (with no restrictions on O).
In terms of PDEs this means that if (A1) or (A2) holds, then for every f €

L?(Q) there exists u € L*([0,00); L2(O)) such that the solution of the Schrédinger
equation

% =iAz +u in Q x(0,00), (11.2.9)
z=0 on 99N x (0,00), (11.2.10)
z(x,0) =0 for =€ (11.2.11)

satisfies z(-,7) = f.

To prove the above assertions we notice that (—iAg)* = iAo and B§ = Cy,
where

Cof = flo VieH.

With the assumption (A1) we know from Proposition 7.5.3 that the pair (iAo, Co)
is exactly observable for any time 7 > 0, whereas under the assumption (A2) the
same property holds thanks to Theorem 8.5.1. Consequently, the claimed assertions
follow by applying Theorem 11.2.1.

Example 11.2.4. Let n € N, let  C R" be a bounded open set with 9 of class C
or let © be a rectangular domain and let O be an open subset of 2. We consider
the problem of controlling the vibrations of an elastic plate occupying the domain
Q by a force field acting on O. More precisely, we consider the initial and boundary
value problem

0w 9 .
W+A w=u in Qx(0,00), (11.2.12)
w=Aw=0 on 92 x (0,00), (11.2.13)
w(x,0) =0, %—1:(33,0) =0 for z€Q, (11.2.14)

where u € L?([0,00); L2(0O)) is the input function. As usual, we consider u(z,t) = 0
for x € O\ O. Equations (11.2.12)—(11.2.14) determine a system with state space
X = [H2(Q) nH{(Q)] x L*(Q) and input space U = L?(Q), which is exactly
controllable in any time 7 > 0 if the pair (€, Q) satisfies one of the assumptions
(Al) or (A2) in Example 11.2.3. Indeed, let us use the same notation for H, Ag
and H; as in Example 11.2.3 and let Hy = D(A3), endowed with the graph norm.
Let X be the Hilbert space H; x H, consider the dense subspace of X' defined by
D(A) = Hy x Hy and let the linear operator A : D(A) — X be defined by

0 I
A= [—A% o}'
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It is not difficult to see that (11.2.12)—(11.2.14) can be written in the form
2(t) = Az(t) + Bu(t), z(0)=0,

where B € L(U, X) is defined by Bu = [?] for all u € U. We have seen at the
beginning of Section 7.5 that A is skew-adjoint. Moreover, it is not difficult to
see that B* = Cy, where Cy is the operator introduced in Proposition 7.5.7. From
Proposition 7.5.7 and Theorem 8.5.1 it follows that the pair (A,Cp) is exactly
observable in any time 7 > 0 if one of the assumptions (A1) or (A2) in Example
11.2.3 holds, so that the conclusion follows by applying Theorem 11.2.1.

Example 11.2.5. We consider the problem of controlling the temperature of a rod
by means of the heat flux at its left end. The equations describing this problem have
been formulated as a well-posed boundary control system in Subsection 10.2.1.
Here we continue to use the notation of Subsection 10.2.1. Thus,

H = L*0, 7], Hp(0,7) = {p € H'(0,7) | ¢(7) =0},

d
H, = {f € H%(0,7) N HE(0,7) ’ d—i(@) :0}
and the operator A : H; — H is defined by
dazf
Af = — N Hi.
f 2 [ € H

Recall that A < 0 and the control operator of this system satisfies
B*y = —(0) Ve Hp,

so that B* = Cj, where () is the observation operator in Example 9.2.4. We have
seen in Example 9.2.4 that the pair (A, Cy) is final state observable in any time 7 >
0. According to Theorem 11.2.1, it follows that the pair (A, B) is null-controllable
in any time 7 > 0. In terms of PDEs, this means that for any 2o € L2[0, 7] and
for any 7 > 0 there exists u € L?[0, 7] such that the weak solution of (10.2.2) (in
the sense of Remark 10.2.2) satisfies z(-,7) = 0.

Example 11.2.6. We consider the problem of controlling the vibrations of a string
occupying the interval [0, 7] by means of a force u(t) acting at its left end. The
equations describing this problem have been formulated as a well-posed bound-
ary control system in Subsection 10.2.2. Here we continue to use the notation
of Subsection 10.2.2. Thus, X = H%L(0,7) x L?[0,7] and A : D(A) — X is the
skew-adjoint operator defined by

D(A) = {f € H%(0,7) N HE(0,7) ’ j—f(()) = 0} x HE(0,7),

-l e

9 3
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We know from Proposition 10.2.3 that the control operator of this boundary
control system satisfies

< f f
gl = —a0r v |fen),
which means that B* = —C', where C is the observation operator considered in
Proposition 6.2.5. According to this proposition, (A, C) is exactly observable in
any time 7 > 27 and (A, C) is not approximately observable in any time 7 < 27.
According to Theorem 11.2.1, it follows that (A, B) is exactly controllable in time
7 if 7 > 27 and that for 7 < 27 the pair (A, B) is not approximately controllable.

In terms of PDEs, the above results imply that for every [5] , [w)] € X and
T > 2, there exists u € L?[0,00) such that the weak solution w of (10.2.5) (in
the sense of Remark 10.2.4) satisfies w(-, 7) = wo and %—f(-,t) = wj.

Example 11.2.7. We return to the boundary control of the non-homogeneous elas-
tic string that has been considered in Section 10.3. The model consists of (10.3.1)—
(10.3.3). Here the coefficients functions are such that a € C?[0,7], b € L>[0,n],
a(x) = m >0 and b(z) > 0 for all x € [0, 7].

We know from Proposition 10.3.3 that these equations correspond to a well-
posed boundary control system with state space

X = L*0,7] x H~1(0,7)

and input space C. The generator of this boundary control system is

A[ﬂ = [—jof} % [ﬂ € D(A) = H(0,7) x L?[0, 7],

where, as in in Section 10.3, Ag € L(HE(0,7), H=1(0,)) is defined by

dx a&

Aof = —i(df)+bf Y f e H50,7).

The operator A is skew-adjoint, so that it generates a unitary group T on X.
The control operator B of this boundary control system is determined by

B m :a<0>%(Aal )

% m € D(A*) = D(A).

We claim that the pair (A, B) is exactly controllable in any time

=0

T dx
> 2/0 = (11.2.15)

To prove this claim, notice that

B*Az = —a(0)Cz V z € D(A?),
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where C' is the operator from Proposition 8.2.2. We know from this proposition
that C' is an admissible observation operator for the semigroup T restricted to
X1 = D(A) (with the graph norm). According to the same proposition, the pair
(A, C) is exactly observable in any time 7 satisfying (11.2.15). Since A is a unitary
operator from X; to X, it follows that B* is an admissible observation operator
for the semigroup T on X and the pair (A, B*) is exactly observable in any time
7 satisfying (11.2.15). Since T is invertible, the same conclusions remain valid
if we replace A with —A. Since —A = A*, we obtain that the pair (A*, B*) is
exactly observable in any time 7 satisfying (11.2.15). The claim follows by applying
Theorem 11.2.1.

We refer the reader to Corollary 11.3.9 for further controllability properties
of this system.

Example 11.2.8. We consider the problem of controlling the vibrations of a beam
occupying the interval [0, 7] by means of a torque u(t) acting at its left end. The
equations describing this problem have been formulated as a well-posed boundary
control system in Section 10.4. We briefly recall what we need from Section 10.4.
We denote H = L2[0, 7] and Ag : H; — H is the operator defined by

d2
H1:H2(0,7T)QH(1)(077T), Aof: —d—x']; VfEHl.

We have Ag > 0. The Hilbert spaces H 1 and H_. are given by

1
2

H: = H§(0,7), H i =H*0,7).

[N

1
3
The unique extensions of Ay to unitary operators from H 1 onto H_1 and from H
onto H_; are still denoted by Ag. The space H; = AalH% is

2 2
Hy = {geH3(o,w)mH5(o,w) ’ %(0) = %(ﬂ) = 0}-

1
2

We set

XZH%XHfé, D(A)ZH

alh) = L)

and A is skew-adjoint. We know from Proposition 10.4.1 that the control operator
B of this boundary control system is determined by

o[ - A

v m € D(A%) = D(A).

=0

As in the proof of Proposition 10.4.3, we return to the hinged Euler—Bernoulli
equation discussed in Example 6.8.4. With our current notation the state space in
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Example 6.8.4 is X; = D(A), the semigroup generator is A|p(42y, which generates
the restriction of T to X1, and the observation operator C' : D(A?) — C is given by

Cm :d—g(O) v [ﬂ € D(A*) = Hs x Hs .

g dx

o
Nl

We have shown in Example 6.8.4 that C is an admissible observation operator
for T restricted to X; and (A, C) is exactly observable in any time 7 > 0. Using
again the isomorphism @Q = [‘%0 XO] from X; to X, we obtain that (A, CQ™1) is
exactly observable in any time 7 > 0. From (10.4.10) we see that CQ~! = —B*.
Thus, (A, B*) is exactly observable in any time 7 > 0. Since T is invertible, also
(—A, B*) is exactly observable in any time 7 > 0. In our case —A = A*, so that
by the duality result in Theorem 11.2.1, (A, B) is exactly controllable in any time
T>0.

Example 11.2.9. We consider the problem of controlling the vibrations of a beam
occupying the interval [0, 1] by means of an angular velocity u(t) applied at its left
end. The equations describing this problem have been formulated as a well-posed
boundary control system in Section 10.5. Here we continue to use the notation of
Section 10.5, so that we know from Proposition 10.5.1 that the control operator
B of this boundary control system is determined by

* ¢1 d2¢1 ¢1 *

B = ——(0 v € D(A*) =D(A).
) = -G 4] € P =D

Recall from Section 10.5 that X = X, & X,, where X,, = Ker A and X, = Xf;.

We have seen in the proof of Proposition 10.5.1 that

A 0 %
A_{O 0}7 B = .
where A, is the part of A in X, while C). and C,, are the restrictions of B* to
D(A,) and to X,,, respectively. As shown in the proof of Proposition 10.5.1, the pair
(A, C,) coincides with (A4, —C) from Section 6.10. We have seen in Proposition
6.10.1 that this pair is exactly observable in any time 7 > 0. Moreover, since X,, =
span {[2]} with ¢(z) = z(x — 1)? and C,, [{] # 0, the finite-dimensional system
(A4, C,,) is observable. Since 0 is not an eigenvalue of A,., from Theorem 6.4.2 we
get that the pairs (A,, C,) and (4,,C,) are simultaneously exactly observable in
any time 7 > 0. This means that (A, B*) is exactly observable in any time 7 > 0.
Since A generates a strongly continuous group, it follows that also (—A, B*) is
exactly observable in any time 7 > 0. Since —A = A*, according to Theorem
11.2.1, it follows that the pair (A4, B) is exactly controllable in any time 7 > 0.
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11.3 Simultaneous controllability and the
reachable space with 7' inputs

Definition 11.3.1. For j € {1,2}, let A; be the generator of a strongly continuous
semigroups T/ acting on the Hilbert space X7. Let U be a Hilbert space and let
Bj € L(U,X”,) be an admissible control operator for T7.

The pairs (A4;, B;) are called simultaneously exactly controllable in time 7 >
0, if for every (21,22) € X! x X? there exists a function u € L?([0, 7]; U) such that

| T Bauloyio = =i, e 1.2).
0

The same pairs are called simultaneously approximately controllable in time 7 > 0,
if the property described above holds for (21, 22) in a dense subspace of X! x X?2.

It is clear that the concepts introduced in the last definition are equivalent
to the exact (approximate) controllability in time 7 of the pair

_ Al 0 o Bl
(4 2] o-15)

Using Theorem 11.2.1, it is easy to see that the concept of simultaneous exact
(respectively, approximate) observability is the dual of the concept of simultane-
ous exact (respectively, approximate) controllability. More precisely, we have the
following proposition.

Proposition 11.3.2. With the notation of Definition 6.4.1 we have

1. The pairs (A1, Cy) and (Az, Ca) are simultaneously exactly observable in time
7 if and only if the pairs (AT, CT) and (A%, C3) are simultaneously exactly
controllable in time T.

2. The pairs (A1,C1) and (Ag, C) are simultaneously approximately observable
in time 7 if and only if the pairs (A%, C5) and (A5, C5) are simultaneously
approzimately controllable in time T.

By combining the above result with Theorem 6.4.2 we obtain the following;:

Corollary 11.3.3. Let A be the generator of the strongly continuous semigroup T
acting on the Hilbert space X. Let B € L(C™, X) be an admissible control operator
for T and assume that (A, B) is exactly controllable in time 19. Let a € C**™ and
b € C™™™ be matrices such that (a,b) is controllable. Assume that A* and a*
have no common eigenvalues. Then the pairs (A, B) and (a,b) are simultaneously
ezactly controllable in any time T > 1.

A useful application of the simultaneous exact controllability concept is the
characterization of the reachable subspaces of an exactly controllable system, when
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the input function is restricted to Sobolev-type spaces strictly included in L?. The
remaining part of this section is devoted to this issue.

Suppose that the pair (A4, B) is ezactly controllable in time 7. This means that
the range of the operator @, defined by (4.2.1) is equal to X. A natural question
is the characterization of the states which can be reached by more regular inputs.
Define

HL((0,7):U) = {4 € H'((0,7):U) | ¥(0) = 0}. (11.3.1)
The existence and uniqueness result in Lemma 4.2.8 shows that the space reachable
by means of controls in H} ((0,7); U) cannot be larger than Z defined in (4.2.9).

In the case of a finite-dimensional input space, we can now characterize the

states which are reachable by means of input functions in H} ((0,7); U), as follows.

Proposition 11.3.4. Suppose that the pair (A, B) is exactly controllable in time T
and that U is finite dimensional. Then for every T > 1y, the reachable space by
means of input functions u € H} ((0,7);U) is

Z =X+ (BI-A)"'BU = (Bl — A" (X +BU). (11.3.2)

Proof. We know from Lemma 4.2.8 that the reachable space is included in Z. To
show that for 7 > 79, Z is contained in the reachable space, take 8 € p(A) and
consider two systems with states w(t) € X and v(t) € U and with the input uy,
described by

w = (A—plw+ Buy, U= ug. (11.3.3)

For an arbitrary z° € Z choose w® € X, v° € U such that
20 = (BT — A) 7w’ — BvY]. (11.3.4)

Since 0 is not an eigenvalue of A — 31, by Corollary 11.3.3, the systems in (11.3.3)
are simultaneously exactly controllable in any time 7 > 7p. Hence we can find
uy € L%([0,7]; U) such that the solutions w, v of (11.3.3) satisfy

w(0) =0, w(r) =e P’ v0) =0, v(r)=eP"0. (11.3.5)
We define the function z; by
21(t) = (B — A" Hw(t) — Bo(t)) Vtelo,7]
Then it is easy to see that
21(0) =0, z(r) = e P20 (11.3.6)
Moreover, after a simple calculation, (11.3.3) implies that
21(t) = —w(t) = (A= Bz (t) — Bo(t) vVite (0,7). (11.3.7)

If we define now
2(t) = P21 (t), u(t) = ’u(t),



366 Chapter 11. Controllability

relations (11.3.6) and (11.3.7) imply that z and u satisfy (4.2.10) together with
2(0) = 0 and z(7) = 2°. This means that Z is included in the space reachable by
means of input functions u € H}((0,7);U), as claimed. O

The above result remains true also if U is an arbitrary Hilbert space, but
then the proof becomes much longer. For this, we need the following lemma on
simultaneous exact observability, which is related to Theorem 6.4.2.

Lemma 11.3.5. Let A be the generator of the strongly continuous exponentially
stable semigroup T on X. Let Y be another Hilbert space, let C € L(X1,Y) be an
admissible observation operator for T and assume that (A, C) is exactly observable
in time 19 > 0. Assume that A\ > 0, let ¢ € L(Y) be the identity, ¢ = I, and let
a € L(Y) be defined by a = AI.

Then the pairs (A, C) and (a,c) are simultaneously exactly observable in any
time ) K

T> 1T+ 3 logk—m, (11.3.8)

where K is the infinite-time admissibility constant of (A, C), as in (4.6.6), and k-,
is the exact observability constant of (A, C) in time 79, as in (6.1.1).

Notice that K > kr,, so that in (11.3.8) 7 > 7.

Proof. Let ey denote the exponential function ey(t) = e** (for all ¢ > 0). Assume
that the claimed simultaneous observability property is not true (to show that this
leads to a contradiction). Then there exists 7 satisfying (11.3.8) such that the two
systems are not simultaneously exactly observable in time 7. This means that the
expression U, zo + ez € L%([0,7];Y) can be made as small as we wish (in norm),
for some (20, z0) € X X Y with || 202+ ||zo||* = 1. Thus, for each € > 0 there exist
(20,70) € X x Y with ||20]|2 + ||zo||? = 1 such that

Urzg = —exzo+0,  [0llz20) < e (11.3.9)

We shall now derive two estimates that link |zol|, ||20]| and €, if o, 2o and
e satisfy (11.3.9). Estimating the norm in L%([0, 70];Y), we get from (11.3.9)

e2>\T0 _ 1
krollzoll < 1Wro20ll < llexwollL2io,ro) + 101 L2[0,70) < o llzoll +¢-

This implies
e2>\T0 _ 1

2\
On the other hand, estimating norms in L?([0,7];Y), we get from (11.3.9)

Nlwoll = kg ll20]l — €. (11.3.10)

62)\7' —1

) “Nlzoll = lleazollz2j0,71 = | = Y720 + 6l z2j0,7) < [¥r20llL2(0,7] +€-
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It follows from the above estimate and the definition of K that

62)\7' —1

. <K . 11.3.11
3\ E llzoll + ¢ (11.3.11)

This resembles (11.3.10), but the inequality is reversed.
The next step is to show that ||2|| cannot be very small. Notice from the

Taylor expansion of e?*™ that
62)\7' —1
_— > .
V= VT

Let us agree that we shall only use € < @ Define ¢ € (0, %) such that
[zoll = cos¢p, lz0]] = sinep.

Then (11.3.11) implies that /7 cosp < Ksing + 4 By elementary considera-
tions, this inequality can only hold for ¢ > @iy > 0, where @i, depends on 7
and K. It follows that ||zo|| > sin ¢min > 0.

If we divide the sides of (11.3.11) by the sides of (11.3.10), we obtain

[e2AT — 1 K||zo|| + ¢
< . 11.3.12
A0 —1 7 k|20l — € ( )

We take a sequence of possible choices for € that converges to zero. For each € there
exist corresponding zg and xg with all the properties explained earlier, including
(11.3.12). We know from the previous step of the proof that the sequence of | zo||
is bounded from below. Therefore, in the limit, (11.3.12) implies that

e2AT — 1 o K
62)\7'0_1 = k_‘l'o.

By elementary manipulations, this implies that

22T 2
e K K
6277'0 NS E s hence )\(T — TO) < IOg a .

The last inequality contradicts (11.3.8). It follows that our assumption at the
beginning of this proof was false, hence the statement in the lemma is true. O

Now we can state and prove the promised generalization of Proposition 11.3.4.

Theorem 11.3.6. Suppose that the pair (A, B) (with input space U and state
space X)) is exactly controllable in time 9. Then for every T > 19, the reachable
space by means of input functions u € H1((0,7);U) is Z from (11.3.2).
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Proof. First, notice that we may assume, without loss of generality, that A is
exponentially stable. Indeed, otherwise we replace A with A — pl, with p > 0
sufficiently large, and this does not change the reachable space.

We know from Lemma 4.2.8 that the reachable space with H} inputs is
included in Z (for every 7 > 0). To show that Z is included in the reachable space
for all 7 > 79, we choose a fixed 7 > 79. Then we can find A > 0 such that (11.3.8)
holds. Consider two systems with states w(t) € X and u(t) € U and the common
input wuy, described by

w = Aw + Buq, U= Au+u. (11.3.13)
For an arbitrary 2z € Z choose w® € X, v° € U such that
22 = A7 w® — BY. (11.3.14)

By Lemma 11.3.5 translated into its dual form, the systems in (11.3.13) are si-
multaneously exactly controllable in time 7. Hence, there exists an input signal
uy € L?([0,7];U) such that the solutions w, u of (11.3.13) satisfy

w(0) =0, w(t) =w’— A", w(0) =0, u(r)=1". (11.3.15)

It is clear that u € H} ((0,7); U).
We define the function z € C([0, 7]; X) by

2(t) = (A =AD" w(t) — Bu(t)).

It is clear that z(0) = 0. It is easy to see that

2(1) = (A= M) 71w — Bo® — X% = (A = XI)71A20 — \2Y) = 20,
The proof will be complete if we show that z is a solution in X_; of

Z(t) = Az(t) + Bu(t).
First we verify that z satisfies the differential equation
2(t) = Az(t) + w(t) Vitelo,r]. (11.3.16)

Indeed, we have (using the definition of z)

2(t) = (A = XI) "o (t) — Bu(t)] = (A — X))~ HAw(t) — ABu(t))]

= (A= X)"'(A = ADw(t) + Aw(t) — Bu(t))] = w(t) + Az(t).

Note that (11.3.16) implies that z € C*([0,7]; X). Now from (11.3.16) we get,
using again the definition of z,

2(t) = (M — A+ A)(A = XI) " Hw(t) — Bu(t)] + w(t)
= —[w(t) — Bu(t)] + A(A — M)~ w(t) — Bu(t)] + w(t)
= Az(t) + Bu(t). O
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In the case of boundary control systems, which have been studied in Chapter
10, the above theorem yields the following controllability result.

Proposition 11.3.7. Let (L,G) be a well-posed boundary control system on U, Z
and X. Assume that this system is exactly controllable in time 9 > 0. Then for
every T > 19 and every f € Z there exists u € H:((0,7);U) such that the solution

z of
2(t) = Lz(t), Gz(t) = u(t), 2(0) =0 (11.3.17)

satisfies z(1) = f.

Proof. We know from Proposition 10.1.8 that for every 7 > 0 and every u €
H1:((0,7);U), equations (11.3.17) admit a unique solution z € C([0, 7]; Z), so that
the reachable space is included in the solution space Z. We denote by A and B the
generator and the control operator of this system. According to Remark 10.1.4,
we have 2(t) = Az(t) + Bu(t) for all t € [0, 7]. To show that Z is included in the
reachable space it suffices to note that, according to Remark 10.1.3, the solution
space of our boundary control system coincides with Z from (11.3.2) and then to
apply Theorem 11.3.6 for this (4, B). O

Note that if U is finite dimensional, then in the above proof we do not need
Theorem 11.3.6, it is enough to use the simpler Proposition 11.3.4.

We now give a proposition that is analogous to Proposition 11.3.4, but it
considers the following smoother space of input functions:

HL((0.7):U) = {u € H*((0,7):U) | u(0) = %(0) = 0}.

Proposition 11.3.8. Suppose that the pair (A, B) (with input space U and state
space X) is exactly controllable in time 19 and that U is finite dimensional. Then
for every T > 7y, the reachable space by means of input functions in H2 ((0,7);U) is

Zy = Xo+ (BI — A)"2BU + (BI — A)"'BU, (11.3.18)
where § € p(A) is arbitrary.

Proof. We may assume, without loss of generality, that 0 € p(A) (otherwise, we
replace A with A — uI). First we prove that the reachable space is contained in Zs.
For u € H%((0,7); U) we consider the new input @ = @ (which is in H} ((0,7); U))
and the corresponding state trajectory z = 2z. Then (from z(0) = 0 and u(0) = 0)
we have z(0) = 0 so that, according to Lemma 4.2.8, Z(1) € Z = D(A) + A~ BU.
From z(7) = 2(7) = Az(7) + Bu(7) we can easily see that z(7) € Z.

Conversely, suppose that we want to reach (at time 7) z1 € Zs, so that

21 = 20+ A"2Bug — A7'Buy, where 25 € D(A?), up,u1 €U.
Consider the following two systems with the common input signal u:

7 = AZ + Bu, 0 =1.



370 Chapter 11. Controllability

According to Corollary 11.3.3, these systems are simultaneously controllable in
any time 7 > 79. It follows from Proposition 11.3.4 that the reachable space for

the pair [ig:” using @ € H} ((0,7);U) is

= [BI-A4)7t 0 B
where 8 € p(A), 8 # 0. A simple argument shows that Z=7ZxU.

Let u € H:((0,7); U) be the input that causes
Z(1) = Az + A" Bug, u(r) = uq,
and let u € H%((0,7);U) be the corresponding input (the integral of ). The
state trajectory z corresponding to the input w and satisfying 2(0) = 0 satisfies
Z(1) = 2(7) = Az(7) + Bu(r), which becomes
Azo+ A 'Bugy = Az(T) + Buy .

Applying A~!, we easily get that z(7) = 2. O

We think that the above proposition remains valid for infinite-dimensional U.

We now describe an application of Propositions 11.3.4 and 11.3.8 to the non-
homogeneous string equations (10.3.1)—(10.3.3). As in Section 10.3 we denote

Hp(0,7m) = {¢ € H'(0,7) | (m) = 0}.

The notations H} (0,7) and H% (0, 7) are as defined earlier, but now U = C.

Corollary 11.3.9. For every T > 2fO7T \/i"z—w) the space of states [zgg] which
can be reached by using inputs u € H}(0,7), from the initial state [3] by solving
(10.3.1)-(10.3.3), is HEL((0,7)) x L2[0,7].

Moreover, for every T as above, the space of states which can be reached by
using inputs u € H3 (0,7), from the initial state [{], is (H?*(0,m) NHE(0,7)) x
HE(0, 7).

Proof. We have seen in Proposition 10.3.3 that (10.3.1)-(10.3.3) correspond to a
well-posed boundary control system (L, G) with solution space Z = HEL(0,7) x
L?[0, 7r]. Moreover, we know from Example 11.2.7 that this system is exactly con-

trollable in any time 7 > 2 foﬂ \/dag—), so that the first assertion in the corollary
al\x

follows by applying Proposition 11.3.7.

To prove the second assertion, let A and B be the semigroup generator and
the control operator of this system, as expressed in Section 10.3, and let 7 be as
in the corollary. According to Proposition 11.3.8 the reachable space by inputs
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u € H2(0,7), starting from the initial state 0, is Zo from (11.3.18). It follows
easily from the material in Section 10.3 that

Xy = D(A?) = (H?(0,7) NH(0, 7)) x H(0, ).

It is easy to see from Proposition 10.3.3 that

—1__D -2 _ 0
- [9] w-[3]

where D € L(C,H?*(0,7) N 'HK(0,7)) is the operator from Proposition 10.3.1.
Putting these facts together, we obtain that

Zy = (H*(0,m) N HR(0,m)) x HE(0,7). O

11.4 An example of a coupled system

Consider a vertical string whose horizontal displacement in a given plane is de-
scribed by the one-dimensional wave equation on the domain (0,7). The upper
end (corresponding to = 7) is kept fixed and an object of mass M is attached at
the lower end (corresponding to 2 = 0). The external input is a horizontal force
v acting on the object, and it is contained in the plane mentioned earlier. We
neglect the moment of inertia of the object (i.e., we imagine the object to be very
small). From simple physical considerations, and taking a certain constant to be
one, we obtain that this system is described by the following equations, valid for
all z € (0,7) and for all ¢ € (0, 00):

%2—;:(33,2?) = % (a(x)%(x,t)) , w(m,t) =0,
M?;T;U(O,t) +a(0)wy(0,t) = v(t), t>0, (11.4.1)
w(z,0) = 88—1:(30,0) =0, xz € (0,m).

Here, w is the controlled wave (horizontal displacement) and %—“f is the horizontal

velocity. Due to the weight of the string the function a is strictly increasing, even
for a homogeneous string. For technical reasons, we assume that a € C2[0, 7] and
that there exists m > 0 such that

a(z) = m Vaxel0n].

The appropriate spaces for all these functions will be specified later. The point
x = m is just reflecting waves, while the active end z = 0 is where both the
observation and the control take place. We shall often write w(t) to denote a
function of z, meaning that w(t)(xz) = w(zx,t), and similarly for other functions.
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A direct analysis of the well-posedness, controllability and observability of
this system is not trivial, in spite of the simplicity of the system. We shall show
below that we can obtain a sharp result by simply applying the results in the
previous section. First we investigate an auxiliary Hilbert space and an operator
generating a group in this space. Denote

f
€ Hh(0,7) x L2[0,7] x Cx C | f(0)=h

S S

On X we consider the inner product

f1 Ja _

g1 |9 _ [T, dhdfy .
< ho | |ho > _/0 (adx qr 9192 ) vt R

R1 )

X

Lemma 11.4.1. Let A: D(A) — X be the operator defined by

f
D(A) = ¢ 7] €X | fer0,m), geH (0,m),9(0)=r
R
f 9
AT = %(a%) . (11.4.2)
R
"l a0 30)

Then A generates a unitary group on X.

Proof. We have

I
g| |9 T( dgdf d*f df
K K

If we integrate by parts, we take real parts and we use the fact that g(0) = x, we
obtain that
s f

g g _
Re<Ah’h>_ v

K K

€ D(A),

NS S
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@
so that A is skew-symmetric. To show that A is onto, we take [ﬂ € X and we
¥
note that there exists a unique f € H2(0,7) such that
d df
P (a) =
f(m) =0,
df
0)=—=(0) = —~.
a(0) - (0) = =
It follows that
f f @
® ¢ Y
€D(A) and A =
foy| P o = s
©(0) ©(0) g
We have shown that A is skew-symmetric and onto so that, by Proposition 3.7.3,
A is skew-adjoint. By Stone’s theorem, A generates a unitary group on X. O

Corollary 11.4.2. For every v € C'[0,00) the initial and boundary value problem
(11.4.1) admits a unique solution

w € C([0,00); Hk(0,7) NH2(0,7)) N CL([0, 00); Hk (0, 7)). (11.4.3)

The result below gives the natural state space of (11.4.1).

Proposition 11.4.3. Suppose that v € L?[0,7]. Then the initial and boundary value
problem (11.4.1) admits a unique solution

w € C([0,00); HE(0,7) NH(0, 7)) NC*]0,00); HE(0,7)). (11.4.4)

Proof. By using Lemma 11.4.1, it is easy to prove that, for all v € L?[0, T, problem
(11.4.1) admits a unique solution

w € C([0,00); HE(0,7)) N C([0, 00); L2[0, 7]), (11.4.5)

which satisfies the first equation from (11.4.1) in D’((0, ) x (0, 00)) and the second
in D’(0,00) (notice that w,(0,-) makes sense in H~2(0,0)). Consider a sequence
(vn) in D(0, 00) such that v, — v in L?[0, 7]. If we denote by (w;,) the corresponding
sequence of smooth solutions of (11.4.1) (see Corollary 11.4.2 for the existence and
uniqueness of these solutions), it is clear that

w, —w in C([0,7];H}(0,7))nC*([0,7]; L*[0, 7)), (11.4.6)

wn(0,1) = %(O,t) —0, Vo1 (11.4.7)
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Moreover, by multiplying the equation

9? 9?
@(wm —wy)(z,t) = W(wm —wp)(z,1)

by (x— 1)8%(wm —wy,)(z,t) and by integrating over [0, 7] x [0, 7] we obtain, after
some integrations by parts, the existence of a constant C' > 0 such that

- 2
/

0 dt

%(wm - wn)((), t)

ow, Own,

<C ”wn - wm”C’([O,T];’Hl(O,ﬂ')) + H— - ) (].].48)
< ot Ot |l c(jo,7);L2[0,7))
Since 5
M (0,1) + a(0) 2 (0,1) = va(0),

relation (11.4.8) implies that %(O, -) is a Cauchy sequence in L?[0, 7]. By using
(11.4.6) and (11.4.7) we obtain that w(0,-) € H2(0,7). The regularity (11.4.4)
follows now from Proposition 11.3.9. g

Proposition 11.4.4. Assume that 7 > 2m. Then system (11.4.1) is exactly con-
trollable in time T in the state space X = [HL(0,7) N H2(0,7)] x HL(0,7). In
other words, (wo,w1) € [Hk(0,m) NH?(0,7)] x Hi (0,7) if and only if there exists
v € L2[0,7] such that the solution of (11.4.1) satisfies

dw
ot

Proof. By Proposition 11.3.9, for any (wq,w:) € [Hk(0,7) N'H2(0,7)] x H%(0, )
there exist

w(-,7) = wo, (7) = wr. (11.4.9)

w € C([0,00); H2(0, 7)), u € HZ(0,7) (11.4.10)

satisfying (10.3.1)-(10.3.3) and (11.4.9). From (11.4.10) it obviously follows that
if we define
v(t) = Mi(t) + a(0)w,(0,t),

then v € L?[0, 7] and w, v satisfy (11.4.1) and (11.4.9). O
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11.5 Null-controllability for heat and
convection-diffusion equations

In this section we consider systems governed by the heat equation or by the
convection-diffusion equation, with an input function given either by a source/sink
term supported on an open set or by a Dirichlet boundary condition on a part
of the boundary. Recall that the null-controllability of a one-dimensional heat
equation with Neumann boundary control has been considered in Example 11.2.5.

In this section, 2 C R" is an open bounded and connected set with boundary
of class C%. We denote X = L?(Q) and for a while we consider the operator
A :D(A) — X introduced in Example 5.4.4 (and discussed also in Section 10.8):

D(A) = HA(Q) N HA(9),
Af =Af+b-Vf+cf vV feD(A4)),
where b € L>®(Q;R™) and ¢, divb € L>(Q).
Let O be an open subset of  and let U = L?(O). We regard U as a closed

subspace of X by considering functions in U to be zero on Q\ O. Let B € L(U, X)
be defined by Bu = u (i.e., B is the embedding of U into X).

Proposition 11.5.1. The pair (A, B) is null-controllable in any time T > 0.
Proof. We have seen in Remark 10.8.1 that the adjoint of A is given by
D(A") = H(92) N Hy(Q),
Af = Af —b-Vf+(c—divd)f Y f € D(AY),

so that A* is of the same nature as A, only with different coefficient functions.
It is easy to check that the adjoint of B is given by

B'f = flo VieX.

We have seen in Theorem 9.5.1 that the pair (4*, B*) is final state observable in
any time 7 > 0, so that the conclusion follows by applying Theorem 11.2.1. O

Remark 11.5.2. In terms of PDEs, the above proposition means that for any 7 > 0
and any f € L?() there exists u € L?([0, 7]; L?(0)) such that the solution of

%:Az—&—hv,z—&—cz—&—u in 2 x(0,00), (11.5.1)
z=0 on 09 x (0,00), (11.5.2)
2(x,0) = f(x) for x €Q (11.5.3)

satisfies z(z,7) = 0 for all € Q. This result can be interpreted in physical terms
by asserting that the temperature field of a body occupying the domain €2 can be
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driven to zero (the choice of the temperature level zero is arbitrary) by using a
heat source/sink localized in an arbitrary subset O of Q.

Remark 11.5.3. For b = 0 it is not difficult to check, by using Theorem 11.2.1 and
Proposition 9.1.1, that the pair (A, B) is not exactly controllable.

A natural question is controlling the temperature of a body by acting on
the temperature field on a part of its boundary. Such a system is modeled by the
equations

% =Az in Qx(0,00), (11.5.4)
z=u on I'x (0,00), (11.5.5)
z=0 on (ON\T) x (0,00), (11.5.6)

2(x,0) = f(x) for xz€Q, (11.5.7)

where I' is a non-empty open subset of 9.

Our aim is to control the above system by inputs u € L%([0,7]; L*(T)). We
have seen in Section 10.7 that the above equations determine a well-posed bound-
ary control system with input space U = L?(T"), state space X = H (), gener-
ator A = — Ay (the Dirichlet Laplacian) and control operator B = AgD, where D
is the Dirichlet map. We have seen in the same section that the weak solutions of
(11.5.4)—(11.5.7) are in fact the solutions of Z = Az + Bu (with the same initial
conditions).

Proposition 11.5.4. For every initial state f € H™1(Q) and 7 > 0, there exists
u € L2([0,7]; L*(T')) such that the weak solution z of (11.5.4)~(11.5.7) satisfies
z(1) = 0. In other words, the pair (A, B) is null-controllable in any time T > 0.

Proof. We shall now construct a larger open set Q which is like  with a little
hump O glued to T'; see Figure 11.1. For the precise definition of  we take a point
zg € I and a rectangular open neighborhood V' of zg in R™ as in the definition of
the boundary of class C? (see Section 13.5 in Appendix II). In a suitable system of
orthonormal coordinates (y1,...,yn), the set V can be written as V' X [—ay, ay],
where

a

Vi ={(y1, - yn1) | —ai<y; <aj;, 1<j<n—1},
< 4 forevery y' € V7,

and there exists a real-valued ¢ € C%(V’) such that |p(y')]

QNV ={y= " un) €V | yn <0y},
NV ={y= (' yn) €V | yn = 0(¥)}.

We choose V' sufficiently small such that V N 92 C I". We choose a non-zero
function ¢ € D(V') with values in [0, %). We define the hump by

O={y="um) eV I]elW) <y <o) +1v)}.
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Figure 11.1: The domain € with the hump O which is glued to the part I
of the boundary in such a way that the enlarged domain 2 has
again a C? boundary.

We define the enlarged domain by
Q = int (clos © Uclos Q) ,

and this has again a C? boundary.

Let T be the heat semigroup generated by A and let 7 > 0. As we have seen in
Remark 3.6.11, we have T, o f € HE(2). We extend T, /2f to a function, denoted
by g, defined on Q by setting g(z) =0 for z € Q \ clos . From Lemma 13.4.11 it
follows that g € Hy(Q). According to Remark 11.5.2, it follows that there exists
u € L?([0,7]; L*(0)) such that the solution z of

5 Az+7 in Qx(0,00), (11.5.8)
Z=0 on 9Q x (0,00), (11.5.9)
Z(x,0) = g(x) for z € Q (11.5.10)

satisfies Z(z,7/2) = 0 for all z € €. Note that 2 € C([0,00), H§(€)) so that, by
the trace theorem, we have Zjpq € C([0, 00); L*(T')). Define

B 0 if te [0,7-/2]7
u(t) —{ Zt—71/2)p if te[r/2,7],

T, f if te [077'/2]a
z(t) = { Z(t—7/2) if te[r/2,7].



378 Chapter 11. Controllability

Then the pair (u, z) satisfies (11.5.4)—(11.5.7) (in the sense of Definition 10.7.2)
and z(7) = 0. O
Remark 11.5.5. By duality (using Theorem 11.2.1) we can obtain the following

final state observability result from the last proposition: If z is the solution of

%:Az in Qx(0,00),
z2=0 on 09 x (0,00),

z2(x,0) = f(z) for xe€Q,

with f € H{(£2), then for every non-empty open set I' C 9 and for every 7 > 0,
there exists a constant k; > 0 (independent of f) such that

2
2 2
—| dodt > k’THZ(T)”Hé(Q).

To obtain this, we have used Proposition 10.6.7 to express B* and then the fact
that Ay is an isomorphism from H~1(Q) to HA(Q).

11.6 Boundary controllability for Schrodinger
and wave equations

Notation. Throughout this section, €2 denotes a bounded open set in R", where
n € N, with boundary 99 of class C?. Let I' be a non-empty open subset of
00 and denote U = L%(T'). For ¢ € H'(£2) we denote by ¢|r the restriction of
the boundary trace vy to I'. Similarly, for ¢ € H?(Q2), we denote by g—f|p the
restriction of the normal derivative of ¢ to I' (the precise definitions of these trace
operators are given in Section 10.6 and in Appendix IT). We denote H = L?({2) and
the operator Ag is the Dirichlet Laplacian defined in Section 3.6. With the above
smoothness assumptions on 92, we know from Theorem 3.6.2 that Ay : H; — H
is defined by

Hy = H*(Q)NH(Q), Aof = —Af V feH.

We know from from Proposition 3.6.1 that Ay is strictly positive and that the
Hilbert spaces H 1 and H 1 obtained from H and Ay, according to the definitions

in Section 3.4, are given by

Hy =Hy(Q), H_i =H Q).

We know from Corollary 3.4.6 and Remark 3.4.7 that Ay can be extended to
a strictly positive (densely defined) operator on H_1, also denoted by Ag, with
domain H 1. The operator Ag can also be regarded as a unitary operator from H 1
to H_ 1 and from H onto H_1, where H_; is the dual of H; with respect to the

pivot space H.

=
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11.6.1 Boundary controllability for the Schrodinger equation

We consider a system governed by the Schrodinger equation, with the input func-
tion being the Dirichlet boundary condition on a part of the boundary:

% =iAz in Qx(0,00), (11.6.1)
z=u on I' x (0,00), (11.6.2)
z=0 on (ON\T) x (0,00), (11.6.3)

z2(x,0) = f(x) for x € Q. (11.6.4)

Define X = H 1 = H=1(2). We have seen in Section 10.7 that the above
equations determine a well-posed boundary control system with input space U,
solution space Z = H}(Q) + DU (where D is the Dirichlet map), state space X,
generator A = —i Ay and control operator B = iAgD. We have seen in the same
section that the weak solution of (11.6.1)-(11.6.4), with an initial state in f € X,

is in fact the solution of 2 = Az + Bu (with the same initial state).

Proposition 11.6.1. Assume that I" satisfies the assumption in Proposition 7.5.1
(i.e., the wave equation with Neumann boundary observation defines an exactly
observable system). Then the pair (A, B) is exactly controllable in any time T > 0.

Proof. According to Proposition 10.6.7, we have

9(Aq'9)

B'g = 0 VgeL*(Q).

g=i—p ge L (Q)

As usual, we denote X7 = D(A) with the graph norm. Since A is skew-adjoint,

the generator of T* is —A = 1Ay, so that for any wy € X; we have

Ay w(t
| B* T wolly = HM V>0, (11.6.5)
v U
where w is the solution of the initial value problem
w(t) = iAow(t), w(0) = wp.
If we set 7(t) = Ay w(t), then (11.6.5) becomes
on(t
|wwme:H“) V>0, (11.6.6)
o |y

where
0(t) = idon(t), n(0) = Ay wo.
We know from Remark 7.5.2 that for any 7 > 0 there exists k, > 0 such that

/ "|[n(®)
0

2
dt > k2| Ay woll%, Y wg € X.

ov
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The above estimate, combined with (11.6.6) and with the fact that A is unitary
from X7 to X, implies that

-
| 1B Tl dt > 2,
0
so that the pair (A*, B*) is exactly observable in time 7. From Theorem 11.2.1 it

follows that the pair (A, B) is exactly controllable in time 7. O

Remark 11.6.2. The above proposition can be formulated in terms of PDEs as
follows: For every f, g € X and 7 > 0, there exists u € L?([0,7]; U) such that the
weak solution of the Schrédinger equation (in the sense of Remark 10.7.5) with
initial data f and Dirichlet boundary control u satisfies z(7) = g.

11.6.2 Boundary controllability for the wave equation
As in Section 10.9, we consider the following initial and boundary value problem:

0%w

Ero Aw in Q x (0,00), (11.6.7)

w=0 on 0Q\T x (0,00), (11.6.8)

w=u on T x (0,00), (11.6.9)

w(x,0) = f(x), %—1:(33,0) =g(z) for z €. (11.6.10)

The input of this system is the function w in (11.6.9).
We also set X=H xH_,, D(A)=H x H and we define A:D(A)— X by

A= [_?40 (ﬂ . (11.6.11)

By Proposition 3.7.6, A is skew-adjoint. By Stone’s theorem, A generates a unitary
group T. As usual, the semigroup T can be restricted to an operator semigroup
on Xy = Hy x H (which is D(A) with the graph norm). The generator of this
restriction is A|p(42), where D(A%)=H, x H 1. For this restricted semigroup we
consider the observation operator C' € L(H; x H 1, U ) defined by

Om = g—fp Ve H x Hy. (11.6.12)
We have seen in Theorem 7.1.3 that C' is admissible for T acting on Xj.

We have seen in Section 10.9 that (11.6.7)—(11.6.10) correspond to a well-
posed boundary control system with input pace U and state space X. Hence,
according to Theorem 10.9.3, these equations have a unique weak solution.

The main result of this subsection is the following.
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Theorem 11.6.3. If 7 and I' are such that the pair (A,C), with state space X7,
is exactly observable in time T, then for every f, f € L*Q), g, g € HHQ)
there exists u € L? ([0, 7]; L*>(T)) such that the weak solution of (11.6.7)~(11.6.10)
satisfies

~ 9 N
w(-,7) = f, () = 3. (11.6.13)
ot
Proof. We have seen in Proposition 10.9.1 that (11.6.7)—(11.6.10) correspond to

a well-posed boundary control system whose generator is A and whose control

operator B satisfies
el 0 ® .o _
B LA =~ 3 (Ap )’F v LA € D(A*) = D(A).

Notice that B*A = C'. Since (A, C) is exactly observable in time 7 on the state
space X1 and since A is a unitary operator from X; to X, it follows that (B*, A)
is exactly observable in time 7, on the state space X. Since A* = — A, the pair
(B*, A*) is also exactly observable in time 7, on the state space X. By using
Theorem 11.2.1, it follows that (A, B) is exactly controllable in time 7 (on the
state space X ). As mentioned after Definition 11.1.1, this means that for any [5]7

H} € X, there exists u € L%([0, 7]; U) such that the solution of 2 = Az+ Bu, with

2(0) = []], satisfies z(7) = {Jﬁ We know from Theorem 10.9.3 that this solution

coincides with the weak solution of (11.6.7)—(11.6.10) if we put z = [} ]. O

By combining the above result with Theorem 7.2.4, we obtain the following.
Corollary 11.6.4. Assume that there exists xo € R™ such that
o> {zed| (x—xo)- v(x)>0},

and denote
r(zo) = sup|z — 2o
€N
Then the conclusion in Theorem 11.6.3 holds for every T > 2r(xg).

11.7 Remarks and bibliographical notes on Chapter 11

General remarks. As far as we know, the first approaches of controllability for
systems governed by PDEs were based on the moment method, already mentioned
at the beginning of Section 8.6. We refer the reader to Fattorini and Russell [62, 63]
and to Russell [199, 197] for early contributions in this direction. The method of
moments has then been developed and systematically applied to systems governed
by partial differential equations in the book of Avdonin and Ivanov [9].

We give below a more precise formulation of this method, using the notation
introduced in this chapter. Let A be the generator of a semigroup T on the Hilbert
space X, let U be a Hilbert space and let B € £(U, X_1) be an admissible control
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operator for T. If we assume that A is diagonalizable, with an orthonormal basis
(¢ )ken of eigenvectors corresponding to the eigenvalues (Ag)gen, then the pair
(A, B) is exactly controllable in time 7 iff for every sequence (cj) € 12 there exists
u € L*([0,7];U) such that

/ (u(t), ™ ' B* )y dt = ey, VkeN. (11.7.1)
0

Indeed, by combining (11.1.1) and (2.6.9), it is not difficult to check that the

condition
O u = ch¢k
keN

is equivalent to (11.7.1). By taking ¢ = e, for every | € N (where (¢;) is the
standard basis of [?), we obtain that a necessary condition for exact observability
is the existence of a family (¥)ren which is biorthogonal (in L2([0, 7]; U)) to the

family (e)‘_ktB*qbk) i.e., a family satisfying

keN’
[ (w5 e =a vk ien.
0 U

(See also Lemma 9.2.1.) The existence of a family (¥)ren as above is sufficient
for a weaker property of controllability. This property, usually called spectral con-
trollability, means that for each k € N there exists ux € L?([0,7];U) such that
d. up = ¢r. For a detailed study of spectral controllability, which is weaker than
exact controllability but stronger than approximate controllability, we refer the
reader to [9]. For an interesting study of this property in the case of Euler—Bernoulli
plate equation we refer the reader to Haraux and Jaffard [95].

Section 11.2. The duality of controllability and of observability has been first
formulated in an infinite-dimensional setting in Dolecki and Russell [51], but it
has been used for proving the exact controllability of PDEs systems only several
years later. We refer the reader to Lions [155, 154] and Triggiani [221] for early
contributions using this approach for the exact boundary controllability of the
wave equation with Dirichlet boundary control. This duality approach has been
mainly developed under the name Hilbert Uniqueness Method (HUM) in the book
of J.-L. Lions [156] and then used on various PDEs. For more information on the
examples in Section 11.2; we refer the reader to the comments in Sections 7.7, 8.6
and 9.6 on the corresponding observability problems.

Section 11.3. Simultaneous exact controllability was first considered by Russell in
[200] and it is the subject of Lions [156, Chapter 5]. The simultaneous controllabil-
ity of two Riesz spectral systems (one hyperbolic and one parabolic) was studied in
Hansen [87, Section 4] (see also Hansen and Zhang [90]). Our presentation follows
closely Tucsnak and Weiss [222]. There are now papers which extend the results
from [222] to the simultaneous controllability of two infinite-dimensional systems;
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see Avdonin and Tucsnak [11] (for two strings) and Avdonin and Moran [10] (for
several strings or beams with a common endpoint). Theorem 11.3.6 is new.

Section 11.4. The study of the controllability properties of systems coupling PDEs
in one space dimension with ODEs (sometimes called hybrid systems) has been
probably initiated by Littman and Markus in [159]. This paper was at the origin of
a considerable number of articles on this subject (see, for instance, Guo and Ivanov
[78], Hansen and Zuazua [91], Morgul, Rao and Conrad [173], Rao [187]). Our
approach, following [222], is based on simultaneous exact controllability results.

Section 11.5. As already mentioned, the first results on null-controllability of the
heat equation, in one space dimension, have been obtained in [62, 63] by using the
moment method. The duality approach combined with various Carleman estimates
has been initiated by the works of Fursikov and Imanuvilov in [69] and of Lebeau
and Robbiano [151]. We refer the reader to the paragraph on Section 9.5 from
Section 9.6 for comments on the dual observability properties.

The result in Proposition 11.5.1 has been generalized recently in Ammar-
Khodja et al. [6]. Their result refers to the system described by the equations

2= DAz+ Az + Bu in Qx(0,7),
z=0 in 00 x(0,7T),

where z(t) € L*(Q)" is the state at time ¢ > 0 and u € L?([0,T]; L*(O)™) is the
input function (2 and O are as in Proposition 11.5.1). The matrix D is assumed to
be real, diagonal and constant (i.e., independent of = and t). The matrices A and
B are also constant, A € R™*™ and B € R"*™. Let us denote by — Ay the Dirichlet
Laplacian on 2. The result is that the above system is null-controllable in any time
7 > 0iff for every A € o(Ap) the finite-dimensional pair (A—AD, B) is controllable.
In particular, if D = I, then the condition reduces to the controllability of (A, B).

Section 11.6. The first results on the exact controllability of the wave equation
have been first obtained by using the method of moments; see Russell [197]. This
approach has been extended to the wave equation in a spherical region by Graham
and Russell [76]. We refer the reader to [197, 199] and to Littman [158] for a method
based on solving first the initial value problem in the whole space.

For more general spatial domains, the exact controllability for the n-dimen-
sional wave equation with control acting on the whole boundary has been estab-
lished, via Russell’s “stabilizability implies controllability” argument (see [198]),
in Lasiecka and Triggiani [146]. The fact that only a part of the boundary might be
sufficient for the boundary exact controllability of the wave equation has been first
proved by Lions in [154], by using the duality approach which he called HUM. For
further information on the dual exact observability problem we refer the reader to
the paragraph on Section 7.2 from Section 7.7.

The results of B. Jacob, R. Rebarber and H. Zwart on the spectrum of optimizable
systems. An important concept in distributed parameter systems theory that has
not been touched in this book is optimizability. Suppose that A is the generator of a
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strongly continuous semigroup T on X and B € £(U, X_1) is an admissible control
operator for T. We call (A, B) optimizable if for every zp € X there exists u €
L?([0,00); U) such that the corresponding state trajectory z is in L2([0,00); X).
Clearly null-controllability implies optimizability. Much material on optimizability
can be found, among other sources, in Jacob and Zwart [118], Rebarber and Zwart
[189] and Weiss and Rebarber [234]. We mention here two interesting results from
[189] and [118].

Theorem 11.7.1. Suppose that U is finite dimensional and (A, B) is optimizable.
Then there exists € > 0 such that all elements A € o(A) with Re\ > —e are
1solated and they are eigenvalues of A with finite algebraic multiplicity.

A point A € o(A) is called isolated if there exists r > 0 such that the disk
B(A,r) contains no other points from o(A) besides A.

Theorem 11.7.2. With the notation of the previous theorem, denote A = o(A)NCy
(this set is at most countable). For every X € A we denote by m(\) its algebraic
multiplicity. Then Y 5.\ % < 0.

The results of B. Jacob, J. Partington and S. Pott on controllability for sys-
tems with diagonal semigroups. Applications of Hardy space interpolation and
the theory of Carleson measures to the controllability of systems with a diagonal
semigroup has been discussed recently in three papers.

Jacob and Partington [113] considers a one-dimensional input space and a
(possibly unbounded) control operator. A priori it is not assumed that the input
operator is admissible. Necessary and sufficient conditions for different notions of
controllability such as null-controllability, exact controllability and approximate
controllability are presented. These conditions, which are given in terms of the
eigenvalues of the diagonal generator and in terms of the control operator, are
linked with the theory of interpolation in Hardy spaces. Specifically, given a se-
quence of positive weights (w,,) and a sequence (z,) in the open unit disk D of C,
the existence, for each sequence (a,) with > °7 | |a,w,|* < oo, of a function f €
H?(D) solving the interpolation problem f(z,) = a, (n =1,2,3,...) is equivalent
to the controllability of a diagonal system with eigenvalues A\, = (2, —1)/(z, +1).

This work is extended in Jacob, Partington and Pott [117], where norm es-
timates are obtained for the problem of minimal-norm tangential interpolation
by vector-valued analytic functions (solving G, F(z,) = a,, where G,, are given
linear mappings), expressed in terms of the Carleson constants of related scalar
measures. Again, applications are given to the controllability properties of systems
with a diagonal semigroup, where now the input space is finite dimensional.

Finally, in Jacob, Partington and Pott [114], norm estimates are obtained for
the problem of minimal-norm tangential interpolation by vector-valued analytic
functions in weighted HP spaces, expressed in terms of the Carleson constants of
related scalar measures. Applications are given to the notion of p-controllability
of linear systems and controllability by functions in certain Sobolev spaces.
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Appendix I: Some Background
on Functional Analysis

12.1 The closed-graph theorem and some consequences

In this section we state the closed-graph theorem without proof, and then we prove
a few applications that are needed in the book.

Let X and Y be Banach spaces and let T : X —Y be a linear operator. T is
called closed if for every convergent sequence (x,,) with terms in X the following
holds: If lim Tz, exists, then limTx,, = T lim x,,.

Theorem 12.1.1. If T : X — Y is closed, then T is bounded.

This is a non-trivial result called the closed-graph theorem. Its proof can be
found in all the standard textbooks on functional analysis.

A typical application of this theorem is the following: Suppose that V' and X
are Banach spaces such that V' C X, with continuous embedding (i.e., the identity
operator on V belongs to £L(V,X)). f T' € L(X) and TV C V, then T|y € L(V).
Here, T'|y denotes the restriction of 7' to V. Indeed, the assumptions imply that
T|v is closed, so that according to the closed-graph theorem, T'|y is bounded.

Another application concerns inverse operators. If X and Y are Banach
spaces and T' € L£(X,Y) is invertible, then it is easy to see that 7! is closed.
It follows from the closed-graph theorem that the inverse operator is bounded:
T-1 e L(Y, X). In particular, it follows that 7" is bounded from below.

We need the following consequence of the closed-graph theorem.

Proposition 12.1.2. Suppose that Z1, Zy and Zs are Hilbert spaces, F' € L(Z1, Z3)
and that G € L(Z2,Z3). Then the following statements are equivalent:

(a) Ran F C Ran G;

(b) There exists a ¢ > 0 such that ||[F*z|z, < ¢|G*z|lz, V z€ Z3.

(¢) There exists an operator L € L(Z1, Z3) such that F = GL.

385
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Proof. To show that (a) implies (c), we suppose that Ran F' C Ran G. For z € Z;
we have Fz € Ran F' C Ran G, so there exists a unique y € (Ker G)* such that
Gy = Fx. By setting Lz = y, we have F = GL. It remains to prove that L is
bounded from Z; to Zs. Since L is defined on all of Zy, it suffices to show that
L has a closed graph. Let (x,,y,) be a sequence in the graph of L such that
lim(xy,,yn) = (x,y) in Z1 X Zs, then lim Fz,, = Fz and lim Gy, = Gy. Thus,
Fx = Gy and, since (Ker G)* is closed, y € (Ker G)*, so that Lz = y.
It is clear that assertion (c) implies assertion (a).

To show that (b) implies (c), suppose that (b) holds. Define a mapping K
from Ran G* to Ran F™* so that K(G*z) = F*z, for all z € Z3. Then K is well
defined, since if G*21 = G* 29, then ||F*(21 — 22)||z, < ¢||G*(21 — 22)||z, = 0, so
that F'*zq1 = F*2z5. Moreover, the same calculation shows that

|K(G*2)||z, < c|G*2]lz, V€ Z;.

Hence, K has a uniquely continuous extension to the closure Ran G*. If we define
K on (Ran G*)* in an arbitrary bounded way (for example, as zero), then we still
have KG* = F*. If we set L = K*, then F = GL.

It is easy to see that (c) implies (b). Indeed, if F' = GL, then
1F*2l| 2 = 117G 2l 20 < 117l 2(z,20) 1G]l 2 VzeZs.
Thus, (a), (b) and (¢) are equivalent. O

Proposition 12.1.3. If Z, X are Hilbert spaces and G € L(Z,X), then the following
statements are equivalent:

(a) G is onto.
(b) G* is bounded from below; i.e., there exists a constant m > 0 such that

IG*z||z = mlz|x VeeX.

(¢) GG* > 0 (as defined in Section 3.3).

Moreover, if these statements are true, then ||[(GG*)7Y|| < X5, where m is the

M2’
constant appearing in statement (b).

Proof. The equivalence of (a) and (b) follows from Proposition 12.1.2 by taking
Zi=Z3=X,Zy=2,F=Tand c=1/m.
We show that (b) implies (c). If (b) holds, then from

(GG, 2) = ||G"z]* = m?|z||?

we see that GG* > m?I > 0. By Proposition 3.3.2, GG* is invertible and satisfies
[(GG*)~1|] < L. Conversely, it is obvious that (c) implies (b). O
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12.2 Compact operators

In this section we gather, for easy reference, some results on compact operators on
a Hilbert space. For a more detailed presentation of this topic we refer the reader,
for instance, to Akhiezer and Glazman [2], Dowson [52], Kato [127] or Rudin [195].
Recall that a subset M of a Hilbert space H is said to be relatively compact
if every sequence in M has a convergent subsequence. It is well known that a
set M C H is relatively compact iff it has the following property, known as total
boundedness: For every n € N there exists a finite set F,, C H such that

VoeM. (12.2.1)

SN

i — <
min lz — fll <

M is called compact if it is relatively compact and closed. We denote by Bj the
closed unit ball of H. It is well known that B; is compact iff dim H < co.

Definition 12.2.1. Let H and Y be Hilbert spaces. K € L(H,Y') is compact if the
set K By is relatively compact in Y.

It is clear that the compact operators form a subspace of L(H,Y). Let U be
another Hilbert space. It is easy to see that if K € L(H,Y), T € L(Y,U) and K is
compact, then T'K is compact. Similarly, if T € £L(U, H) and K is as before, then
KT is compact. It is easy to see (from what we said earlier in this section) that I
(the identity operator on H) is compact iff dim H < oo.

Proposition 12.2.2. For any K € L(H,Y') the following statements are equivalent:

(a) K is compact.
(b) There exists a sequence (Ky) in L(H,Y) such that

dimRan K, < oo, lim K, = K. (12.2.2)

Proof. Suppose that K is compact, so that M = K By is relatively compact in Y.
For every n € N let F,, be the finite set with the property (12.2.1). Denote by P,
the orthogonal projector from Y onto the finite-dimensional space span F), and
define K,, = P, K. Then it is easy to see that |K — K,| < 1/n.

Conversely, suppose that (K,,) is a sequence in £(H,Y) such that (12.2.2)
holds and choose m € N. We can find n € N such that |[K — K,,| < 5. Since
M = K, B is relatively compact, according to (12.2.1) we can find a finite set
Fyp, C Y such that mingep,,, | — f|| < 55 for all 2 € M. It follows that

1
min ||z — f|| < — VoeKB.
f€Fom
This holds for every m € N, so that K Bj is relatively compact in Y. O

Corollary 12.2.3. If K € L(H,Y) is compact, then also K* is compact.
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Proof. If K is compact then, as we have seen in the first part of the proof of Propo-
sition 12.2.2, there exists a sequence (P,) of orthogonal projectors onto finite-
dimensional subspaces of Y such that lim P, K = K. It follows that lim K* P, =
K*. Since dimRan K*P, < oo, according to Proposition 12.2.2, K* is com-
pact. O

We need to recall the following fact from functional analysis, which is a
particular case of Alaoglu’s theorem.

Lemma 12.2.4. If (x,,) is a bounded sequence in H, then there exists a subsequence
(zn,) and a vector xog € H such that

lim (zp,,¢) = (x0,¢) VoeH. (12.2.3)

k — oo

A sequence that behaves like (z,, ) in the above lemma is called weakly con-
vergent to xo (in H). An equivalent way to state the above lemma is the following:
The unit ball of any Hilbert space is weakly sequentially compact. We refer the
reader to Brezis [22, p. 46] or to Rudin [195, Theorem 3.17] for the proof.

Now we show that the compact operators are precisely those that map weakly
convergent sequences into convergent sequences.

Proposition 12.2.5. For any K € L(H,Y) the following statements are equivalent:

(a) K is compact.
(b) If (zk) is a sequence in H that converges weakly to an element xg € H, i.c.,

klim (T, ©) = (xo,¥) VoeH, (12.2.4)

then limy _, oo Kap = Kxg.

Proof. Suppose that K is compact and (xy), xg are as in (12.2.4). From the uniform
boundedness theorem we know that the sequence () is bounded: for all k € N,
lxr — ol < M. We have to show that for every e > 0 and for sufficiently large
k € N we have || K (xr — xo)|| < &. According to Proposition 12.2.2, for any given
e > 0, we can choose an operator K. € L(H,Y) such that V. = Ran K. is
finite dimensional and ||K, — K|| < ¢/(2M). It is easy to see (using orthonormal
coordinates in V) that limy _ o K.(xr — 2¢) = 0. In the simple estimate

1K (2 = o) || < | Ke(ap — 2o)l| + |(K = Ko)(zx — 20|

we see that for sufficiently large k, both terms on the right-hand side are < ¢/2.
Thus, we have shown that limg, _, o Kap = Ko, so that (b) holds.

Conversely, suppose that statement (b) holds. Let (Kx,,) be an arbitrary se-
quence in K By. Since x,, € Bi, according to Lemma 12.2.4, there exists a weakly
convergent subsequence (z,, ). According to (b), the sequence (T'X,, ) is conver-
gent. This shows that K Bj is relatively compact in Y, i.e., K is compact. O
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In what follows, we look at spectral properties of compact operators. For
this, we consider compact operators in £(H).

Remark 12.2.6. If dimH = oo and K € L(H) is compact, then H is neither
left-invertible nor right-invertible. In particular, 0 € o(K). Indeed, if K were left-
invertible, then there would be a @ € L(H) such that QK = I, whence I would
be compact, which is absurd. A similar reasoning applies for right-invertibility.

Proposition 12.2.7. If K € L(H) is compact and X is a non-zero complex number,
then Ran (Al — K) is closed.

Proof. Denote V = (Ker (A — K))™, so that S, defined as the restriction of \I—K
to V, is one-to-one. We claim that S' is actually bounded from below. Indeed, sup-
pose that this is not the case. Then there exists a sequence (x,) in V such that
|zn |l = 1 and lim Sx,, = 0. Because of the compactness of K, (Kx,) has a conver-
gent subsequence (K, ). Thus, lim Kz, = z, which implies that Alimz,, = z,
hence ||z]] = |A|. By the continuity of S we obtain Sz = 0, which is a contra-
diction. We conclude from this contradiction that S is bounded from below, and
hence Ran S is closed. Finally, notice that Ran (Al — K) = Ran S. O

If K € L(H) and X € 0,(K) (recall that o,(K) denotes the set of all the
eigenvalues of K), then the geometric multiplicity of X is dim Ker (A — K).

Proposition 12.2.8. If K € L(H) is compact and X\ € o(K), A # 0, then X is an
eigenvalue of K, with finite geometric multiplicity.

Proof. If dim H < oo, then this is a well-known fact from linear algebra. Now
consider dim H = oo. Take A € o(K) with A # 0. First we prove that A € o,(K).
Suppose that this were not true, so that AI — K would be one-to-one. According
to Proposition 12.2.7, the space V' = Ran (M — K) is closed, so that A\ — K
would be invertible as an operator in L(H, V). The inverse could be extended to
an operator Q € L(H) by defining it to be zero on V+, and then QK = I, so
that K is left-invertible. According to Remark 12.2.6, this is absurd. Thus, in fact
A€ op(K).

Now we show that A has finite geometric multiplicity. The restriction of K
to the space E = Ker (A — K) is AI. This must be compact, which implies (as
remarked earlier in this section) that dim £ < co. O

Proposition 12.2.9. If K € L(H) is compact and () is a sequence of distinct
eigenvalues of K, then lim A\, = 0.

Proof. Let (zx) be a sequence of eigenvectors corresponding to the sequence of
eigenvalues (Ag). Suppose that the assertion lim Ay = 0 is not true. Then we
can extract from (A\;) a subsequence with the property that each term in the
subsequence satisfies |A\y| = d > 0. For the sake of simplicity, we denote this
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subsequence also by (Ax). Clearly, the vectors zj are independent, so that if we
denote
M, = span{xy, z2,..., 2},

then we have the strict inclusions M,,_1 C M,, and KM, C M,. For each n € N,
take z,, to be in the orthogonal complement of M,,_1 in M, and such that ||z,| =
1. For m,n € N with m < n we have

Kz, — Kz = Apzn —q, where ¢ = (Al — K)zp + Kz,
Notice that ¢ € M,,_1, so that (z,,¢) = 0. Hence
[Kzn — Kzm|| 2 [An] - [[2n] = 6.

This shows that (Kzj) does not have any convergent subsequence, which contra-
dicts the definition of a compact operator. Thus, lim Ay, = 0. g

Corollary 12.2.10. Let K € L(H) be a diagonalizable operator with the sequence
of eigenvalues (i), as in (2.6.5). Then K is compact if and only if lim A\, = 0.

Proof. The “if” part follows from Proposition 12.2.2 (by truncating the sequence
in (2.6.5)). The “only if” part follows from Proposition 12.2.9. O

Theorem 12.2.11. Assume that K € L(H) is compact and self-adjoint. Then there
exists in H an at most countable orthonormal set B consisting of eigenvectors of K,

B={pr|keI}, where ICZ,

with the following properties: If uy is the eigenvalue corresponding to ¢y, then

Kz = ZM’“<Z’ Ok) Pk Vze H, (12.2.5)
kel

pr € R, px # 0 and if T is infinite, then limy| _ o pix = 0. Moreover,
Bt = Ker K. (12.2.6)

Proof. Tt will be convenient to denote o¢(K) = o(K)\ {0}. According to Proposi-
tions 12.2.8 and 12.2.9, o¢(K) consists of an at most countable set of eigenvalues
of K, with zero as the only possible accumulation point. Denote

E\ = Ker (M — K) VA€ oo(K).

We know from Proposition 12.2.8 that dim E) < oco. We know from Proposition
3.2.6 that o(K) C R. For each A € o¢(K) let By be an orthonormal basis in Ey

and put
B= |J B
A€oo(K)
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We can now construct sequences () and (¢y) indexed by a set Z C Z such
that

(1) for each k € Z, py, € oo(K) and gy, € By, ,
(2) there are no repetitions in the sequence (¢ ),
(3) B={px | keI}

Thus, each A € 0o(K) appears in the sequence () repeated dim E times. If
7 is infinite, then (by a simple rearranging of the indices from Proposition 12.2.9)
we see that limy _, o pr = 0. An easy consequence of K* = K is the following: If
@, are eigenvectors of K corresponding to different eigenvalues, then (¢, ) = 0.
This implies that the set {¢y | k¥ € Z} is orthonormal.

Let Ky be the operator defined by the sum in (12.2.5), so that K is self-
adjoint, as it is easy to verify. It is also easy to check that

spanB C Ker (K — K). (12.2.7)

Denote Fy = (spanB)*. Since K (spanB) C span B, it is easy to see that K Ey C
Ey. Let us denote by N the restriction of K to Ej, regarded as an element of
L(Ep). It is easy to see that N is self-adjoint and compact. N cannot have non-
zero eigenvalues, because the corresponding eigenvectors would have to belong to
F, which is absurd. It follows that o(N) C {0}, so that its spectral radius is
r(N) = 0. According to Proposition 3.2.7, we obtain that N = 0. On the other
hand, it is clear that the restriction of K to Ey is also zero. Thus,

Ey C Ker (K — Ky).

Combining this with (12.2.7), we obtain that K = K.
Finally, we have to prove (12.2.6). The inclusion B+ C Ker K is clear from
(12.2.5). Conversely, suppose that z € Ker K and for each k € Z denote z) =

(x, o). If
T = Z sign (pk) Trer

kez
then
0= (Ka,®) = > prrysign (u)Tr = Y || - 2]
kel keT
This shows that x;, = 0, so that z € B*. O

12.3 The square root of a positive operator

In this section we introduce the square root of a bounded positive operator. This is
needed in Section 3.4 in order to define the square root of an unbounded positive
operator. In this section, H is a Hilbert space.

Lemma 12.3.1. If P L(H), P >0, x € H and (Pz,z) =0, then Px = 0.
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Proof. Denote z = (A — P)x, where A > 0. We have
(Pz,z) = (P(N*I —2AP + PH)x,2) = — 2\|Pz||* + (P3z, 2).

If we had ||Px|| > 0, then the above expression would become negative for large
A, which is absurd. Hence, ||Pz|| = 0, so that Pz = 0. O

One of the uses of the above lemma is in the proof of the following slight
generalization of the Cauchy—Schwarz inequality: If P € £L(H) and P > 0, then

[(Pz,y)[> < (Pz,z) - (Py,y) Vo,yeH. (12.3.1)

The proof of this follows the same argument as for the classical Cauchy—Schwarz
inequality, but eliminating first the case when (Pz,z) = 0.

By using the inequality (12.3.1), it is easy to show that
PQel(H) and 0<P<Q = |P|| <. (12.3.2)

Lemma 12.3.2. Let (Q.,,) be a sequence of bounded and positive operators on H such
that Qp, = Qi1 for all n € N. Then there exists a positive Q € L(H) such that

limQ@Q,r = Qx VzeH.
Moreover, we have Q < @Q,, for alln € N.

Proof. For m,n € N, n > m, using (12.3.1) and the fact that Q1 > Q,, — @, = 0,
we have that for every z € H,

”(Qm - Qn)x||4 = <(Qm - Qn)x7 (Qm - Qn)x>2
< <(Qm - Qn)x7x> : <(Qm - Qn)2x7 (Qm - Qn)x>
< ((Qma, ) = (Qna, ) - [|Qu ]| - ||| (12.3.3)

The sequence ({Q,z,z)) is positive and decreasing and hence convergent. Thus
(12.3.3) shows that the sequence (Q,z) is convergent in H. Define

Qr = limQ,x Ve H.

|Q1| for all n € N, so that @ is bounded and ||Q| < ||Q1]]. Since (Qx,x)

Clearly @ is linear. Moreover, since @, < @1, by using (12.3.2) we have ||@,] <
lm(Q,z,x) > 0, it follows that 0 < Q < @, for all n € N. O

It S,T € L(X), we say that S commutes with T if ST =TS.

Lemma 12.3.3. If M, N € L(H) are positive operators which commute and
M? = N2, then M = N.
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Proof. 1t is easy to verify the identity
(M—N)M(M—-N)+(M—-N)N(M—-N) =0.

Both terms are positive, which implies that both terms are in fact zero. Hence, we
have for every = € H that (M(M — N)x,(M — N)z) = 0. According to Lemma
12.3.1, it follows that M (M — N)z = 0, so that M(M — N) = 0. By a similar
argument we also have that N(M — N) = 0. Combining these facts we can see
that (M — N)? = 0. Since M — N is self-adjoint, it follows that M — N =0. O

Theorem 12.3.4. If P € L(H) is positive, then there exists a unique positive opera-
tor Pz , called the square root of P, such that (P%)2 = P. Moreover, P2 commutes
with every operator that commutes with P.

Proof. If P = 0, then the statements are trivially true. Assuming that P # 0, in-
troduce S = P/||P||, so that S < I. Define the sequence (Q,,) in L(H) recursively:

1
Q1=I and Qn+1:Qn+§(S_Q$L) VneN.

Each term @,, is a real polynomial in S, hence it is self-adjoint and it commutes
with every operator that commutes with P. Notice that we have

[—Qnit = %(I—Qn)2+ %(I—S) VneN. (12.3.4)

From here we can show by induction that for every n € N, I — @Q,, = p,(I — 9),
where p,, is a polynomial with positive coefficients. It follows that for every n € N,

I— %(Qnﬂ +Qn) = %(pn+1 +pn)I = S), (12.3.5)

where p,11 + pp, is another polynomial with positive coefficients.
Subtracting the defining (recursive) formula of @,,+2 from that of Q,,4+1, we
obtain

Qni1 — Quni2 = (Qn — Quy1) - |1 — %(Qn+1+Qn) VneN.

We have Q1 — Q2 = £(I — S), and the above formula, together with (12.3.5),
implies (by induction) that for every n € N, @,, — Qn+1 can be expressed as a
polynomial with positive coefficients in the variable I — S > 0. This implies that
@n — Qn+1 = 0, which is one of the conditions in Lemma 12.3.2.

Now we show that (), > 0. From (12.3.4) we see that

1 1
1= Quatll < SIT=QulP+ 5018 ¥neN. (12:3.6)

From 0 < I — S < I we know that ||I — S| < 1. This, together with (12.3.6),
implies (again by induction) that ||[I —@,| <1 for all n € N. We have seen earlier
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that I — @, = pn(I — 5), so that I — @Q,, > 0. This implies that I — Q,, < I, i.e.,
Qn =0

We have shown that the sequence (Q,,) satisfies all the assumptions of Lemma
12.3.2. Thus, by the lemma, there exists a positive @ € L(H) such that

limQpz = Qz VexeH.

Since @, commutes with every operator that commutes with P, it follows that
also @ has this property. Similarly, since @,, < I, we have Q < I.

Applying the recursive definition of @, to x € H and taking limits, we
obtain that lim Q?z = Sz for all z € H. On the other hand, it is easy to see that
lim Q2x = Q2%x for all z € H (because Q> — Q? = (Q,, + Q) (Qn — Q)). It follows
that Q? = S, so that the operator

1 1
=PI @

is positive and (P2)2 = P. The only thing left to prove is the unicity of P2. If
M > 0 is such that M2 = P, then clearly M commutes with P and hence P
commutes with M. Now M = Pz follows from Lemma 12.3.3. U

Remark 12.3.5. With the notation of the last theorem, it follows from Proposition
2.2.12 that
o(P?) = o(P)?.

This implies further properties of P2. For example, since ||P|| = r(P) (see Propo-
sition 3.2.7), it follows that ||PZ| = ||P|2. Another consequence is the following:
If A\ > 0 is such that P > A, then P2 > Az]. Indeed, by Remark 3.3.4 we

o(P) C [\, 00), hence o(P2) C [A%,00), hence (using again Remark 3.3.4)
3 > A\z1. Of course, there are also alternative proofs for these statements.

12.4 The Fourier and Laplace transformations

In this section we recall some facts about the Fourier and Laplace transforma-
tions, we introduce the Hardy space H?(Cy), we state the Plancherel theorem, the
Paley-Wiener theorem for 7?(Cy) and the Carleson measure theorem. We do not
give proofs, but the reader can find the material on the Fourier and Laplace trans-
formations in a large number of books, such as Akhiezer and Glazman [2], Arendt
et al. [8], Bochner and Chandrasekaran [20], Dautray and Lions [42], Doetsch [50],
Dym and McKean [55], Nikol’skii [178], Rudin [194] and Young [240]. We shall
give separate references for the Carleson measure theorem.

The Fourier transformation on L!(R). Denote by D(R) the space of C*° functions
on R that have compact support. We define the Fourier transformation initially
as an operator F : D(R) — C(R) as follows:

(Fu)(w) e~ hy(t)dt VweR. (12.4.1)

L
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The function Fu is much better than just continuous: It is easy to see that Fu

can be extended to an analytic function on all of C, and its derivative is given by
d
d—}"u = Fuv, where v(t) = —itu(t) VteR.
w

It is an easy consequence of the Holder inequality that

1 oo
|(Fu)(w)] < E/ﬂo lu(t)] dt VweR. (12.4.2)

It is easy to check that the function w — iw(Fu)(w) is the Fourier transform of
the derivative & € D(R). This, together with the last estimate applied to u, shows
that lim,| — o (Fu)(w) = 0. Introduce the space

aoi®) = {recm| tim_sw)=o}.
which is a Banach space with the norm

[flloc = sup |f(w)].
weR

(We know that D(R) is dense in Cp(R), but this is not needed here.) Then the
preceding discussion shows that, in fact, F : D(R) — Cy(R). Moreover, (12.4.2)
shows that F is bounded if we consider on D(R) the norm || - [|; and on Cp(R)

the norm || - | introduced a little earlier. Since D(R) is dense in L' (R), it follows
that F has a unique extension to L!(R) (denoted by the same symbol) such that
1
F e L(L'(R), Co(R)), Fll=—.
(L' (R), Co(R)) 171l Wor:

(The estimate (12.4.2) only tells us that || F|| < \/%77 but if u(t) > 0 for all ¢t > 0,
then (Fu)(0) = #Hu”l, which shows that in fact we have equality.)

The Fourier transformation on L?(R). The following subtle formula holds:

/OO ()2 dt = /OO (Fu)@)?de  VueDR). (12.4.3)

— 00 — 00

Since D(R) is dense also in L?(R), (12.4.3) implies that F has a unique extension
to an isometric operator from L?(R) to itself:

F e L(L*R), FF=I.
This extended operator F is no longer given by (12.4.1), since the integral does

not converge in general. This can be overcome by writing

T

1 .
(Fu)(w) = — lim e~ “hy(t)dt,
2m T — o0 _T

where the limit is taken in the norm of the space L?(R).



396 Chapter 12. Appendix I: Some Background on Functional Analysis
It can be checked that for ¢, f € D(R) we have (Fo, f) = (@, F*f), where

(F*f)(t) et f(w VieR.

\/ 2w /
Thus, F* is the same operator as F, except for the change of —¢ into . Using a
similar reasoning as for F, we can show that FF* = I. Thus we get the following
result, known as the Plancherel theorem.

Theorem 12.4.1. The Fourier transformation F € L(L*(R)) is unitary.

The space H?(Cy). For every a € R, we denote by C, the open right half-plane
where Re s > 0. The space H?(Cy) consists of all the analytic functions f : Co — C
for which

sup/ |f(a+iw)|*dw < oo. (12.4.4)
a>0J —oco

The norm of f in this space is, by definition,

— 00

1 fll7z = (% iti%/ |f(a+iw)|2dw)

Such a space is also called a Hardy space (Hardy spaces are defined also for disks
and sometimes for other domains, and the powers 2 and % in the above formula
are sometimes replaced by p > 1 and %, respectively).

If f € H?(Cy), then for almost every w € R, the limit

fliw) = a—}(l)r,na>0 fla+iw)
exists, and it defines a function f* € L?(iR), called the boundary trace of f. Using
boundary traces, an inner product can be defined on H?(Cy) as follows:

oo
— 00

This inner product induces the norm on H?(Cy) that was mentioned earlier. With
this norm, H?(Cy) is a Hilbert space.

Let € be a non-empty open subset of C. An analytic function f : Q@ —C
is called rational if it has the structure f(s) = N(s)/D(s), where N and D are
polynomials. If this fractional representation is minimal, i.e., the order of D is the
smallest possible, then the zeros of D are called the poles of f. Obviously, f has
a unique analytic extension to the complement of the finite set of its poles. f is
called proper if it has a finite limit as s — oo (equivalently, the order of N is at
most equal to the order of D). Such an f is called strictly proper if its limit at
infinity is zero (equivalently, the order of N is less than the order of D). A rational
function f with values in U belongs to H?(Cy, U) iff it is strictly proper and all
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its poles are in the open left half-plane where Re s < 0. In this case, the boundary
trace f* is simply the restriction of f to ¢R.

The Laplace transformation. For v € L], [0,00), its Laplace transform 4 is de-
fined by

u(s) = /OOO e Stu(t)dt (12.4.5)

for all s € C for which the integral converges absolutely, i.e.,
/ =R S|y (1) |dt < oo.
0

This set of numbers s may be the whole complex plane C, it may be an open
or a closed right half-plane, or it may be empty. For details about the Laplace
transformation we refer the reader to Arendt et al. [8], Doetsch [50] and Widder
[236].

It is useful to note that if u € HL(0,00) is such that @ is defined on some
right half-plane C,, with « > 0, then also 4 is defined on C,, and

u(s) = si(s) — u(0).

If u € Ll [0,00) is such that @ is defined on C, (where o € R), and if y €
L [0,00) is defined by y(t) = —tu(t), then § is also defined on C, and §(s) =
La(s).

The following theorem is due to R.E.A.C. Paley and N. Wiener.

Theorem 12.4.2. The Laplace transformation L : L?[0,00) — H?(Cy) is unitary.

The proof of the fact that £ is isometric is easy: Take u € L?[0,00) and for
all @ > 0 define u,(t) = e *u(t). It follows from Theorem 12.4.1 that (12.4.4)
holds for 4, and taking limits as a — 0 we obtain (by the dominated convergence
theorem applied in L'[0,00)) that £ is isometric. To show that £ is onto, we
take f € H%(Cp) and define u(t) = \/%e“t(}"*fa)(t), where a > 0 and f,(w) =
f(a+iw). It can be shown that u € L*(R) and it is independent of a (this is the
easy part). Finally, a more subtle argument shows that u(¢) = 0 for ¢ < 0. Then
it is easy to see that f = @. For the detailed proof see, for instance, Rudin [194,
Chapter 19].

In particular, it follows from the last theorem that if u € L?[0, c0), then

@l = [lull2-

This last conclusion can be derived also from the Plancherel theorem.

We shall refer to Theorem 12.4.2 as the Paley—Wiener theorem. We also need
the following result, called the Paley—Wiener theorem on entire functions.
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Theorem 12.4.3. Let f : C — C be an analytic function such that the restriction
of f to R is in L?(R). Suppose that there exist positive constants K and T such
that

If(2)| < KeTl?! VzeC.

Then there exists f € L*[—T,T) such that
T .
f(s) = / F(t)e " dt VseC.
-T

For a proof of this theorem we refer the reader to Rudin [194, p. 375].
The inverse Laplace transformation on H?(Cy) is given by

IR
(L7 = lim = /,Te(“m”f<a+z'w>dw,
where a > 0 is arbitrary and the limit is taken in the norm of L?[0,00). Another
way of inverting the Laplace transformation is the Post—Widder formula.

Theorem 12.4.4. Ifu € LIIOC[O, 00) is such that 4 exists on some right half-plane
d

and u is continuous at a point T > 0, then (denoting 4™ = (E)n @)

u(t) = lim (=b" (E>n+l a™ (E) .

n—oo nl T T

_ pnt!

The proof uses the fact that the sequence of functions p,(t) = Z——(te™")"
converges to 01, the unit pulse (“delta function” or “Dirac mass”) at ¢ = 1. This
implies that

. o . (=)™ payntL [ n —gn

u(r) = lim [ u(rt)pa()dt = lim (—) w(o)(—o)*e=% do.
n—oo Jq n — oo n! T 0

Using the property of the Laplace transformation mentioned just before Theorem

12.4.2, we get the desired formula. For more details see, for instance, Arendt et al.

[8, p. 43] or Doetsch [50, Band I, p. 290] or Widder [236, Chapter 6.

Proposition 12.4.5. Ifu € L], [0,00) has a Laplace transform @ defined on C,, (for
some a € R), then u is uniquely determined by .

If u is continuous, then this statement follows from the Post—Widder formula.
Now suppose that v € L, _[0,00) such that @ exists on C, for some a > 0. From
what we said before Theorem 12.4.2, it follows that the function v(t) = fg u(o)do
is locally absolutely continuous and has a Laplace transform ¢ defined on C,, given
by o(s) = %ﬁ(s) Thus, © is uniquely determined by 4, v is uniquely determined
by v and u is uniquely determined by wv.

The Carleson measure theorem. For A4 > 0 and w € R we denote

R(h,w) = {s€C|0<Res<h, [Imz—w|<h}.
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A positive measure p on the Borel subsets of the right half-plane Cy is called a
Carleson measure if there is an M > 0 such that

wR(h,w)) < Mh Vh>0, weR. (12.4.6)

(In some references, the rectangle R(h,w) is replaced by a half-disk of radius
h centered at iw, or with a “tent”, which is a triangular area with the vertices
iw—1ih,iw+ih,iw+h. This leads to equivalent definitions for a Carleson measure.)
For example, if A is the part of a straight line lying in Cy and p is the one-
dimensional Lebesgue measure on A, then u is a Carleson measure.

Theorem 12.4.6. If u satisfies (12.4.6), then for some m. < 20vV/M we have
| 1P <mtirBe ¥ reHC).
0

The above result, obtained by Lennart Carleson in 1962, is called the Carleson
measure theorem. It has many versions (for the disk or for the half-plane, for a two-
dimensional domain as above or for an n-dimensional domain). For a proof of the
above version we refer the reader to Koosis [133] or Ho and Russell [100] (whose
proof is based on the proof of Duren [54] for the case of the disk). (The constant
m. given above is a bit better than in these references; see the explanations in [88,
Proposition 3.2].)

If we apply Theorem 12.4.6 for f(s) = HL/\, with A € Cy, we obtain that for
any Carleson measure p there exists k£ > 0 such that

dp k
— VAeCo.
/Co s+ A2~ ReA e o

We mention that, in fact, this estimate is equivalent to p being a Carleson measure,
and it is sometimes used as an alternative definition of a Carleson measure.

12.5 Banach space-valued L? functions

In this section we introduce spaces of W-valued LP functions, where W is a Banach
space. Most of the results in Section 12.4 remain valid in this more general context.
We introduce W-valued Sobolev spaces. Good references for this section are (in
alphabetical order) Amann [5], Arendt et al. [8], Cohn [35], Diestel and Uhl [49],
Hille and Phillips [97], Rosenblum and Rovnyak [193] and Yosida [239]. In this
section we shall assume that the reader knows what a measurable function is,
even though now we mean measurability for Banach space-valued functions (this
is defined in the same way as for C-valued functions).

Let W be a Banach space. A set M C W is called separable if there is a
finite or countable set My C W such that M C clos My. Let J be an interval of
non-zero length. A measurable function f : J— W is called strongly measurable if
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its range Ran f = {f(¢) | t € J} is separable. A measurable f : J— W is called
simple if Ran f is finite. It can be shown that f is strongly measurable iff there
exists a sequence (f,) of simple functions from J to W such that lim f,,(¢) = f(t)
for every t € J. Most Banach spaces of interest to us are separable, and in this case
there is no distinction between measurable and strongly measurable functions.

We denote by M(J; W) the space of all strongly measurable functions from
J to W. A function f € M(J,W) is called Bochner integrable if the function
t—||f(®)] is in £1(J). In this case, we define its Bochner integral by

/Jf(t)dt _ lim/an(t)dt,

where (f,,) is a sequence of simple functions converging to f at every point in
J. The integral of a simple function is easy to define, and it can be shown that
the above limit of integrals exists and it is independent of the choice of (f,). We
denote by £!(J; W) the space of all Bochner integrable functions f : J — W.

We state below two important theorems on the Lebesgue integral which re-
main valid for the Bochner integral.

Theorem 12.5.1 (dominated convergence). Let J be an interval of non-zero length
and let (f,) be a sequence of Bochner integrable functions from J to the Banach
space W. Assume that f(t) := lim, o fn(t) exists almost everywhere and that
there exists an integrable function g : J — [0,00) such that for every n € N and
for almost all t € J we have || fn(t)|| < g(t). Then f is Bochner integrable and

n—oo

[ st = tm [ gwae i [ 50 - £l = o.
J J J

Theorem 12.5.2 (Fubini’s theorem). Let Ji and Jo be two intervals of non-zero
lengths, let W be a Banach space and let f : Jy x J; — W be strongly measurable.

Suppose that
/ / | f(z,y)||dydz < co.
J1JJ2

Then the repeated Bochner integrals

/ f(z,y)dyd, / f(z,y)dedy
J1 J2 J2 Jl

exist and they are equal.

For the proofs of the above two theorems we refer the reader to [8, pp. 11-13].

Let J be an interval of non-zero length and let W be a Banach space. The
dual space of W is W' = L(W, C) and its elements are called functionals on W. A
function f : J — W is called weakly measurableif for every ¢» € W’ the function ¢
¥ f(t) is measurable. Pettis’ theorem states that f : J — W is strongly measurable
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iff it is weakly measurable and Ran f is separable. An important consequence
is that if J is compact and f is continuous, then f is Bochner integrable. (This
fact can be obtained also from the approximation with simple functions.) If f is
Bochner integrable, then for every ¢ € W' we have ¢ f € £1(.J) and

wa@m::Awﬂww Ve W

Moreover, [ ; f(t)dt is uniquely determined by the above formula.

For J a real interval, 1 < p < oo and W a Banach space, £P(J; W) will
denote the space of strongly measurable functions h : J — X for which ¢ — ||h(t)]|
is in £7(J). For p < oo we denote ||k, = ([, [A(t)[[Pdt)? (this is a seminorm).
For p = oo we denote ||h]lsc = sup,c||h(t)] (this is a norm). If h,g € LP(J; W),
we declare them to be equivalent if [, [|h(t) — g(t)||dt = 0. As in the scalar case,
LP(J; W) is defined as the resulting space of equivalence classes. For p < oo the
inherited seminorm on LP(J; W) becomes a norm and the space is complete. For
L>(J; W) we take ||h]|« to be the infimum of the norms of the functions from the
equivalence class of h. Then L*°(J; W) is also a Banach space. The step functions
are dense in LP(J; W) for p < oo. The spaces LI (J;W) are defined as in the
scalar case. The Fourier transformation on L!'(R; W), L*(R; W) and the Laplace

transformation on L] ([0, 00); W) are also defined as in the scalar case.

Proposition 12.5.3. Let U,Y be Banach spaces, g € Li ([0,00);L(U,Y)) and
u € LY ([0,00);U). Define

loc

y(t) = / o(t - o)u(o)do

for all t for which the integral exists. Then y € L}, ([0,00);Y). If a € R is such
that both Laplace transforms 4 and § are defined on C,, then also y is defined on
C, and

9(s) = g(s) - a(s) Vse€Ca.

This follows from Theorems 1.9.9 and 1.10.11 in Amann [5]. However, note
that in general we cannot take g(t) = Ty, where T is an operator semigroup,
because this g would not be strongly measurable in most cases.

Let Y be a Hilbert space. The space H?(Cg;Y) consists of all the analytic
functions f : Cy — Y that satisfy

sup/ ||f(a+iw)||2dw < 00,

a>0 J—
which is similar to (12.4.4). The norm and the boundary trace of f can be defined
similarly as in H?(Cyp). The boundary trace f* belongs to L?(iR;Y). The inner

product of two functions in H?(Cg;Y') can be defined using their boundary traces,
as in the case of H?(Cp). With this inner product, H?(Co;Y) is a Hilbert space.



402 Chapter 12. Appendix I: Some Background on Functional Analysis

We need the following proposition, which is the Paley—Wiener theorem (The-
orem 12.4.2) rewritten for Hilbert space-valued functions; see also [8, p. 48].

Proposition 12.5.4. The Laplace transformation is a unitary operator from
L3([0,00);Y) to H?(Cq;Y).

It follows that if f € H2(Co;Y), then f is the Laplace transform of a function
y € L*([0,00);Y); i.e.,

Moreover, we have

| e = o [l

Sketch of the proof. The range of f is separable, hence it is contained in a subspace
Yy with a countable orthonormal basis {b;|k € N}. If fj, are the coordinates of
f in this basis, i.e., fr(s) = (f(s),br), then according to the classical Paley—
Wiener theorem (Theorem 12.4.2), each fi is the Laplace transform of a function
yr € L?[0,00). The series >, o ¥ br is convergent in L?([0,00); Yp), because its
terms are orthogonal and the norms of its terms are square summable. The sum
y of the series has f as its Laplace transform. O

The space H*>(Coy; W) consists of all the analytic functions G : Co — Z for

which

sup ||G(s)||lw < oo.

seCo
The norm of G in this space is defined as the above expression. It is easy to
see that if f € H?(Co;U) and G € H™(Co; L(U,Y)), then Gf € H%(Cop;Y).
Denoting g = Gf, we have ||g|lz < [|G|lxe]|f|l72- This fact is often used in
systems theory, where normally f = 4, the Laplace transform of the input signal
u of a system, G is the transfer function of the system, and g = { where y is
the output signal. The condition G € H>(Cop; L(U,Y)) is equivalent to the fact
that if u € L?([0,00);U), then y € L?([0,00);Y). This property is also called
input-output stability. A rational function G with values in CP*™ belongs to
H>(Cy; CP*™) iff it is proper and all its poles p satisfy Rep < 0.

Everything we said about the inverse Laplace transformation in the previous
section remains valid for Hilbert space-valued functions. In particular, the integral
formula for £~! and the Post-Widder formula remain true in this context. For a
proof of the Banach space-valued version of the Post—Widder formula see [8, p. 43].
In particular, it follows that Proposition 12.4.5 can be generalized for Banach
space-valued functions.



Chapter 13

Appendix II: Some Background
on Sobolev Spaces

In this chapter we introduce some concepts about distributions, Sobolev spaces and
differential operators acting on such spaces. For a more solid grounding the reader
should consult Adams [1], Brezis [22], Dautray and Lions [42, 43], Grisvard [77],
Hérmander [101], Lions and Magenes [157], Negas [176] and Zuily [246]. Starting
from Section 13.5 we assume that the reader knows some basic concepts about
differentiable manifolds, as can be found, for instance, in Spivak [208].

Notation. Throughout this chapter, we use the multi-index notation of Laurent
Schwartz. We denote Z, = {0,1,2,...}. For a = (a1,...,ap) € Z} and z =

(z1,...,2n) €R™, we set || = ((21)2 4 (22)2 + - + (2n)?) 7,
n
x =aftxon, ol = (o) (awl), o = Zaj.
=1

For o = (a1,...,ap), 8= (B1,...,0n), we set
Oé—‘rﬁ: (Oél—’_ﬁlw"aan"_ﬁn)'

As in earlier chapters, we use the following notation for the bilinear product of
two vectors in C™:
VW = Wi+ U Wy

In this chapter, Q C R™ is an open set. For any m € Z,, C™ () is the space
of all the functions ¢ : 0 — C for which all the partial derivatives of order < m
exist and are continuous. C°(€) is also denoted by C(£2). We denote by C°°(2) the
intersection of all the spaces C™(€2) (m € N). There is no boundedness requirement
for functions in C™(2). If o € Z%} and f € C™(QQ) with |a| < m, we denote

X glol f g g
= R L I

403
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13.1 Test functions

If K is the closure of an open subset of R™, m € Z, or m = oo, we denote by
C™(K) the space of all the restrictions to K of functions in C™(R™). We denote
by C*°(K) the intersection of all the spaces C™(K) (m € N). If K, as above, is
compact and m < oo, then for any p € C™(K) we can define

lellemxy = sup  [(0%p)(z)]. (13.1.1)
z€K, |a|<m

With this norm C™(K) is a Banach space. For ¢ € C"™(R") and K an arbitrary
compact subset of R™, we still use the notation (13.1.1), even though for such
(arbitrary compact) K, (13.1.1) usually does not define a norm on C™ (K) (because
0% is not determined by the restriction ¢|x ).

If ¢ € C(2), the support of ¢ is the closure (in R™) of {z € Q | ¢(z) # 0}.
The support of ¢ is denoted by supp ¢. We denote by D(2) the set of all ¢ €
C*° () which have compact support contained in 2. These functions are called test
functions. For a compact K C Q, we denote by D (€2) the set of all ¢ € D(Q2) with
supp C K. For p € [1,00), we denote by LP(2) the space of all the measurable
functions f : @ — C such that [, | f(z)[P dz < co. We denote by L>*(£2) the space of
all the measurable and essentially bounded functions from 2 to C and by L{ ()
the space of all the measurable functions f : @ — C such that [ |f(z)|dz < oo
for every compact K C . In the last three spaces, we do not distinguish between
functions that are equal almost everywhere. (Two functions f,g € Li _(Q) are
equal almost everywhere iff [, |f(z) — g(x)|dz = 0 for every compact K C €.)
The essential supremum norm on L>°(Q) is denoted by || - ||oo. The concepts used
above are supposed to be known from analysis, here we are only clarifying our
notation.

We have used several times in this book the existence of test functions with
special properties. We give below a detailed construction of these functions. First
we note that there are test functions other than the zero function.

Lemma 13.1.1. There exists ¢ € D(R™) such that
©(0) >0 and plx) 20 VxeR".

Proof. 1t is not difficult to check that the function

0 if t<0,
ft) = { S (13.1.2)

is of class C'* on R. It follows that the function
o(x) = f(1—1z?)

has the required properties. O
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By a simple change of variables we see that, for every § > 0, the function

xb—><p(x_x0)
1)

is non-negative, positive at zy and supported in the ball of radius § centered at zg.

Lemma 13.1.2. There exists a non-decreasing function § € C*°(R) such that

(U
9<x):{1 ﬁ-f x> 1L

Proof. We consider again the function in C*°(R) defined by (13.1.2). We clearly
have that supp(f) = [0,00) and 0 < f(z) < 1 for every x € R. Define g(z) =
f(@)f(1 = 2) and G(z) = [ g(t)dt. Then 0 < g(z) < 1 for z € R and supp(g) C
[0,1]. Moreover, g # 0 since g(3) = [f (%)}2 # 0. The function 0(x) = gg; is
thus in C*°(R), it is non-decreasing and it satisfies

0 if <0,
9(”5):{1 if x>l -

Proposition 13.1.3. Let a < ¢ < d < b be real numbers. Then there exists p € D(R)
such that
(1) p(x) =1 for every x € [c,d];

(2) supp p C (a,b);
(3) 0< p(z) <1 for every x € R.

Proof. Set p(z) = 9(%)9(2:—3), where 6 is the function constructed in Lemma
13.1.2. It can be easily checked that p has the required properties. O

Corollary 13.1.4. Let 0 < r < R and let n € N. Then there exists p € C*™ (R")
such that p(x) =1 if ||lz|| < r and p(x) =0 if ||z| > R.

Proof. We take p(z) = p (||#||?) where p is the function in Proposition 13.1.3, with
—a=b=R* and —c=d=r% O

For € R™ and r > 0 we denote by B(z,r) the open ball centered at x and
of radius r. For K a compact subset in R™ and for ¢ > 0, we denote

K. =K+ B(0,e) = | J Bx,e).
rzeK

Proposition 13.1.5. Let K be a compact subset of R™. Then for every € > 0, there
exists ¢ € D(Ka.) such that p(x) =1 forxz € K. and 0 < p(z) < 1 for allz € R™.
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Proof. Since clos K, is compact, there exist x1,...,2, € K such that
P
4e
clos K. C JL_JIB (acj, 3) .

According to Corollary 13.1.4, for each j € {1,...,p} there exists a function
©; € D (B (zj,%)) such that ¢;(z) > 0 for every z € R" and ¢;(x) =1 for x €
B (z;,%). Let ¢(z) = E;vzl @j(z). We have ¢(z) > 1 for all z € J]_, B(zj,¢).
On the other hand, since

P
clos U B (acj, %) C Ko,

Jj=1

we have that ¢ € D(Ka.). Let 8 € C*°(R) be the function from Lemma 13.1.2. It is
easy to see that the function p(z) = 6(¢(x)) satisfies the required conditions. O

Proposition 13.1.6. Suppose that K C R™ is compact and let Dq,...,Dn be
open sets such that K C Uivzl Dy.. Then there exist functions ¢ C D(Dy)
(k=1,...,N) such that pr > 0 and Zgzl vr(x) = 1 for every x in an open
neighborhood of K.

The family of functions ¢1,..., N in the above proposition is called a par-
tition of unity subordinated to the compact K and to its covering Dy, ..., Dy.
In order to prove Proposition 13.1.6, we need the following lemma.

Lemma 13.1.7. Let K C R"™ be compact and let (Uj)je{l N} be open sets covering
K. Then there exist compact sets (K;) Ny Such that K; C Uj for all j €

{1,...,N} and

je{1,..

N
K= |JK;. (13.1.3)

j=1

Proof. For x € K let r, > 0 be such that clos B (z,r;) C () D;. Then

IEDJ'
K C U B(z,rz),
TEK

so that there exist x1,...,xy € K such that
M
K C U B (xi,7s;) -
i=1
Denote

K, =K clos B (i, ry,;)
J

clos B(:vi T, ) CD;
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Then clearly K; is a compact set contained in K and K; C D;. We still have
to check (13.1.3). Let « € K, then there exists ¢ € {1,..., M} such that = €
B (z;,7,). On the other hand, there exists jo € {1,..., N} such that z; € Dj,, so
that clos B (z;,74,) C Dj,. It follows that « € K. O

We are now in a position to prove the existence of the partition of unity.

Proof of Proposition 13.1.6. According to Lemma 13.1.7, there exist compacts
(K})jeq1...ny such that K; C Dy, for all j € {1,...,N}, and K = UL, K;.
Moreover, by applying Proposition 13.1.5, it follows that for j € {1,..., N} there
exists ¢; € D(D;) with ¢;(z) € [0,1], for all z € R™ and ¢;(z) = 1 for z € K;.
Let

N N
V=SzelJD;|D @) >0
j=1 j=1

Then K C V and V is an open set. According to Proposition 13.1.5, there exists
n € D(V) such that n(x) € [0,1] for all z € R™ and n = 1 on an open set W such
that K C W C V. Define

- ¥ . 13.1.4
Y, o (13.14)

Then ¢; € D(Uj), since the denominator of the expression on the right-hand side
of (13.1.4) is positive on V and it equals 1 outside V. Since n =1 on W, (13.1.4)
implies that Zjvzl pj(x)=1forall z € W. O

Corollary 13.1.8. Let Ky and K5 be two compact disjoint subsets of the open set
Q C R™. Then there exists a function ¢ € D(Q) such that

(1 if zekK,
S0(@_{—1 if € Ko,

and |p(x)| < 1 for all x € Q.

Proof. Let Uy and Uy be two open subsets of 2 such that K1 C Uy, Ko C Us,
Uy NUsz = . According to Proposition 13.1.5, there exist 1, @2 € D(Q) such that
pi(z) =1for x € K;, p; € D(U;), i € {1,2}, and 0 < ¢;(z) < 1, i € {1,2}. The
function ¢, defined by
p(x) = i) — p2(z) Ve,
clearly has the required properties. O
We end this section by a result showing that there are “alot” of test functions.

Proposition 13.1.9. For every p € [1,00) we have that D(Q) is dense in LP(L2).

For the proof of the above result we refer the reader to Adams [1, p. 31].
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13.2 Distributions on a domain

If uw : D(2) — C is linear, then the action of u on a test function ¢ € D(Q) is
denoted by (u, ¢). We adopt a bilinear convention: (u, ) is linear in both compo-
nents (unlike the pairing of a Hilbert space with its dual).

Definition 13.2.1. A distribution on 2 is a linear map u : D(2) — C which satisfies
the following continuity assumption: For every compact K C () there are an m €
Zy and a constant C > 0 (both may depend on K) such that

[(u,0)| < Cllellom ) V¢ € D(Q). (13.2.1)

The set of all distributions on 2 is denoted by D’(€2) and clearly this is a
vector space. If, for some u € D’'(f2), the constant m in (13.2.1) can be chosen
independently of K, then the smallest such integer m is called the order of u.

If fe L (9),then we can define us : D(Q) — C by

loc
(g, 0) = /Q f@e@)ds Ve D).

Then uy € D'(Q) and it is of order zero. Indeed, for every compact K C Q we
have

furell < | [ 1f@lde] lollews v e D@
Such distributions are called regular.

Proposition 13.2.2. If f € L () is such that uy = 0, then f(x) = 0 for almost
every x € ().

Proof. We have to show that if f € L] () is such that

/ fodz =0 VpeD), (13.2.2)
Q

then f(z) = 0 almost everywhere in Q. First we assume that f € L!'(Q) and
that Q is bounded. According to Proposition 13.1.9, for every € > 0, there exists
f1 € D(Q) such that || f — fil|L1(q) < €. Using (13.2.2) we have

‘ /Q frpda

Ki={zeQ|h(x) >c}, Ko={zeQ|h(x)<—c}.

Since K7 and K> are compact sets and K1 N Ky = (), by applying Corollary 13.1.8
we obtain the existence of a function ¢y € D(£2) such that

< ellellz=(o) V€ D(Q). (13.2.3)

Let

(x)_ 1 if xze€eKq,
PO = 1 i 2 Ko,
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and |go(x)] < 1 for all z € Q. Putting K = K; U K> it follows that

/f1s00d35=/ f1§00+/ fipo,
0 O\K K

so that, thanks to (13.2.3), we have

/|f1|dx—/f1s00da: €+/\ | f1]d.

Consequently, denoting the Lebesgue measure of Q by u(Q2), we see that

/Iflldx= / |f1|+/ |f1|dx<e+2/ filde < &+ 2eu(9),
Q K Q\K Q\K

since |f1] < e on Q\ K. Thus

Ifllzry < If = fillor) + I fallzi) < 26+ 2eu(R).

Since this holds for all € > 0, we conclude that f = 0 almost everywhere on €.
Let Q be an arbitrary open set in R™. Then Q = (J, oy Qs with Q open,
clos Q; compact, clos 2 C 2. Indeed, we may take, for instance,

1
Q. = {xEQ ‘d(x,R"\Q)>Eand |x|<k}

Here, d(x, M) denotes the distance from the point € R™ to the set M C R". By
applying the result for bounded 2 proved earlier, with €, in place of 2 and with
the corresponding restriction of f, we obtain that f = 0 almost everywhere on 2y,
so that f = 0 almost everywhere on ). O

Due to the above proposition, we may regard L1OC(Q) as a subspace of D'(2).
In this sense, distributions are generalizations of L{, . functions and are sometimes
called generalized functions. When u is a distribution on  then by u € L?(Q) we
mean that u is regular and it is represented by a function in L*(2) C L] (). The
meaning of u € L*(Q), u € C™(Q), etc. is similar.

Example 13.2.3. For a € Q we consider the linear map §, : D(2) — C defined by

(0ar ) = ¢(a) Vi eDQ).
Then for every compact K C € we have
[{das o) < Nl Ve eD(Q).

Thus, §, is a distribution of order zero on {2, called the Dirac mass at a. This
distribution is not regular. Indeed, suppose that there exists f € L .(Q) such
that

p) = /Qf(x)go(x) dz = p(a) Vo e D). (13.2.4)
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Denote 2, = @\ {a}. Then (d,, ) = 0 for all ¢ € D(Q,). As remarked a little
earlier, this implies that f(x) = 0 almost everywhere in €2, and thus almost every-
where in Q. Consequently, [, f(z)p(z)dz = 0 for all ¢ € D(Q), which contradicts
(13.2.4).

There is no good way to define a norm, or even a distance, on the spaces
D(Q) and D’ (). However, convergent sequences can be defined as follows.

Definition 13.2.4. The sequence () with terms in D(2) converges to ¢ € D(Q)
if there exists a compact K C €2 such that

1. suppyr C K for all K € N and suppyp C K,
2. for all m € Z we have limy, — oo [0 — @l cm () = 0.

The sequence (uy) in D'(Q) converges to u € D'() if
i (ug, 0) = {u, ) Ve D(Q).

Tt is easy to see that a sequence in D(2) or in D’'(Q2) cannot converge to two
different limits. It is also easy to see that the sum of two convergent sequences (in
one of the above spaces) is convergent to the sum of their limits.

Remark 13.2.5. Let p,q € [1,00] such that 1/p + 1/q = 1. If the sequence (ux) in
LP(Q) is such that ux — up in LP(Q), then ur — ug also in D'(2). Indeed,

< luo — “k”Lp(Q) ||<P||L4(Q)

/Q w(@)p()ds — [ w(o)p()ds

Q

for all ¢ € D(Q), which clearly implies that uy — ug in D'(Q).

Definition 13.2.6. Let u € D'(Q) and let j € {1,...,n}. The partial derivative of
u with respect to x;, denoted %7 is the distribution defined by

ou o0
—_— = _— _ D Q .
<39€j’<p> <u’396j> Ve e D)

It is easy to check that indeed the above formula defines a new distribution in
D'(Q). Moreover, if u € C1(€2), then its partial derivatives in D’({2) coincide with
its usual partial derivatives. Higher order partial derivatives are defined recursively
in the obvious way. It is easy to check that, for all o € Z7,

(0%u, ) = (=) (u, 8%¢) Vo eD). (13.2.5)

Example 13.2.7. Let H € L>°(R) be the Heaviside function, which is the charac-
teristic function of the interval [0, 00). Then 0'H = ¢& = §;, in D'(R), since

<‘;_Z7¢> _ _<H,j—i>:—/oocj—idx: 0)  VeeD®).
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Example 13.2.8. Let u € L*(R) be given by u(x) = log |z|. The derivative d'u of
this (regular) distribution is denoted by PV 1 and it is given for all ¢ € D(R) by

<PV%7<P> — lim 0= | " ot — o) 2

e—0, e>0 || >e x R z

where R > 0is such that supp ¢ C [—R, R]. (PV stands for “principal value”.) Note
that in the last integral we are integrating a continuous function on [—R, R]. The
distribution PV L is not regular. However, its restriction to Qo = {z € R | z # 0}

is regular and it is represented by the function Lu(z) = 1.

Proposition 13.2.9. Let (uy) be a sequence in D'(Q) such that ur, — u in D'(Q).
Then for every multi-index o € Z7 we have that 0®u, — 0%u in D'(Q2).

Proof. For any ¢ € D(Q2) we have

lim (9%, ) = (=Dl lim (up, 8%9) = (=D (u,8%) = (0%, ). O

n n — o0

For f € C*(Q) and u € D'(2), the product fu € D'(Q) is defined by

(fu, ) = (u, f) Ve eDQ).

It is easy to check that this formula defines indeed a distribution. The following
version of Leibniz” formula holds (as it is easy to verify):

O (puy=2L

ou
a—xk(fu) Ba:ku+f6—xk Vike{l,...,n}.

For u € D'() and O an open subset of Q, the restriction of u to O, denoted
by ulo € D'(0), is defined by

(ulo, ¥)pr(0),p(0) = (U ) (), D) V€ D(O).

Proposition 13.2.10. Let Z be an arbitrary index set and suppose that Q = UjeI Dj,
where each Dj is open. If u € D'(Q) is such that u|p, = 0 for all j € I, then u = 0.

Proof. Let n € D(Q). Since supp 7 is compact, there exists a finite index set F C T
such that suppn C Ujef D;. Let ¢; (j € F) be a partition of unity subordinated
to suppn (see Proposition 13.1.6) and to its covering D; (j € F). We have that
n="2_er ®n, with ¢;n € D(D;). Thus,

(wn) = Y (u,dym) = Y (ulp,, ém) = 0. O
JEF JjEF

It follows from the last proposition that for any u € D'(2), the union O of
all the open sets D C €, such that u|p = 0, has again the property u|o = 0. The
complement of O (in Q) is called the support of u and it is denoted by supp u.
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13.3 The operators div, grad, rot and A

Let Q be an open connected set in R™. Distributions with values in C™ (m € N)
and spaces of such distributions are defined componentwise in the obvious way.
The notation D’'(2, C™) is used for such distributions. The differential operators

div : D'(;R™) - D'(), grad : D'(Q) — D' (;R")
are defined by

divv:%+...+%7 gradwz(

9% a_¢>
0x1 oz, '

oxy’ 7 Oxn
For n = 3, we also introduce the operator

rot : D' (€; C3) — D' (; C?)

by
avl (%k .
tv); = — — —, k1) €4{(1,2,3),(2,3,1),(3,1,2) } .

(rotv)y = 50— 2 (kD) € {(1,2,3),(2:3.1). (3.1.2)}
A non-rigorous but useful way of thinking of these operators is to introduce the
“vector” 9 5

V= |(—, ..., —
<a$17 ’ 8xn)

and do computations with it as if it were a vector in R”. Then formally gradvy =
Vi (as if we would multiply a vector with a scalar), dive = V - v (as if we would
take the bilinear product of two vectors). For n = 3 we have rotv = V x v (as if
we would take the vector product of two vectors).

The following identities are easily verified by direct computation:

rotgrad = 0, divrot = 0.
According to Leibniz’ formula, for ¢ € C*(Q2), ¥ € D'(R2) and v € D'(Q; C"),

div (pv) = (grad ) - v + pdiv o, (13.3.1)
grad (py) = (grad ¢) + p(grad ). (13.3.2)

If n =3, ¢ € D(;C?) and v € D'(Q;C?), then
div (¢ x v) = rotq-v—¢q-rotv.

We denote A = div grad, which is called the Laplacian. (In the formal calcu-
lus mentioned earlier, A = V - V.) Thus, according to Definition 13.2.6, for every
distribution ¢ € D'(£2) we have

(A, ) = = (VY, Vo) = (¥, Ap) Vo eD(). (13.3.3)
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The operator A can be applied also to vector-valued distributions, acting compo-
nentwise. It is easy to check that

rotrot = graddiv — A.

If v € D'(;,C") and ¥ € D(Q; C") then we denote (v,¢) = > 7_ (v, Yg) =
(¥, v). Tt is easy to verify that

(divw,p) = —(v,grad¢) Vv e D (QC"), ¢eDEI), (13.3.4)
(rotv, ) = (v,rot ) VoeD(Q;C, ¢eD(C?),

App) = (Ap)y +2(Vp, Vib) + (A7)
V1h € D'(), € D). (13.3.5)

Remark 13.3.1. If we take Q@ = R" \ {0}, then for every ¢ € R, the function
f(x) = |x]? defines a regular distribution on Q and grad f = ¢|z|?"22. Using
(13.3.1) we obtain Af = ggrad (|z|972) - z + ¢|x|?~2div z, whence

Alz|? = qdiv (|z|"*z) = q(qg+n—2)|=[?>. (13.3.6)

If we include also the point zero, i.e., if = R", then the computation becomes
more interesting. We compute Alx|? for ¢ = 2 —n and 2 = R™ in Example 13.7.5.

In the remaining part of this section we give a result showing that partial
derivatives in D’ () preserve an important property of classical partial derivatives.

Theorem 13.3.2. Suppose that Q is connected and that u € D'(Q) is such that
gradu = 0. Then u is a constant function.

For the proof of this theorem we need the following lemma.

Lemma 13.3.3. Let n € D(R), where R is an n-dimensional open hypercube. Then
the following conditions are equivalent:

(1) fR n(x)dz = 0.
(2) There exists v € D(R;C"™) such that n = div.

Proof. The fact that (2) implies (1) can be checked by simple integration by parts.

We show by induction that (1) implies (2). Without loss of generality, we
may assume that R = R,, = (—R, R)" for some R > 0. It is easy to check that the
implication (1) = (2) holds for n = 1. Assume that & > 2 and that the implication
holds for all n < k — 1. Consider the function f defined by

R
flanoen) = [ nGon o) dy, (13.3.7)
R
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Then supp f € D (Rk_1). Moreover, by applying Fubini’s theorem, we obtain that
kaﬂ f(x)dx = 0 so that there exist g1,...,gx—1 € D(Rg—1) with

E

-1

9a.:
f= ai. (13.3.8)
=1 ot
Let p € D(R1) satistying f t)dt = 1 and consider the function 77 defined by
— 9y,
n(z) = nlx) — Z 8— (x1,...,2k—1) p(TK) VaeRy. (13.3.9)
j:

The above relation and (13.3.8) imply that
() = n(x) = f@, ..., ze-1)p(zk).

This, combined with (13.3.7) and with the fact that f rP(t)dt =1, implies that

R
suppn C Ry, / n(xy,...,ck—1,t)dt =0 YV (z1,...,2p-1) € Ri—1.
-R
(13.3.10)
Denote
Qﬂj (Il,...,ajk) = gj (Il,...,mk_l)p(l‘k), Vje {1,...,k—1}.

We have that ¢; € D(Ry) and from (13.3.9) and the last formula it follows that,
forall j € {1,...,k—1},

O
13.3.11
Z o (13:3.11)
This, combined with (13.3.10), implies that the function
Tk _
Yp(x) = / (e, ..., xp—1,t)dt
-R

satisfies the conditions i, € D(Ry) and aw’“ = 1. These facts, combined with
(13.3.11), imply that n = div. O

Proof of Theorem 13.3.2. As a first step we suppose that R C € is an open
hypercube and we show that the restriction of u to R is a constant function.
Let 6 € D( ) be such that Jr 0(x)dz = 1 and let ¢ € D(R). The function
n(z) = ¢(@) — [ [ ¢(z)dz] 0(x) is in D(R) and [ n(z)dz = 0. According to
Lemma 13.3. 3 there exists ¥ € D(R;C™) such that

dive) = ¢ — [/O cp(x)da:} 0.
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By applying u to the above formula it follows that

(u, ) = [ /R go(ac)dx} (11, 6) + (u, div ) .

Using (13.3.4) and the fact that gradu = 0, it follows that the last term on the
right-hand side above vanishes. Denoting by C' the constant (u, 8), it follows that

(u, @) = C/Rgo(ac)dx Vo e D(R).

Thus, ulg = C (a constant function).

The second step is to show that the constant C' from the first step is the same
for all the hypercubes contained in 2. Since 2 is connected, for any two open
hypercubes Rq, R C Q there exists a chain of open hypercubes (R1,...,Rp)
such that R4 = Ra, Rw = Rp, Rk CQ, Rk NRip1 # D forall ke {1,...,p—1}.
Thus, it suffices to show that the constant C' from the first step is the same for any
two open hypercubes with non-empty intersection. This follows by considering the
restriction of u to the intersection of these hypercubes.

The third step is to show that w = C' where C'is the constant from the second
step. It follows from the result of the second step that (u — C)|g = 0 for every
open hypercube R C €). The union of all the open hypercubes contained in €2 is
Q. Thus, by Proposition 13.2.10 we have u — C' = 0. U

13.4 Definition and first properties of Sobolev spaces

In this section we gather, for easy reference, several basic definitions and results on

Sobolev spaces. For more information and for detailed proofs we refer the reader

to Adams [1], Grisvard [77], Evans [59], Lions and Magenes [157], Negas and [176].
Let Q C R™ be an open set and let m € N.

Definition 13.4.1. The Sobolev space H™(S2) is formed by the distributions f €
D'(£2) having the property that 9*f € L*(Q) for every o € Z'} with |a| < m.

From the above definition it clearly follows that H%(Q) = L?(Q).
Proposition 13.4.2. H™(QY) is a Hilbert space with the scalar product
Fam= X [@NT@e  Vigenw@. (341
lee|<m

Proof. Tt can be easily checked that (13.4.1) defines an inner product on H™ ().
Therefore, we only have to show that H™(2) is complete with respect to the
associated norm || - ||,,. Let (f;) be a Cauchy sequence with respect to the norm
| - [[m- Then, for all o € Z7 with |a| < m we have

. « « 2
Jim 08 - Al = 0.

s
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Consequently, if |a| < m, then (9°f;) is a Cauchy sequence in L*(f2), which is a
Hilbert space. We can thus conclude that, for all @ € Z7} with |a| < m, there exists
ga € L?(2) such that 0 f; — g, in L*(Q2). Since the convergence in L*(f2) implies
the convergence in D’'(2) (see Remark 13.2.5), we obtain that f; — go in D'(Q).
By applying Proposition 13.2.9 we obtain that 9%f; — 0%go in D’'(Q). We have
thus shown that 9%gy = g, € L?*(Q2) which implies that go € H™(2). Moreover,
by the definition of g,, we have that

llg0 — f]”?n = Z 9o — aafjH%? —0,
la]<m
so we obtain that f; — go in the norm of H™ (). O

Remark 13.4.3. Let Q C R™ be open, X = L%(Q), o € N with |a| = m and let A
be defined by
Ap = 0%, D(A) = {peL?() | 0°peL(Q)}.

Then A is a closed operator on X. Indeed, let () be a sequence in D(A) such
that

o=@, App—1 in X.

From ¢, — ¢ we get, by Proposition 13.2.9, that Apy — 0% in D’'(Q2). Thus 0%¢ =
¥ in D'(Q). Consequently, ¢ € D(A) and Ap = 1), so that A is closed.

Sobolev spaces of positive non-integer order are defined as follows.

Definition 13.4.4. For m € N and s = m + o with o € (0,1), the Sobolev space
H2(QY) is formed by the functions [ € Hm(Q) such that

aa Oé

for every multi-index o such that |a| =m

For s,m and o as above, H*({2) is a Hilbert space with the norm

9 9 [0%p(x) — 0%p(y)|?
olls = llellm + // dzdy.
lells = Il Iaz_:m o Jo T o=y

It is clear that H*(Q) C H™(2), with continuous embedding. If 99 is of class C
(as defined in the next section), then we also have

H™(Q) € H(Q)

with continuous embedding. This fact is not easy to check, the proof and other
details can be found, for instance, in Adams [1, p. 214]. For bounded €, a much
stronger result is contained in Theorem 13.5.3 below. For alternative definitions
of H*(€Q) and its norm (assuming smooth 99) see also [157, Section 9.1].
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Remark 13.4.5. If f : Q@ — C and s > 0, we say that f € Hi _(Q) if f € H*(O) for
every bounded open set O with clos O C Q.

If € is an open subset of R" and s > %, then any function f € Hj (Q) is
continuous on €. Indeed, for every ¢ € D(Q), the product ¢ f may be regarded as
a function in H*(R™). Using Fourier transforms it follows that ¢f is continuous;
see Taylor [217, p. 272]. Clearly this implies the continuity of f on Q. It follows
from here that for every m € Z,

s > g+m = HL(Q) C C™(Q).
If Q is bounded, J9 is Lipschitz and s > %, then the functions in H*(Q2)
are continuous on clos 2. This follows easily by combining Theorems 1.4.3.1 and

1.4.4.1 from Grisvard [77] (see also [157, Theorem 9.8] for the case of smooth
boundary). It follows from here that for such 2 and every m € Z,

5> g+m = H¥(Q) C C™(clos Q).
We define below a space which is very useful in the study of boundary value
problems for elliptic PDEs.

Definition 13.4.6. For s > 0, the space H§(€2) is the closure of D(Q2) in H*(12).

We mention that if 2 is bounded, with Lipschitz boundary and s < %, then we
have H§(2) = H*(Q2); see Grisvard [77, Corollary 1.4.4.5] (see also [157, Theorem
11.1] for the case when the boundary is smooth).

Sobolev spaces of negative order are defined as follows.

Definition 13.4.7. For any s > 0 the Sobolev space H~*(f2) is defined as the dual
of H§(2) with respect to the pivot space L?*(Q) (duality with respect to a pivot
space has been explained in Section 2.9).

Remark 13.4.8. Let s = m + o, where m € Z; and o € [0,1). From the above
definition we see that any v € H™°(Q) is a continuous linear functional on Hg(£2),
hence also on HS”H(Q). This implies that, when applied to ¢ € D(R2), u satisfies
condition (13.2.1) (with m + 1 in place of m). Since D(Q) is dense in H§(Q2), u
is completely determined by its restriction to D(§2). Thus, we may regard u as a
distribution:
H™*(Q) C D'(Q).

This embedding is continuous, in the following sense: the convergence of a sequence
in H~#*(f2) implies its convergence in D’(Q) (this is easy to see).

There is a little annoyance with the embedding described above: when we
defined duality with respect to a pivot space, we used a pairing that is antilinear
in the second argument, while the pairing of distributions with test functions is
linear in both arguments. Thus, for v € H*(Q) and ¢ € D(Q?),

(U, @) ) H5) = (U, P)pr(Q) D) -



418 Chapter 13. Appendix II: Some Background on Sobolev Spaces

Proposition 13.4.9. Let « be a multi-index with || = m. Then for every p € Z we
have 0% € L(HP(Q), HP~™(2)), with ||0%] < 1.

Proof. If p > m, then this is clear from the definition of H?(Q2). For p = 0 we
argue as follows: Let u € L?(Q). It is clear from (13.2.5) that

(0%u, p)pr.p < ullp2 - 10%¢l[L2 < lullz2 - l@llm Ve eD().

Since D(Q) is dense in HF' (), it follows that 0%u has a continuous extension
to HEH(Q), so that 0%u € H~™(Q) and ||0%u|l3-m < [JullLz2. For 0 < p < m we
decompose o = a1 4+ ap such that |ay| = p and |as| = m — p. Now the statement
follows from 0% = 0%29* by combining the cases p > m and p = 0 discussed
earlier.

It remains to consider the case p < 0. If u € HP(2), then

[(u, D)o o < lullsr - 9] -p V¢ e D).

Using this and (13.2.5), we obtain

[(0%u, @), p| < [lullrr - 0%l —p < llullne - [[ollm—p-
This shows that 0%u € HP~™(Q) and ||0%ul|yp-m < ||w]|xe- O

In the remaining part of this section we take a closer look at the spaces
H§(2). Under a simple geometric assumption, functions in such a space satisfy
the following remarkable inequality, called the Poincaré inequality.

Proposition 13.4.10 (Poincaré inequality). Suppose that Q is contained between a
pair of parallel hyperplanes situated at a distance 6 > 0. Then

1fllz2 < OV [l V f € Hy(9Q).

Proof. First notice that it suffices to prove the proposition for real-valued f since
the complex case follows easily. Using that D(Q) is dense in HJ($2) we see that it
suffices to prove the inequality for f € D(2). Consider Cartesian coordinates such
that Q C {zx eR" | — % <z < %} and extend f to vanish outside (2. Then for
any ' € R" ! and z; € (—%70) we have

Py = [ oEieenie =2 [ el

3 X
-£ 1

which implies (using the Cauchy—Schwarz inequality) that

Pone!) < 2( 0 f%@x’)dsf ( [ [g—imwrdg)é.

3
2 2



13.4. Definition and first properties of Sobolev spaces 419

Integrating the above relation with respect to x1, we get

0 0 % 0 2 %
Pz, 2)dr; < 5( f2(a:1,a:’)da:1) (/ . [aa—gl(xl,x’)} dxl) .

3 3
2 2

From the above relation we obtain that

0 0 2
fPar,a’)da < 52/ [ﬁ(ﬂfl,xl)} dzy.
1

_$ _3
2 2

Integration with respect to 2’ yields

af 17
/ fA(z)dr < 57 [—(x)} dz
*%7O)XR"_1 (7370)><R"_1 6I1

<o [(V)(a)]2de.
(—3,0)xRn—1

Adding this to the corresponding result for z; € (0, %) we obtain the desired
inequality. (If we had not split the domain into two slices, we would have obtained
26 in place of § in the estimate in the proposition.) O

Lemma 13.4.11. Let 1, Qo be two open subsets of R™, with clos Q1 C Qy. Then
the extension operator E defined by

e = {90 TEr vremon

is isometric from HY(Q1) to H(Q2).

Proof. For every f € H}(€1) there exists a sequence (f,) in D(Q4) such that
fn — fin HE(Q). If we denote g, = Ef,, for every n € N then, (g,,) is clearly
a Cauchy sequence in H;(22), so that g, — g in HS(Q2). It is easily seen that
g(z) = f(z) if x € Q; and that g(x) =0 if x € Q2 \ O, so that Ef = g € H}(Q2)
and HEfHH(l)(Sb) = ||f||H(1)(m)- O

Proposition 13.4.12. Let n € N and let Q) be a bounded open subset of R™. Then
the embedding operator Jo of HE(Q) in L?(Q) is compact.

Proof. Let Q be an open hypercube in R", with clos Q C @ and we denote by
E € L(H}(2),H(Q)) the extension operator in Lemma 13.4.11. Moreover, for
g € H}(Q) we denote by Rg the restriction of g to . By using the facts that
R e L(L*(Q),L?(2)) and Jo = RJgFE, we see that the compactness of Jg follows
from the compactness of Jg.

We still have to show that Jg is compact. For the sake of simplicity, we
assume that @ = (0,7)". From the elementary theory of Fourier series we know
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that the family (¢qo)aenn defined by
2\ % [
valz) = (—) H sin (k) VaeN' ze€@,
T/ ks

is an orthonormal basis in L?(Q). In this proof, we need the notation |a|? =
>or_, af for a multi-index o € N". Let f € H(Q). Then

2
3y = 3 [¢ssadene] -

aeN™

2
1By = D A+l [ ea) ]| -

aeN"™

From the above formulas it follows that if m € N and Jg.., € L(H}(Q), L*(Q)) is
defined by

JQ7mf = Z <f790a>L2(Q) Pa Vf EH(lJ(Q)’
a€eN" | [af|2<m
then

1

2
||JQf_ JQ7mf||L2(Q) < H—m”f”ilé(ﬂ)

This implies that
Jim ([ = Jo.mll cina(q).22@)) = O

Since dim Ran Jg,,, < 00, according to Proposition 12.2.2 Jg is compact. O

13.5 Regularity of the boundary and
Sobolev spaces on manifolds

Some of the properties of Sobolev spaces strongly depend on the regularity prop-
erties of the boundary 0 of . For more details on the concepts and results
introduced in this section we refer the reader to Grisvard [77] and Necas [176].

Definition 13.5.1. Let © be an open subset of R™. We say that 02 is Lipschitz if
there exists an L > 0 (called the Lipschitz constant of 9€)) such that the following
property holds: for every x € 992 There exist a neighborhood V of z in R™ and a
system of orthonormal coordinates denoted by (y1,...,yn) such that

1. V is a rectangle in the new coordinates, i.e.,
Vi={(y1,---yn) | —ai <y; <aj, 1<j<nk;
2. there exists a Lipschitz function ¢ with Lipschitz constant < L defined on

V/:{(yla”~ynfl)| —a; <yY; <ay, ]_<_j<’n,—]_}’
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/

such that [p(y')| < % for every y' = (y1,...yn-1) € V',

ANV ={y="un) €V | yn < 0¥},
ANV ={y="sun) €V | yn =)}

In other words, in a neighborhood of any point x € 9 the set Q is below
the graph of ¢ and 0f) is the graph of ¢. Consequently, if Q is an open set with
Lipschitz boundary, then 2 is not on both sides of 92 at any point of 9€2. For
instance, R* = R\ {0} does not have a Lipschitz boundary. More generally, a
domain with a cut in R™ does not have a Lipschitz boundary.

If D is an open set in R™, f: D — C and m € N, we say that f is of class
O™ if fis of class C™ and all the partial derivatives of f of order m are Lipschitz
continuous. Equivalently, all the derivatives of f of order < m + 1 are in L>®(D).

Definition 13.5.2. Let €2 be an open subset of R” and m € Z,. We say that 0 is
of class C™ (respectively, of class C™1) if the properties in the previous definition
hold but with ¢ of class C™ (respectively, of class C"1) and the L° norm of
all these ¢ and their first m (respectively, first m + 1) derivatives are uniformly
bounded. We say that 02 is of class C° if it is of class C™ for every m € N.

Thus, 09 is Lipschitz iff it is of class C%! and the inclusions between the
above classes can be written informally as C™! c C™ c C™~ ! for all m € N.

For example, the interior of a convex polygon in R? has a Lipschitz boundary
but its boundary is not of class Ct. If Q = {(z,y) € R? | y > sinz}, then 99 is of
class C™ for all m, but if we replace sin z with sin (?), then 9 is not Lipschitz.
If © C R consists of finitely many open intervals whose closures are disjoint, then
(according to the earlier definition), 9€2 (which consists of finitely many points) is
of class C*°.

For bounded open sets with Lipschitz boundary, the following theorem is a
generalization of Proposition 13.4.12. For a proof see [176, Theorem 6.1].

Theorem 13.5.3. Let Q@ C R™ be a bounded open set with Lipschitz boundary.
Suppose that 0 < s1 < sa. Then H%2(Q) C H* (), with compact embedding.

We quote from Grisvard [77, Theorem 1.4.2.1] a result concerning the density
of spaces of smooth functions in Sobolev spaces (for related results and particular
cases see also Negas [176, Section 3.2] and Adams [1, Theorems 3.18 and 7.40]).

Theorem 13.5.4. Suppose that 2 C R™ is a bounded open set with Lipschitz bound-
ary and m € Z. Then C*(clos Q) is dense in H*(Q2), for all s > 0.

Moreover, the space D(R™) is dense in H™(R™).

It follows from here that for any €2 as above and for any numbers s1, so with
0 < s1 < s, H*2(Q) is dense in H*' ().
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An important and difficult theory which requires the regularity of the bound-
ary is the so-called elliptic reqularity theory. We give below, without proof, one of
the main results from this theory, and we refer the reader to Brezis [22, Section
IX.6] and Evans [59, Section 6.3] for the proof and for more sophisticated versions.

Theorem 13.5.5. Let Q be a bounded open set with a boundary 0 of class C? and
let f € L2(Q). If ¢ € H}(Q) satisfies (in D'(Q)) the equation

“Ap+p=Ff,

then ¢ € H?(Q).

Remark 13.5.6. If f and ¢ are as in the above theorem, then, without any smooth-
ness assumption on 92 and without the boundedness assumption on 2, we have
that ¢ € HZ (Q); i.e., p € H*(O) for any bounded open set O with clos O C Q.
For the proof (which is much easier than the proof of Theorem 13.5.5) we refer the
reader, for instance, to [59, p. 309]. More generally, if f € H[2.(2), where m € Z,
and ¢ satisfies the equation in the theorem, then ¢ € H"T?(Q); see the same
reference. (The space H[,(€2) has been defined in Remark 13.4.5.)

loc

We will need Sobolev spaces on open subsets of 92, where 2 is a bounded
open set with Lipschitz boundary. If € is such a set and z € 052, then there exist a
neighborhood V of z in R™, a system of orthonormal coordinates (y1, . . .,y,) in R™
satisfying condition 1 in Definition 13.5.1 and a Lipschitz function ¢ defined on the
(n—1)-dimensional rectangle V' that corresponds to the coordinates y1, ..., ¥n—1,
satisfying condition 2 in the same definition, such that

NV = {y="sun) €V |y =)}

If Q is an open set with a Lipschitz boundary, then the set 92 can be seen as an
(n — 1)-dimensional Lipschitz manifold in R™. Indeed, if we define ® on V' by

q)(ylu e 7yn71) = [ylu e 7yn71790(y17' . '7yn71)] B (1351)

then @1 is a chart from QN V onto V. Taking a collection of such charts (<I>j_1)
corresponding to a collection of rectangular sets (V) as above that cover 0, we
obtain an atlas of 0€, since the maps <I>;1<I>k are Lipschitz on their domains.

Definition 13.5.7. Let 2 be a bounded open subset of R™ with a boundary 02 of
class ™! where m € Z,. Let T' be an open subset of 99 and let s € [0,m + 1].
The space H*(I') consists of those f € L?(T") such that, with V and ® as in
(13.5.1),

fod e HY (P H T NV))

for all possible V', V/ and ¢ as in Definition 13.5.1.

It is enough to verify the above condition for one atlas (992N Vj, @;1)3»]:1 of

0, where ®; corresponds to ¢; as in (13.5.1). The bound s < m+ 1 implies that
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if the condition in Definition 13.5.7 holds for one atlas, then it holds for any other
atlas. One possible norm on HS(I‘) is given by

j=1

where (02N V;, @ )j 1 is an atlas of 02 such that ®; corresponds to ¢; as in
(13.5.1) and each couple (Vj, ;) satisfies the COHdlthHS in Definition 13.5.1. The
condition s < m + 1 ensures that for different atlases we get equivalent norms.

If s € (0,1), then any norm of the form (13.5.2) is equivalent to the norm
given by

2 _ (@) = f(y)P )2
1112 = [ [ T doda, + [ 1w do. (13.5.3)
where do is the surface measure on 9€2. It can be shown that, with the norm from
(13.5.2), H*(T') is a Hilbert space (for each s € [0, m + 1]).

Proposition 13.5.8. Let Q) be a bounded open subset of R™ with a boundary 0X) of
class C™Y, where m € Z. Let s1,82 € [0,m + 1] with s1 < sa. Then we have
H#2(0Q) C H* (02), with compact embedding.

Proof. According to the definition of compact operators (Definition 12.2.1), we
have to show that if (z,,) is a bounded sequence in H?*2 (89) then this sequence has
a convergent subsequence in H** (0€2). Let (9Q2NV;, @ ) 1 be an atlas of 92 as in
(13.5.2). Then for each j € {1,...,J}, (zn0®j) is a bounded sequence in H*2 (V).
Here, V] is the (n—1)- dimenbional basis of the rectangle V}, as in Definition 13.5.1.
Accordlng to Theorem 13.5.3, the sequence (z,) contains a subsequence (z.) such
that (z} o ®;) is convergent in H* (V/). By the same argument, the sequence
(zl) contains a subsequence (z2) such that (22 o ®;) is convergent in H** (V7).
Continuing the process, after J steps we obtain a subsequence of (z,) that is a
Cauchy sequence with respect to the norm from (13.5.2) (with s = s1). Hence, this
subsequence is convergent in H®1(0€2), so that the embedding is compact. O

Definition 13.5.9. With Q as in the last proposition, let I' be an open subset of
of. We say that T' has Lipschitz boundary in 0 if there exists an atlas (92 N
Vi, @ )J , of 990 as in (13.5.2) such that, for each k € {1,...,J},

®,.'(T'NV;) has Lipschitz boundary in V}..

Proposition 13.5.10. Let ) be a bounded open subset of R™ with a boundary 0 of
class C™1, where m € Zy. Let s1,82 € [0,m + 1] with s1 < sa. Let T’ be an open
subset of 02 that has Lipschitz boundary in OS).

Then we have H*(I') € H*(T"), with compact embedding.

The proof is similar to the proof of the previous proposition. In some places
0f2 has to be replaced with I" and V] has to be replaced with @;1(F nv;).
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13.6 Trace operators and the space My, (Q2)

In this section we recall some results giving a weak sense to boundary values of
functions defined on a domain 2 C R™, that belong to certain Sobolev spaces. Such
boundary functions or distributions are called (boundary) traces of the functions
defined on 2. We also introduce and investigate the space H%O (€2), which consists
of those f € H'()) whose trace vanishes on a part I'g of the boundary.

In general a function f in H!() is not continuous (even worse, it is generally
defined only almost everywhere in ), so the values of f on 92 have no meaning.
However, these boundary values can be defined in a weaker sense, based on the
following result, which is proved, for instance, in Negas [176, Sections 5.4-5.5].

Theorem 13.6.1. Let ) be a bounded open subset of R™ with Lipschitz boundary.
Then the mapping o : C*(clos Q) — C°(9R), defined by

Yof = floa Y f € C'(clos Q),

has a unique extension to a bounded linear operator from H'(€) onto H2 (99).

If f € HY(Q), then we call 4o f the Dirichlet trace of f on 9. For the sake
of simplicity, we sometimes write f(z) instead of (vof)(x) (where z € 99Q). The
space H§(€2) introduced in Definition 13.4.6 can be characterized as follows.

Proposition 13.6.2. Let 2 be a bounded open subset of R™ with a Lipschitz bound-
ary. Then

Hp(Q) = {f € H'(Q) | 0 f =0},
For a proof of the above proposition we refer the reader to [176, p. 87].

Definition 13.6.3. If 2 is a bounded open set with a Lipschitz boundary, then
the unit outward normal vector field is defined for almost all = € 992, using local
coordinates as in Definition 13.5.1 (such that x has the coordinates (y', o(y'))), as
follows:

—%(y')
v(z) = _ ! _ a«: |- asen
\/1+ [g_i(y/)} N [affil(y/)} _Synil(y)

This vector field can be extended to almost every point in the rectangular
open set V' by defining it to be independent of y, (the last local coordinate).
Now let (992 N ‘/j,q);l)j:l be an atlas of 9, where Vj is rectangular and @,
corresponds to ¢;, as in (13.5.1). By a partition of unity subordinated to the
compact set 92 and its covering (V});’:l (see Proposition 13.1.6), we can define a
vector field v in a neighborhood of clos §2 coinciding with the outward unit normal
almost everywhere on 0. If Q is only Lipschitz, then all what we can say about
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the vector field v is that it is almost everywhere defined on 02 and measurable
(and obviously bounded). If Q is of class C™ (or C™1), with m € N, then v is of
class C™~1 (or C™~11).

Definition 13.6.4. If f € C'(clos ), then the scalar field on 95, defined by

af

£y () = Vf(x)-v(zx) for almost all x € 09, (13.6.2)

is called the normal derivative of f on 0f.

Remark 13.6.5. Theorem 13.6.1 allows us to extend the definition of the normal
derivative for any function f € H2(f2), and we obtain that % € L%*(09Q) (this
is still for 2 bounded, open and with a Lipschitz boundary, which implies that
v € L>®(09)). Thus, for any bounded domain with Lipschitz boundary,

n € LIH*(Q), L*(09)).

With more smoothness imposed on the boundary, we get the following strong-
er result; see Grisvard [77, Theorem 1.5.1.2] and Lions and Magenes [157, Chapter
1, Theorem 8.3] (the latter actually assumes C'*° boundary).

Theorem 13.6.6. Let Q2 be a bounded open set in R™ with boundary 0 of class
C?. Let v1 : C?(clos Q) — L2(0N) be the mapping

(mf)lx) = %(x) almost everywhere in 0§,

ov

where %(33) has been defined in (13.6.2). Then 1 has a unique extension as a
bounded operator from H2() onto Hz(99).

If we restrict the trace operator 1 to H2(Q2) N H(Y), then it is still onto
H2(9).

If f € H?(R), we call 41 f the Neumann trace of f on 9Q and, for the sake
of simplicity, we often denote (71 f)(x) = %(ac).

The space H3(2) from Definition 13.4.6 can be characterized as follows.

Proposition 13.6.7. Let Q be a bounded open subset of R™ with a C? boundary.
Then

H3(Q) = {f € HXQ) | w0f =0, mf=0}.
For a proof of the above result we refer the reader to [176, p. 90].
By combining Proposition 13.5.8 and Theorem 13.6.6, we obtain the following:
Corollary 13.6.8. Let Q be a bounded open set of R™ with a boundary OS2 of class

C? and let vy, be the Neumann trace operator on OS).
Then 1 is a compact operator from H?(2) into L*(02).
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Let © be a bounded open and connected set in R™ with Lipschitz boundary
and let I'g, I'; be open subsets of 92 such that

clos TgUclos T'; = 99, T'onTy = 0. (13.6.3)

We define
HE,(Q) = {f € HNQ) | 0fir, =0},

which we regard as a closed subspace of H*(£2). (The formula 7o fir, = 0 has to
be understood as an equality in L?(99), i.e., with equality almost everywhere.)
According to Proposition 13.6.2 we have H{(Q2) C Hp, (). We show that the
Poincaré inequality proved in Proposition 13.4.10 for functions in H}(€2) still holds
in this larger space. Here (unlike in Proposition 13.4.10) 2 has to be bounded and
we do not obtain an explicit expression for the constant in the inequality.

Theorem 13.6.9. With 2, Ty and Ty as above, assume that Tg # 0. Then there
exists a constant ¢ > 0, depending only on Q0 and 'y, such that

/ @) < ¢ / IVi@IPde Ve HE ().
Q Q

Proof. We use a contradiction argument. Assume that the conclusion of the the-
orem is false. This implies the existence of a sequence (f,) in Hp, (€2) such that

I fullz2) = 1 VneN, (13.6.4)

IV full2) — 0. (13.6.5)

Clearly (f,) is bounded in Hy. (). According to to Alaoglu’s theorem (see Lemma
12.2.4), there exist f € Hp (€2) and a subsequence (fy, ) such that

Jim (fus@)re = (fr ) V¢ € Hr, (). (13.6.6)
Since V € L(Hp, (), L*(Q)), it follows that
klimoo<vfnkﬂ ¥) = (V) v e L(9),

where the inner products are taken in L?((2). The above formula with (13.6.5)
imply that Vf = 0 in Q. By Theorem 13.3.2, it follows that f is a constant
function in €. Since f € Hf, (92), the trace of this constant on T'g must be zero.
Since the (n — 1)-dimensional measure of T’y is not zero, we obtain that f = 0.
On the other hand, (13.6.6) implies, because of the compact embedding of
Hp, () in L*(Q) (see Theorem 13.5.3) and because of Proposition 12.2.5, that
fre — f in L2(). This fact, combined with (13.6.4), yields that ||f| 2@ = 1,
which clearly contradicts the previously established fact that f = 0. g
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With Q, Ty and I'; as in (13.6.3), we regard L?*(T;) as a closed subspace
of L2(99), consisting of those f € L?(9N) for which f(x) = 0 for almost every
x € 90\ T'1. (This condition is in general stronger than f(z) = 0 for almost every
S Fo)

Theorem 13.6.10. With 2, Ty and I'y as in (13.6.3), the space
V(T1) = {f €M (Q) | supp f € '}
is dense in L*(T'y).

Proof. Let f € L?(I'1) and € > 0. The first step is to construct f. € C(I'1), with
compact support contained in I'y, which is a good approximation of f.
Let (02N Vj,<I>j_1)3’:1 be an atlas of 9 as in (13.5.2). Clearly, V4,...,V;

is an open covering of the compact set clos I'y. Let 11,...,1; be a partition of
unity subordinated to clos I'; and its covering Vi, ..., V; (see Proposition 13.1.6),
so that

f=fh++fy.

Then fi; € L*(I'1 NV}), or equivalently,
(fe5)o®; € LX(@; 1 (T1NVy)  (1<j<J).

Note that @;1(F1 NVj)) C Vj is open in R*~! (V/ is the (n — 1)-dimensional
rectangle at the basis of V;, as in Definition 13.5.1). Since D(@;l(Fl NV;)) is dense
in L(®;'(T'1 N'V;)) (see Proposition 13.1.9), we can find f;. € D(®; ' (T1 NV;))
such that ~

1(fb5) 0 @5 = fiellzqvyy < e

For all j € {1,...,J} we define f;. € C(I'1 N'V;) by

fj,s = .ﬁ,s o cbj_l7
and we extend f;. to a function in C'(9€Q) by making it equal to zero in all the
other points of 9€2. Note that supp f;j. C I't N Vj. Let us denote by ¢; the last
component of ®; (this is the scalar Lipschitz function as in Definition 13.5.1, whose

graph is 9Q N Vj;). Let L; be the Lipschitz constant of ¢;. Then

Ilf; — fielleeon) = 1/ — ficllL2@rinvy)
< U+ L2 ((F5) 0 @) = fiellavn < (14 L3)2e.

It follows that the function f. € C(99), defined by

J
fe = ijﬁa
Jj=1
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satisfies

1

J
I1f = fellzon) <€) (1+L3)2.
Jj=1

This shows that (by choosing €) we can choose f. as close as we wish to f.

The second step is to show that for each j € {1,...,J} we have f;. € H'(99).
This is equivalent to the statement that for each j € {1,...,J},

fieo®r € HY(VY) VEe{l,...,J}. (13.6.7)
We denote
Vij = yeVi| @ly) eTiNV;} Vi ke{l,....,J}.
Then (using that supp f; . C I'' NV;) (13.6.7) is equivalent to
fieo®to®, € HY (W) VEke{l,...,J}.

Since both fm and <I>j_1 o @y, are Lipschitz, the above statement is true.
The third step is to show that f. € V(I'1). For this, clearly it will be enough

to show that each term f;. is in this space (where j € {1,...,J}). We already
know from the second step and from Proposition 13.5.8 that
fie € HYOQ) C H?(09).
According to Theorem 13.6.1, there exist functions g; . € H'(f2) such that
Y095 = fje-

From supp f; . C 't NV} we see that indeed f; . € V(I'1). O
Corollary 13.6.11. With Q, Ty and T'y as in (13.6.3), H=(T'y) is dense in L2(T'y).

Indeed, this follows from the last theorem since, by Theorem 13.6.1,

V(1) C H2(TY).
In the following four remarks we continue using the notation from (13.6.3).

Remark 13.6.12. In general, V(I';) C yoHy, (), since

YoM, () = {f € wH (Q) | supp f C (92 \To)} .

The inclusion may be strict, because the inclusion I'y C 9Q \ Ty may be strict.
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Remark 13.6.13. We denote by dT'g and OI'; the boundaries of I'yg and I'y in 0€2. In
general, it seems that voHp, () is not a subspace of L*(T'1). However, if dT'g and
OI'1 have surface measure zero, then I'; and 9Q\ Ty differ by a set of measure zero,
so that yoHp, (@) € L*(T'y). This is the case, for example, if 9T = 0"y = ) or if
Oy and OT'y are Lipschitz in 0€2, as in Definition 13.5.9 (and then 0I'g = 9T'y). If
YoHp, (€2) is a subspace of L*(T';), then clearly it is a subspace of Hz(T';) (because,

according to Theorem 13.6.1, it is a subspace of Hz (99)).

Remark 13.6.14. By combining Theorem 13.6.10 and Remarks 13.6.12 and 13.6.13,
we obtain the following statement: If 0"y and OI'; have surface measure zero, then
YoHp, (€) is a dense subspace of L*(I'y).

Remark 13.6.15. Suppose that 0Ty = OT'; = @ (equivalently, 'y = clos Ty and
I’y = clos Iy, or still equivalently, T'y = 92\ T'p). Intuitively, this means that Ty
and I'; do not touch, like in Section 7.6. Then

V(I'1) = oMb, (Q) = HE ().

Indeed, the inclusions V(I'1) C y0Hf, () C Hz(T';) follow from Remarks 13.6.12
and 13.6.13. If f € H2 ('), then we extend it to be zero on I'; and we obtain a

function in H2 (09), which has support in T';. Because of the “onto” statement in
Theorem 13.6.1, f € V(I';). Thus, H2(I'y) € V(I'y), which concludes the proof.

The space Hp, (€2) provides a natural framework to study the Laplace opera-
tor with mixed boundary conditions. In particular, the regularity result in Theorem
13.5.5 can be extended, with appropriate assumptions on €2, I'g and I'y, to the
case in which the Dirichlet boundary conditions hold only on I'g and with Neu-
mann boundary conditions on I';. More precisely, using a result which is difficult,
but well known in the literature on elliptic PDEs (see, for instance, Grisvard [77,
Theorem 2.4.1.3]), it is not difficult to establish the following proposition.

Proposition 13.6.16. With the assumptions and the notation of Remark 13.6.15,
suppose that O is of class C? and that T'g # (). Then the operator

Te = [vfbtlﬁrl ]

is an isomorphism from H*(Q) N 'Hf, () onto L*(2) x H2(Ty).



430 Chapter 13. Appendix II: Some Background on Sobolev Spaces

13.7 The Green formulas and extensions
of trace operators

Using trace operators, we derive in this section two identities called the Green for-
mulas. The use of the Green formulas in computations is also called integration by
parts. Using the Green formulas, we introduce some extensions of trace operators.

The results in Section 13.6 allow us to define the Dirichlet or the Neumann
trace of a function f € H*(Q2) for certain values of s. It has been shown in [157]
that if a function f satisfies an elliptic PDE, then f and its derivatives have traces
on the boundary, provided that f € H*(£2), without any restriction on s € R. We
shall present here some particular cases of such extended trace operators, which
are relevant for the other chapters.

We need the following Green-type formula, given in Negas [176, Theorem 1.1,
Chapter 3] (see also Lions and Magenes [157, Chapter 2, Theorem 5.4]).

Theorem 13.7.1. Let 2 be a bounded open subset of R™ with a Lipschitz boundary
0Q, let f,g € HY(Q) and let 1 € {1,...,n}. Then we have

of dg B
/Qa_gclgdx + /Qfa_xldx = /89(70f)(709)mda (13.7.1)

(“integration by parts”), where v, denotes the lth component of the unit outward
normal vector field from Definition 13.6.3.

Remark 13.7.2. Suppose that v € H1(;C") and g € H*(Q). If we take f = v; in

(13.7.1) and do a summation over all [ = 1,2,...,n, we obtain:
/(div v)gdz —|—/ v-Vgdzr = / (v-v)gdo. (13.7.2)
Q Q oQ
In particular, for g(xz) = 1, we obtain the Gauss formula
/ div vdz = / v-vdo. (13.7.3)
Q o0

Remark 13.7.3. Formula (13.7.2) is often encountered in the following particular
form: Suppose that € is as in Theorem 13.7.1, h € H?(Q2) and g € H'(Q). If we
denote v = grad h and apply (13.7.2), we obtain

/Q(Ah)gder/QVthdx = /aQ(Wm)(Wog)dU-

(Here 1 h is defined as in Remark 13.6.5.) This is sometimes called the first Green
formula. If we interchange the roles of h and g and subtract the equations, we
obtain

/Q (Ah)gda - /Q h(Ag)de = /8 () (o) de — /8 o) (ng)do

which holds if h, g € H?(£2). This is called the second Green formula.



13.7. The Green formulas and extensions of trace operators 431

Remark 13.7.4. The Gauss formula (13.7.3) does not have to hold on unbounded
domains. For example, let §2 be the exterior of the unit ball: Q@ = {z € R™ | |z| > 1},
with n > 3 and define the regular C™-valued distribution v on € by

1

v(r) = —=x
(z) PE

It is easy to verify that v € H(Q;C"). It follows from (13.3.6) that dive = 0.
The left-hand side of (13.7.3) is clearly zero, while the right-hand side is —A,,
where A,, = nV,, is the area of the unit sphere in R"™ (V,, is the volume of the
unit ball). However, this is not really surprising, because (13.7.3) has been derived
from (13.7.2) using g(z) = 1, and this g is not in H ().

Example 13.7.5. Consider the following function (regular distribution) on R™:

1
f(x) = W
We have seen in Remark 13.3.1 that
9 _
Vi = |I—|f z, (13.7.4)

which is still a (vector-valued) regular distribution on R™. Our goal in this example
is to compute Af = div (Vf). Let ¢ € D(R™) and let R > 0 sufficiently large so
that supp ¢ C B(0, R) (here B(0, R) denotes, as usual, the open ball of radius R
centered at zero). According to (13.3.3), we have

_ / (V1)) - (Vo) (z)de
B(0,R)

= — lim (Vh)(x) - (Vo) (z)de. (13.7.5)
€= 0JB(0,R)\B(0,e)

We shall now use the first Green formula (from Remark 13.7.3) on the domain
Q. = B(0,R) \ B(0,¢), where e > 0. We take h = f, which is in H?(Q.), and we
take g = ¢. Since Af = 0 on Q. (see (13.3.6)), we obtain

/ (V1)) - (Vo) () dz = / (1) (o) do.
Qe

€

From (13.7.4) we see that v, f = IHCHIT;E“ so that (13.7.5) becomes

Afgy= —m-2tm [ 2D g o 2)a,00),
e=0 Joq. ||
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where A,, is again the area of the unit sphere in R™. Thus,

1

—— = —(n—2)A,d,
ez T Db
where dg is the Dirac mass at 0 (defined in Example 13.2.3).

With © as in Theorem 13.7.1, we denote by H~ 2 (9Q) the dual of H2 (%)
with respect to the pivot space L%(92). We also introduce the space

D(A) = {f e H'(Q) | Af € LX)},

where A is the Laplacian in the sense of distributions. Endowed with the norm

1£ o) = /1120 ) + 187132, v f e D),

D(A) is clearly a Hilbert space.

Theorem 13.7.6. Let Q) be a bounded open subset of R™ with a Lipschitz boundary
Q. Then the Neumann trace operator v1 (which until now was defined on H?*(Q))
has an extension that is a bounded operator from D(A) into H™ 2 (99).

Proof. According to Theorem 13.6.1, we have that v € £(H(Q), Hz(99)) and
this operator is onto. From Proposition 12.1.3 we conclude that o7y is a strictly
positive (hence, invertible) operator on H2 (9€2).

Suppose that f € H2(Q) and consider an arbitrary ¢ € H2(99). Define
@ € H'(Q) by & =15(075) ™ "¢ Denoting ¢ = |75 (7075) ||, we have

08 = ¢ el < el -
From the first Green formula (Remark 13.7.3) we have
/ (M f)edo = / Afpdr + / Vi -Veodz. (13.7.6)
19} Q Q
This implies that

’/m(vlf)soda

which implies that ||y f ”H

<Clflo@ el gy Yo MO,

< cf|fllpea)- Hence, 71 can be extended as claimed.
O

1
2

Remark 13.7.7. In the last theorem, we did not claim the unicity of the extension
of 71. If we would know that H?(Q) is dense in D(A), then of course the extension
would be unique. However, we do not know if this is the case. The easiest way to
define an extension of 1 is via (13.7.6) with @ = 7 (7075) ‘. Possibly different
extensions can be obtained using (13.7.6) and a different definition of ¢.
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Now we show that the Dirichlet trace operator vy can also be extended. We
introduce the space

W(A) = {g e L*(Q) | Ag e H™H ()},
which is a Hilbert space with the norm
lolwea) = /lole@ + 1Ag g YoeW(A).

Proposition 13.7.8. Let Q be a bounded open subset of R™ with boundary 02 of
class C?. Then the Dirichlet trace operator ~o (which until now was defined on
H(Q)) has an extension that is a bounded operator from W(A) into H ™% (9S2).

Proof. According to the last part of Theorem 13.6.6, we have that
7 € LOHA(Q) N HY(Q), HE (09)

and this operator is onto. From Proposition 12.1.3 we conclude that 177 is a
strictly positive (hence, invertible) operator on Hz (99).

Take g € H2() and consider an arbitrary ¢ € H2 (92). Define the function
@ € H*(Q) NHG(Q) by ¢ =7 (7). Denoting & = [|77(7177) ||, we have

0P =0, me =9 [Pl <kllell,g -

From the second Green formula (Remark 13.7.3, with h = @) we have

/m(%g)@da = /QgA(p'dac - /Q(Ag)cﬁdx. (13.7.7)

This implies that for every ¢ € Hz (99),

’ /a Q(vog)sodcf

which in turn implies that ||709||H_% < Kllgllw(ay. Hence, 7o can be extended

from the domain H?(Q) to the domain W(A), as stated. On H*(£2) this extension
coincides with the one introduced in Theorem 13.6.1, because H?(f2) is dense in
H () (this follows from the first part of Theorem 13.5.4). O

< lglweallellre @) < klgllwaylell, g oq) -

Remark 13.7.9. The extension of 7y (whose existence is stated in the last propo-
sition) is not unique. The story is similar to Remark 13.7.7: the easiest way to
specify an extension of vy is to require that (13.7.7) should hold for all g € W(A)
and for all ¢ € H2 (). Now, the integral on the left of (13.7.7) and one of the
integrals on the right should be replaced by duality pairings:

(109:2)3-3 (0 743 (o) = /QQA{o?dﬂC = (A9, P12 130 -

Thus, 7o has a unique extension to W(A) that satisfies the above formula.






Chapter 14

Appendix III: Some Background
on Differential Calculus

The aim of this chapter is to provide an elementary proof of Theorem 9.4.3, after
introducing the necessary tools from differential calculus. First we recall some
basic concepts and prove a classical result of Sard. Then we give the detailed
construction of 7y from Theorem 9.4.3. Our method requires only a particular
case of Sard’s theorem (which is proved below). We refer the reader to Coron [36,
Lemma 2.68] and Fursikov and Imanuvilov [69, Lemma 1.1] for related proofs.

Notation. In this chapter n, p € N, Q C R" is open, bounded and connected, with
boundary of class C™, with m > 2, and O is an open subset of 2. For a € R™ and
r > 0 we denote by B(a,r) the open ball in R" of center a and radius r.

14.1 Critical points and Sard’s theorem

Definition 14.1.1. Let V' C R" be open and a¢ € V. A mapping f : V — RP is
called differentiable at a if there exists L € L(R™,R?) such that

. 1

2o T e+ = H@) = ER) =0

Tt is well known (see, for instance, Spivak [208, p. 16]) that there exists at most
one linear map satisfying the above definition. This linear map will be denoted by
Df(a) and it is called the differential of f at a (also called the Jacobian of f at a).
The function f is in C1(V,RP) (or simply C1(V) for p = 1) if f is differentiable at
each a € V and the map a — D f(a) is continuous from V to L(R™,RP). We recall
a classical result in differential calculus, called the inverse function theorem.

Theorem 14.1.2. Let f : V — R™ be a C* function and let a € V be such that D f(a)
is an invertible linear operator. Then there exist an open set U C V' containing
a and an open set W C R™ containing f(a) such that f is an invertible mapping
from U onto W and the inverse map f~1: W — U is CL.

435
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For a proof of this result we refer the reader to [208, p. 35].
In the case p = 1, it is easy to check that if f is differentiable at a € V| then,
with the notation in Section 13.3,

Df(a)h = (Vf(a),h) VheR".
Definition 14.1.3. Let p € N and let f : V — RP be a C' function. We say that
a € V is a critical point of f if Ran Df(a) # RP.

We also recall a well-known property which is a consequence of a result called
the chain rule (see, for instance, [208, p. 19]).

Proposition 14.1.4. Let p € N, let W C RP be an open set and let f:V — W and
v: W — R, with g € N, be two functions which are differentiable at any point
a €V, respectively any b € W. Then the function g : W — RY defined by g = for
is differentiable at any point b € W and

Dg(b)h = Df(v(B)[Dy()h]  VheR?.

Remark 14.1.5. If f is C' on the open convex set V and K is a compact convex
subset of V', then there exist & > 0 and an increasing function A : [0, a] — [0, c0)
such that lim;_o A(¢) = 0 and

1f(y) = f(@) =Df(x)(@ =yl < Az —ylDlz -yl (14.1.1)

for every z, y € K with ||z — y|| < a. Indeed, by applying Proposition 14.1.4 it
follows that

10~ 1@ = [ Dret -2
so that
1/ (y) = f(x) = Df(z)(z —y)|
< [ 11 4ty -2 - ) - DI - vl ar
and (14.1.1) follows by using the uniform continuity of Df on K. Note that the
resulting A is increasing.

The following result is a particular case of Sard’s theorem. We refer the reader
to Sternberg [211, p. 47] for stronger versions of this result.

Theorem 14.1.6. Let f : V — R™ be a C' function and let B be the set of all the
critical points of f. Then the Lebesgue measure of f(B) in R™ is zero.

Proof. Let x € B. Since the linear operator D f(x) is not invertible, Ran Df(z) is
contained in a subspace P of R" with dimension at most n — 1. Denote

P={w+fa) | weP},

which is the affine hyperplane parallel to P and passing by f(x).
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For r > 0 we denote (as usual) by B(xz,r) the open ball of center z and
of radius 7 in R™. Let r > 0 be small enough such that B(z,r) C V and let
y € B(x,7). Since f(z) +Df(z)(x — y) belongs to P, the distance of f(y) to P is
smaller than || f(y) — f(z) — Df(z)(x — y)||. This fact and (14.1.1) imply that the
distance of f(y) to P is smaller than A(r)r. Let

K = sup [IDf(z)].
z€B(x,r)

Then

1) — F@)] = \ < Kr VyeBr).

/01 Do+ oy~ )y~ )|

The above facts show that f maps B(xz,r) into a cylinder C(z,r) whose base is

the (n — 1)-dimensional ball P N B(f(z), Kr) and whose height is 2A(r)r. Let
Vii—1 be the volume of the (n — 1)-dimensional unit ball. Then the volume (or the
n-dimensional Lebesgue measure) of C(z,7) is

Vol(C(z, 1)) = 2)\(r)r(Vn,1(Kr)”*l) = 2Vn,1K”*1)\(r)r”.
It follows that

Vol(f(B(x,r))) < Vol(C(z,7)) = 2V, 1 K" \(r)r™. (14.1.2)

Let £ € N be such that the cube whose side length is % is contained in V and let

m € N. The cube A can be divided in at most m™ cubes whose side length is ﬁ
It is easy to see that if one of these cubes contains some x € B, then it is contained

in B(z, 2%) Hence, AN B is contained in at most m'™ balls whose center is the

image of a point of B through f and whose radius is 2%. From (14.1.2) it follows
that

Vol(f(AN B)) < m"2V,,_ K" 1\ (2@) (2\/5)” = C(n, k, K)A (2@) :

mk mk mk

where C(n, k, K) is a positive constant depending on n, k and K but not on m.
So, letting m go to 400, we obtain that Vol(f(A N B)) = 0. Covering V by a
countable number of such cubes, we get that Vol(f(B)) = 0. O

14.2 Existence of Morse functions on ¢

Let f € C?%(clos ©;R) and let a €  be a critical point of f. We say that a is

non-degenerate if the Hessian matrix [ 83281;]_ (a)] is invertible.

Definition 14.2.1. A Morse function on 2 is an f € C?(clos €2, R) such that
f(z) =0, Vf(xz) #0 Yz e o

and all the critical points of f in €2 are non-degenerate.
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Proposition 14.2.2. Let f be a Morse function on Q. Then f has a finite number
of critical points.

Proof. Let g : clos Q — R" be the C! function defined by
g(x) = Vf(x) YV x € clos Q.

The fact that f is a Morse function implies that Dg(a) is invertible at every point
a such that g(a) = 0. According to Theorem 14.1.2, it follows that for any critical
point a of f, there exists an open set V, C € such that Vf(x) # 0 for every
x € V, that is different from a. Thus, a is isolated (within the set of critical points
of f). The critical points cannot have a limit point on the boundary, because of
the second condition in the definition of a Morse function. Therefore, the set of
critical points is closed. Since it consists of isolated points, this set is finite. O

The main result of this section is the following.

Theorem 14.2.3. There exists a Morse function f on Q such that f € C™(clos Q)
and f(x) > 0 for every x € Q.

One of the main ingredients of the proof of Theorem 14.2.3 is the following
result.

Lemma 14.2.4. Let V be an open bounded subset of R™ and let g € C*(clos V;R).
Then there exists a sequence (I) in R™ such that liml, = 0 and for every k € N
the map

r— f(z)+ <lk7$>
has only non-degenerate critical points.

Proof. Let G : V — R™ be defined by
G(z) = = Vf(x) VezeV.

Let B C V be the set of critical values of G and let [ € R™. For | ¢ G(B) we
consider the map

x— f(z)+ I, x). (14.2.1)

If a € V is a critical point of the above map, then | = —V f(a) = G(a). Since
I ¢ G(B), it follows that a € B, so that DG(a) is invertible. It is easy to see that
the Hessian at a of the map defined in (14.2.1) is —DG(a) so that the critical
point a is non-degenerate. We have thus shown that if [ ¢ G(B), then the map
defined in (14.2.1) has only non-degenerate critical points.

On the other hand, by applying Sard’s theorem (Theorem 14.1.6) to the
function G, it follows that for every k € N there exists [, € B(0, +) \ G(B). The
sequence (li) clearly has the required properties. O

We are now in a position to prove the main result of this section.
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Proof of Theorem 14.2.3. proof is divided in two steps.
Step 1. We show that there exists a function v : clos Q0 — R of class C"" satisfying

(P1) v»>0in, v=0on 99,
(P2) v has no critical point in V' = clos N Nclos €2, where A is an open neigh-
borhood of 02 in R™.

Since the open set € is of class C™, by using Definition 13.5.2, it is not
difficult to prove that there exists an open covering (Vk)k:om of clos Q2 such that
VONoaQ =0, (V¥)g=1, is a covering of 9Q and such that for every k € {1,...,p}
there exists a system of orthonormal coordinates (y¥, ..., y*) such that

1. V¥ is a hypercube in the new coordinates;
2. for every k € {1,...,p} there exists a C™ function ¢* of the arguments
(y¥,...,yk_}) that vary in the basis of the hypercube V¥, such that

QNVF ={y=(yeV* | yf <"t ... ,vf )},
6QﬁVk :{ye Vk | yﬁz<p(yf7ayrlifl)}

Let v° : VY — R be defined by
WO(z) =1 VazeV. (14.2.2)

Moreover, for 1 < k < p we define v* : V¥ — R by

vk(ylf7 s ayrli) = yrli - on(yica s ayﬁ—l) v (yica s 7y7]§) € Vk'
We clearly have
P = 0on QN VE, (14.2.3)

Moreover, if v is the unit outward normal vector field, defined by (13.6.1), then
for every y € V¥ N 0 we have

Vo (y) - vly) = \/1+ [a—w(yf>r+-~-+ [ Ok (y’)r -0,

32/1 3yn_1

where y = (yF,...,y¥) and ¢ = (y¥,...,y* ). By using the compactness of 92
it follows that there exists mg > 0 such that, for every k € {1,...,p} we have

Vo (y) - v(y) = mo Vyeoanvk. (14.2.4)

Let 1,...,%, be a partition of unity subordinated to the compact clos €2 and to
its covering V1,... VP, as in Proposition 13.1.6. We next define v € D(R") by

v(z) = Zwk(x)vk (x) VzeR". (14.2.5)
k=1
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We clearly have v € C™(clos ). Moreover, from (14.2.2), (14.2.3) and the prop-
erties of (¢x) it is easy to see that v satisfies property (P1) above.
On the other hand, by combining (14.2.3) and (14.2.5) it follows that

P
Z 2)Voy(z V€ o9,

From the above formula and (14.2.4) it follows that
Vo(z) - v(z) = mo >0 YV ax e 0.
Since v = 0 on 0N it follows that
[IVu(x)]| = mo Ve .

Using the continuity of the map x — Vu(z) yields the fact that v also satisfies
property (P2). This ends the first step of the proof.

Step 2. Let v € C™(clos Q) be the function constructed in Step 1, let V' = clos A'N
clos € be the set constructed in Step 1, such that v has no critical point in V', and
consider the open set W = Q \ V. By Proposition 13.1.5, there exists a smooth
function n € D(2) with 0 <7 < 1 and n =1 on clos W. We set

€= inf Vou(x)|l, 14.2.6
xegupp(n)nvﬂ @)l ( )

so that ¢ > 0. By Lemma 14.2.4 there exists [ € R™ such that the map =z —
v(x) + (I, z) has the following properties:
(H1) it has only non-degenerate critical points on W;
(H2)  the gradient of the map
x — n(x)(l, z) (14.2.7)
is smaller than § for = € supp (n) N V;
(H3)  the map defined in (14.2.7) is positive on supp (7).
Let
f(x) = v(z) + nlx){l, z) Yz € clos Q.

By using the properties of v, of  and of | we easily see that f € C™(clos Q),
f=00n0Qand f > 0in Q. We still have to show that f has only non-degenerate
critical points. This will be done by noting first that

Q=W U (supp(n) N V) U (Q\ supp ().

Since
fx) = v(z)+ () Ve clos W,

it follows that all the critical points of f in clos W are non-degenerate. On the
other hand, for z € supp (7)NV we can combine (14.2.6) and condition (H2) above
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to obtain that f has no critical points in supp(n) N V. Finally, on Q\ supp () C V
we have f = v, so that f has no critical points in © \ supp (n). Consequently,
all the critical points of f in clos ) are non-degenerate, so that f satisfies all the
conditions required in Theorem 14.2.3. O

14.3 Proof of Theorem 9.4.3

The main ingredients of the proof of Theorem 9.4.3 are Theorem 14.2.3 and the
following result. Recall the standing assumptions on 2 and O, from the beginning
of the chapter.

Proposition 14.3.1. Let | € N and let {aq,...,a;} € Q. Then there exists a C*
diffeomorphism @ : clos Q — clos Q such that ®(z) = x for x € OQ and

O(a) € O Vke{l,...,1}.

For the proof we begin with the following lemma.

Lemma 14.3.2. Let W C R™ be an open connected set. Then for any v,y € W
there exists a C*° simple reqular curve contained in W going from x to y. In other
words, for every x,y € W there exists a C* function v : [0,1] — W such that

e ¥(0) ==z, v(1) =y;
o for every ty,te € [0,1] with t1 # t2 we have y(t1) # v(t2);
e (t) #0 on [0,1].

Proof. For x € W we define W, to be the set of the points y € W for which there
exists a continuous piecewise linear map £ : [0, 1] —W such that

(PL1) B(0) ==, B(1) =y;
(PL2) for every ty,ta € [0,1] with ¢1 # t2 we have 3(t1) # B(t2);
(PL3) [ is piecewise linear.

It is easy to check that W, is open and non-empty. In order to show that
Q\ W, is empty, we use a contradiction argument. If Q\ W, is not empty, take
a € W, such that x is closer to Q\ W, than to 9. Let By be a piecewise linear
curve lying in W and leading from z to a. Let ro be the distance from a to Q\ W,.
Let b € Q\ W, such that |b—a| = ro. It is possible to find a piecewise linear curve
lying in B(a,r9) C W, leading from a to b which does not intersect Gy (in most
cases this will be just a straight line). Joining the two curves in a suitable way, we
obtain a curve joining x and b, so that b € W, which is a contradiction. We have
thus shown that W, = W, i.e., for every z,y € W there exists a path 3 satisfying
(PL1)—(PL3). Let 0 = tg < t1 < -+ < tp—1 < t, = 1, with » € N, be such that g
is an affine function on each interval [ty, tk+1], with k& € {0,...,r — 1}. We extend
B to a function defined on R (still denoted by 3) which is affine on (—o0,t;] and
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[tr—1,00). If ¢ € D(R) is such that [, ¢(t)dt = 1, [, te(t)dt = 0 and supp e is a
sufficiently small interval centered at 0, then the function

~(t) = /Rgo(t —5)B3(s)ds Vitelo,1]

satisfies the three conditions required in the lemma (in other words, the convolu-
tion with ¢ “rounds the corners” of (). O

We also need the following result, which looks obvious but for which we did
not find a proof in the literature. We give below a simple proof.

Lemma 14.3.3. Let W C R”, with n > 2, be an open connected set, let x,y € W

and let v : [0,1] — W be a C™ curve satisfying the three conditions in Lemma
14.3.2. Then Q\ v([0,1]) is an open connected set.

Proof. Denote

I.={te€0,1] | 2\ ~([0,¢t) is connected }, (14.3.1)
D={zeR" | 1€0,1], za= --- =z, =0}. (14.3.2)

Clearly 0 € I. so that I. # (). We show that I.. is open in [0,1]. Let ¢t € I.. Let
€ > 0 be small enough such that B(v(t), )\ ([0, t]) is diffeomorphic to B(0,1)\ D.
Since B(0,1) \ D is connected, the same property holds for B(v(t),e) \ v([0,t]).
It is easy to see that for 6 > 0 small enough, B(v(t),e) \ v([0,¢ + d]) remains
connected. Let p,q € Q\ ([0, ¢+ 0]). Since ¢ € I, we can find a continuous path
g :[0,1] — @\ y([0,#]) with g(0) = p and g(1) = ¢. If g¢([0,1]) N B(y(t),¢) = 0,
then the path g goes from p to ¢ and it is contained in Q\ ([0, ¢ + 4]). Assume
that ¢([0,1]) N B(v(¢),€) # 0 and denote

to = inf{t >0 g(t) € B(y(t),e)}, t1 = sup{t >0 | g(t) € B(y(1),¢)}.

Using the fact that B(v(¢), )\ ([0, ¢+ d]) is connected, it follows that there exists
a continuous function f : [tg,t1] — B(y(t),e)\ ([0, ¢+ 0]) such that f(to) = g(to)
and f(t1) = g(t1). Define g : [0,1] — Q by

f(t) for t e [thtl]7
g(t)  for te[0,1]\ [to. ta].

The function g is clearly continuous with g(0) = p, g(1) = ¢ and g(¢) € Q\~([0, t+
d]) for every t € [0, 1]. We have thus shown that Q\ v([0, ¢+ d]) is connected, thus,
for § > 0 small enough, we have that ¢t + § € I., where I. has been defined in
(14.3.1). It follows that I. is an open subset of [0, 1].

The set I.. is also closed in [0, 1]. Indeed, let (¢;) be an increasing sequence of
points of I. converging to to € [0, 1]. Let & be small enough in order to have that
B(y(teo)s€) \ 7([0, txo]) is diffeomorphic to B(0,1) \ D, where D has been defined
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in (14.3.2). By following the method used in order to show that I.. is open, we can
construct a continuous path linking any two points of € \ ([0, t]) which does
not intersect ([0, t]), so that to € L.

We have thus shown that the non-empty set I. is both open and closed in
[0,1], so that I. = [0,1]. We conclude that €2\ ([0, 1]) is connected. O

We are now in a position to prove Proposition 14.3.1.

Proof of Proposition 14.3.1. Let {b1,...,b;} C O. By applying recursively Lem-
mas 14.3.2 and 14.3.3, it follows that there exist the C'*° functions ~y1,...,7y; :
[0,1] — €2 such that

(SC1) for every k € {1,...,1} we have v,(0) = ag, % (1) = b;

(SC2) for every k € {1,...,1} and t € [0,1] we have 4 (t) # 0;

(SC3) for every k, j € {1,...,1} with k # j we have v4([0,1]) N~;([0,1]) = 0;

(SC4) for every k € {1,...,1} and s, t € [0,1] with s # ¢ we have v, (t) # Vi(s).
The next step is to construct a C*° vector field X € D(2, R™) such that

X () = An(t) Vitel0,1], ke{l,...,0}.

This can be done first locally, around each curve by using property (SC3) and
then by multiplying by an appropriate cutoff function. Let ® : Q x [0,00) — Q be
the flow associated with the vector field X. This means that for every x € €2 the
function ¢ — W(x,t) is the solution of the initial value problem

ov

E(z,t) = X(U(x,t),t) Vit>0, U(x,0) = z.
Classical results on differential equations (see, for instance, Hartman [96, p. 100])
imply that ¥ is well defined and that W(-,¢) is a C* diffeomorphism of 2 with
U (00, t) = 0N for every t > 0. In particular, the map @, defined by

O(x) = U(1,x) Ve,

is the desired diffeomorphism. Indeed, besides the properties inherited from W, it
is easily seen that ®(ay) = by, for every k € {1,...,1}. O

Proof of Theorem 9.4.3. Let f € C™(clos ,R) be a Morse function on 2, with
f > 0on Q as in Theorem 14.2.3. This means, in particular, that f has only
a finite number of critical points a1,...,a; in 2, where [ € N. Let ® be the
map constructed in Proposition 14.3.1 and let 179 = f o ® 1. We clearly have
1o € C™(clos ), 1o = 0 on 92 and ny > 0 in Q.

For ¢ € clos Q we have, by the chain rule (see Proposition 14.1.4) Dng(q) =
Df(® 1(q)) o D& 1(q) and since D®~1(q) € L(R") is an isomorphism, ¢ is a
critical point for 1o iff ®71(q) is a critical point of f. Since for every critical point
p of f, we have ®(p) € O it follows that all the critical points of 79 belong to O.
This concludes the proof of Theorem 9.4.3. g
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Appendix IV: Unique Continuation
for Elliptic Operators

15.1 A Carleman estimate for elliptic operators

In this section we provide an elementary proof of a Carleman estimate for second-
order elliptic operators. As it has already been remarked by Carleman in [29], this
kind of estimates provides a powerful tool for proving unique continuation results
for linear elliptic PDEs. Our approach is essentially based on Burq and Gérard
[26]. More sophisticated versions of Carleman estimates are currently applied to
quite general linear partial differential operators (see, for instance, Hérmander
[103], Fursikov and Imanuvilov [69], Tataru [214, 216], Imanuvilov and Puel [106]
and Lebeau and Robbiano [151, 152]).

Throughout this section, n € N,  C R" is an open bounded set and the
family of C?(Q) real-valued functions ay;, with k,0 € {1,...,n}, is such that

ag; = ayi for every k,l € {1,...,n} and, for some constant § > 0,
> an@)&s =0 |Gl Ve, VEeR". (15.1.1)
Lk=1 k=1

We define the differential operator P : H?(Q2) — L2(2) by
.9 dp
Py = — — .
' kgl I (akz 3:61)

With the above assumptions the operator P is uniformly elliptic on Q2. For f €
L?(Q) we denote by || f]| the norm of f in L?(Q), whereas for x € R” we denote
by |z| the Euclidian norm of z. The standard inner product in L?(Q) is denoted

by <7>

For A\, s > 0 we define the functions

afz) = en VzeR", (15.1.2)

445
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and the operator P; ) is defined by
Py = e**P(e %) Vo€ H*(Q).

The main result of this section is the following.

Theorem 15.1.1. Let K be a compact subset of Q. Then there exist C > 0, A\g > 0
and so > 0 such that for every s > so and every o € H?(Q) supported in K,

s|Vell” + s*[loll* < CllPsx el (15.1.3)

Proof. We may assume, without loss of generality, that ¢ is real-valued. From
(15.1.2) it follows that

%(e*m) = —Asdae %, (15.1.4)

where d;,, is the Kronecker symbol. It follows that for every k € {1,...,n} we have

n

—Soé — S E 6<p
Z ) —e (; akla—m — )\S&aknga) .

=1

From the above formula it follows that, for every s, A > 0 we have

N[0 dp
3 i) - £ e (i)

k=1 =1

which, combined with (15.1.4), implies that

"9 9 ] v [ O
Z pr {akla—m(e @)} = —)\sae (; a”la_xl - )\saamga)

k=1
—sa - a 890 —sa S i
+e E . (akl 8x1> e 321 s pr (apnp).

k=1

From the above formula it follows that

Ps o = Lip — Lap, (15.1.5)
where
Lip = ng + )\252a2am4p, (15.1.6)
Loy = As (Z aank Z 92 (aaknp) ) (15.1.7)
k=1

It is not difficult to check that Lq is “symmetric” and Lo is “skew-symmetric”, in
the sense that

(Lip, ) = (L1h, ), (L2, ) = — (Lavp, )
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for every ¢, 1 € H?() supported in K. This property, combined with (15.1.5),
implies that for every s, A > 0 and every o, v € H2(2) supported in K, we have

1Psaell® = IL1gll? + [ L2l® + (L2 Ly — LiL2)p, ). (15.1.8)

Let us estimate the last term on the right-hand side of the above formula. We have

B -~ 0 0 Op 0
LiLop = As Z 8—951, (apqa—xq (aanka—xk + a—gg}g(a%m&)))

p,q,k=1

0
+ XsPa annzank— + Ns’a annz_:l Tm(aaknw),

L2L1§0 As Z Qlnk 37 82 (a a—(p)+>\353azank%(a2ann§0)

Pq
ol O0x 0y Oxq —
- 9 9 Op 3.3 ~ 0 3
+ As Z Dzr (aakn 9z, (apqax)) + \°s Z R A Apn @ |
k,p,q=1 k=1
so that
9? 0 o0
Lalng =As Z Ak Berdr, (an )” Z 8z k( p(an_%D
k,p,q=1 k,p,q=1
+2/\3$3a;ank aik (O¢2am)<p+ As2alan, Za”k D,
+ \s2a?a Zn:i<ozak @).

The above formulas imply that
(LaLy — L1La)g

2 0
_ 9133 2
=2)\"sa E a”’“—axk (@ ann)p

k=1
0? o "0 0 o
T (g )+ 3 z(“ak”a—%(%qa—xq))
k,p,q=1 k,p,q=1
9 0 Oy 0
— As Z 6—% (apqé—xq (aanka—u—i—a—m(aakngp)))
p,q,k=1

2 0
= 4)\4830¢3ain<p + 2235303 Z Ank a

"o+ As(L3p + Ly — Lsp),  (15.1.9)
1 8:5;@
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where
02 dp
Lsp =2 Z Al e s (apqa—gcq), (15.1.10)
k,p,q=1
B - d(aag,) 0 Ay
L4(p— Z Txka—%<apqa—$q>, (15111)
k,p,q=1
= 9 0 Ao Oaaky)
L5<P - , qZk:l a—(Ep (a’pqa—(bq (20&&71]@8—1% + Tﬂ(ﬂ)) . (15112)

By simple calculations, (15.1.10) implies that

0 (0ay,, Op 0%p
Lsp =2a Z Uk ( 83,‘1: 6—xq> Z kS ( g 8a:p8xq)

k,p,q=1 k.p,qg=1

2
:2azank8am8—gp+2 Z Oapq 0%

Qnk
oy 0x,0x), 014 o Oxy, 0x0xq
6@ 824,0 - 03
2 P 2 nklpg=—————. (15.1.13
T2 Z " Dy 91,07, +20 ) a KO G 0,0y ( )
k,p,q=1 k,p,q=1

We write the operator Ls defined in (15.1.12) in a more convenient form:

o &p n 0 0 a(aakn)
o5 o et} 52 2 o (250

p,q,k= 1 i
- 2
233 Oz, ( ra g;"’“) (;3;2 ) +2p§:1 (% <apqaank % )
I ACTAC =)
i]@ ( “ra g;n’“) ;i) +2p§_16%p(apqaank) %
- 2ap7§1apqank% +p§;_l 6%9 (a”qaixq (a(gTa:n)w)) |
(15.1.14)

From (15.1.11), (15.1.13) and (15.1.14) we see that the terms containing the third-
order derivatives of ¢ in the last term on the right-hand side of (15.1.9) cancel, so
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that

Lo+ Lyp— Lsp

n

2 2
=20 » ankﬂa_@JrQa 3 ankaapq 9

+ 2ak§:1 nk %Z:p: 85:50% T ; a(g;:n) 8?:,,( y g_i )
- 21,;@_1 31% (apq a(gznk 8xk> 2p qik_l oz, (apgeank) %
_p,q,zkzl 3%% (apq%(p) _qu ) i ( g;:n g;i) . (15.1.15)
We remark that
2ak§;_1 n i)?vpj 8fk§xq
2 5 L (a2 5 2 (o) 22
2 k7§q_ fink %C;p: 3968:(;0%

_ - i(@(aakn) 3_@)_ - i(@(aakn)) dp

a —_—
Ox ox P41 ox,’
kpg=1 P k Oz
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Substituting the last four formulas into (15.1.15), we obtain

L3p + Lap — Lo
O(aank) Oapg ago 0?(aagy) a_go

=-2 Z o .. g
o dx, Ox Or, o O0xp0xy O0xg
(ank)\ Op - 0 O(aank) Op
2 Z T, (apq Oz, )8:% 4 Z Oz, ( PE 9, Oy,
p,q,k=1

p,q,k= 1

"9 Dapy O 0 0% (aakn)
2 — Pa — _ .

T2 O, (aa YOz, Ox ) Oz, (apq D0z ©

k,p,q=1 p,q,k=1

Taking the inner product of both sides with ¢ and integrating by parts, we notice
that the contributions from the second and from the last term on the right-hand

side of the above relation vanish, so that

(L3 + Lap — L5, )
Qang) Oapg Op > = < 5, ( a(aank)> Do >
=-2 o) +2 — | a —,p
7§1< Oz,  Oxy 83: p);}gzl oz, Pq Bz, G
O(aank) dp  Op \ - dapg Op  Op
- Z < Dy, Oxy aa:p> 2 2 <°‘“ " oxy Oxy O,
k,p,q=1

p,q,k=1
in the third term on the right-hand side of the above rela-

(O‘ank)

By developing
tion, it follows that

(Lsp + Lap — Lsp, ¢)
Qank) Dapg Op " 0 d(aank)\ O¢
< <p> 2 Z <8:Eq g oz, oy’ v

=9 Z
k@q . Oz,  Oxy, 355 P k=1
a@ o " D Do Dp
05 ot B 10 1 (s
p,k=1 pia k=1
- aapq Dy Dy
) §1< Do 00 0 (15.1.16)

The first term on the right-hand side of the above relation can be written as

- alnk 8apq ago a aank aapq 2
2 Z < dx, Oy, Ox,’ > Oz, Oz, Oz, ol de
k,p,q=1
B 0 ([ O(aank) Oapg 9
_/anq ( oz, Oy el de.
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It follows that

L Z < Al 3%!1 &P <p> §C’102/\2||<,0||2 (15.1.17)

X X X
W\ Ox, Oay Dy

for every A > 1, where

Cy = glea%m( z)| (15.1.18)

and Cy > 0 depends only on (ay;) and on K.
The second term on the right-hand side of (15.1.16) can be written as

(aank)> Op >
2 a. >
pqzkl<8xq<pq Oxp Oxy, 4
(ank) 9
Z/axq<pq Oz )8x||dx

p,q,k=1

Oaang) 9
Z /896;@833(1( oz, )M dz.

p,q,k=1

From the above formula it easily follows that

)0 (- Olaam) D¢ -
Dz, Oz < . .
2| 2 <3xq (a”q oz, > oz £/ S C1C32° || (15.1.19)

p,q,k=1

for every A > 1, where C5 has been defined in (15.1.18) and C5 > 0 depends only
on (ag;) and on K.

The third term on the right-hand side of (15.1.16) is non-negative. Indeed,
for every A > 0 we have

4\ Z <aapnan;ga&p %> = 4)\/ i
k=

p,k=1

For the last two terms on the right-hand side of (15.1.16) it is easy to check that

- dank Op  Jyp - dapg Op D¢
y Z <aapq O0xg oy’ 8x> 2 Z <aa " Owk 63:q 633p

p,q,k=1 k.p,qg=1

< C’4/ a|Vp|>dz  (15.1.21)
K

for every A > 1, where C4 > 0 is a constant depending only on (ay;) and on K. By
combining (15.1.16), (15.1.17), (15.1.19), (15.1.20) and (15.1.21), it follows that
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for every A > 1 we have
(Ls¢ + Lap — Lsp, 0) > — Cy / alVelPde — CiCs N [lel?,  (15.1.22)
K

where C; has been defined in (15.1.18) and C5 = max{Cs, Cs}.
On the other hand, it is easily seen that there exists Cg > 0, depending only
on (ay;) and on K, such that

o’ Zank 68%”90 ®)

< Cg)\3s3/ o?lp|*dx.
K

Combining the last inequality with (15.1.8), (15.1.9) and (15.1.22), we obtain that
for every A\ > 1 we have

ILagll? + | Lag]? + 4715° / oPa2, o2z < [Pusgll? + CeM?s? / o3| p[? da
K K
—|—C'4)\s/ Vo> dz 4+ C1Cs M s]jp||?.  (15.1.23)
K

In order to absorb the term containing | % a|V|?dz from the right-hand side of
the above estimate we note that from (15.1.6) it follows that

—(L1p, ap) = Z / aag] —— axk (%cl

k=1
—|—Z/\/ aanlaiwdx—A252/ &Pl |o|? dz
= /K O K
25/ a|V<p|2dx—C'1C'7)\||<p||2—)\252/ &P ann|ol?dz,
K K

where 6 is the constant from (15.1.1), C; has been defined in (15.1.18) and C7 > 0
depends only on (ax;) and on K. It follows that

C’4)\s/Ka|ch|2dx <O7ICs|| Lyl - || (15.1.24)
+57touN3s? /K Papn|plPdr + 671CLC1C7 N 25|02
From the above inequality it follows that for A, s > 1 and € > 0 we have
C4)\s/Ka|ch|2dx <07 Ce|| Ligl? —&—6715*104)\252/Ka2|g0|2dx

+57104)\383/ @B ann || dr + 5 1C1CLC N s|]2.
K
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By using the above inequality, with ¢ chosen such that 6~'Cye < %7 in (15.1.23)
we obtain that

STl + Lol + (a*(4Nfa2, — 57 CoNann — CoN¥)i, )
< Pogll? + 5‘15‘104/\252/K AP di + 6710 Ci0s N5 |2 + €1 OsXAs] .
Using again (15.1.24) in the above inequality we obtain that

Cyls /K a|Vep|?dz + (s*a®(4X*al,, — 267 'CuN’ann — CsA*)p, ©)

< ||Poagl|® + 267157 Oy N2 S? / ?lo|?dx + 2671C1CLCe N s |
+ C1Cs\s]|o||?. : (15.1.25)
Since Cy and Cg depend only on (ay;) and on K, there exists A\g > 0 such that
ANga2, — 26 1 CuM3ann — CoNy > 2)5a2,, .

Choosing A = A\g in (15.1.25) we obtain that
C’4)\os/ a| V| dz + 2>\§s3/ aad?, |p|*dx
K K

< ||P57>\0<p||2+25*15*IC’4)\332/ ?lo|?dx + 267 C1CLCe N5
K
+ C1Cs 85| (15.1.26)

for every s > 1. Since the constants (Cj) involved in (15.1.26) are independent
of s, all but the first term on the right-hand side of (15.1.26) can be absorbed by
the terms on the left-hand side, provided that s is large enough. This fact clearly
implies the conclusion (15.1.1). O

The result in the above theorem still holds if we perturb the operator P by
lower-order terms. More precisely, we have the following corollary.

Corollary 15.1.2. With the notation in Theorem 15.1.1, let b € L®(Q;R™), ¢ €
L>*(Q;R) and let P = P + @Q where

Qp =b-Vp+cp Ve H*(Q).

Then there exist C' > 0, A\g > 0 and so > 0 such that for every s > sq and every
o € H%(Q) supported in K,

sIVel? + s°lell* < CllPaxoell?, (15.1.27)

where }35)\ = 5% Pesa for every s, A > 0.
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Proof. We first remark that by using (15.1.4) we have

-~ o . _ _ 2 dp
b= (e~5%p) = e~ b2~ Nsabno |
S ) - (z 22 i @)

so that, for every s, A > 0 we have

Psap = Py + Qp — Asabyp.
The above formula together with (15.1.1) imply that
sVl +s°llel* < CllPs el
< O Ponyp = Qe + Mosabugl? < 3C (| Pasl® + Q12 + A2 abugo]?) -

The above inequality easily implies that (15.1.27) holds for s large enough. g

15.2 The unique continuation results

In this section we apply the results from the previous one to prove unique contin-
uation results for second-order elliptic operators.

For x € R™ and r > 0 we denote by B(x,r) the open ball of center x and
radius 7. We also use the notation B, = B(0,r). The Euclidian norm of z € R
will be denoted by |z, while the norm in L?(Q) (with  C R™) will be denoted by

The main result of this section is the following.

Theorem 15.2.1. Let Q) be an open bounded and connected subset of R™, let
(@)ricqrm € C2(QRT), be L¥(QRY),  ce L¥(QR)

and let ¢ € H*(Q) NHY(Q) be such that

> 9 <akla—¢> +b-Vo+cp =0 inL*Q). (15.2.1)
P al‘k 83:1

Moreover, assume that there exists an open subset O of @ such that
d(x) =0 VzeO.

Then ¢ =0 in .

Proof. We also denote by ¢ the extension of the original ¢ to R™ obtained by
setting ¢ = 0 outside Q. According to Lemma 13.4.11, we have ¢ € H}(R"). Recall
from Section 13.2 that the support of ¢, denoted supp ¢, is the complement in R™
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of the largest open set G such that the restriction of ¢ to G is the zero distribution
on G (clearly O C G). Therefore, in order to prove the theorem, it suffices to show
that supp¢ = 0. This will be proved by a contradiction argument. If supp ¢ is
not empty, take x € Q \ supp ¢ such that x is closer to supp ¢ than to 9. Let rg
be the distance from z to supp ¢. Then it follows that B(z,79) C Q \ supp ¢ and
0B(x,ro) contains at least one point y € supp ¢ (see Figure 15.1).

supp ¢

o0}

Figure 15.1: The point z is closer to supp ¢ than to 9Q. The ball B(z,ro) is
in the complement of supp ¢ in  and y € supp ¢ N IB(x,ro).

It is easy to check that there exists a local system of curvilinear coordinates
(Z1,..., %) with the origin in y (i.e., Z(y) = 0) such that, for some r; > 0,

B,, CQ, suppp N{Z € By, | , = 0} = {0}, (15.2.2)

as illustrated in Figure 15.2. Using this new system of coordinates, (15.2.1) implies
that _
Po(z) =0 (z € B,,),

where P is a differential operator as in Corollary 15.1.2, with appropriate co-

efficients (ax;), b and ¢ (expressed as functions of the new coordinates Z). Let

ro € (0,71) and let x € D(B,,) be such that x = 1 on B,., (see again Figure 15.2).
It is clear that

supp (Vx) C {z € R" | r2 <|z| <7} (15.2.3)

By applying Corollary 15.1.2 with ¢ = xe**¢, where a = a(z,) = e, it
follows that there exist the constants sg, Ag, C' > 0 such that, for A = Aq,

~ 2
sIVOE ) + 5 xe ol < C || P, (xe™ ) Vs> s,

where IBS,A = e5* P Since ]557)\0 (xe**¢) = e**P(x¢), it follows that

~ 2
SIVOe @) + 5 Ixe*9l* < C [l P(xo) Vs>so.  (15.24)
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|/

Figure 15.2: The set supp ¢ (in the new coordinates Z) is to the left of the
dashed curve. Here &’ = (Z1,...,Zn—1) and the point 0 corre-
sponds to y in Figure 15.1.

On the other hand,

The above two formulas and the fact that ISQS = 0 imply that

~ x93
=¢ k;l (akz ) + @b - Vx +2 k;l W Dy
so that _
supp P(x¢) C supp ¢ Nsupp V.
The above inclusion, together with (15.2.2) and (15.2.3), implies that there exists
€ > 0 such that B
T, < —¢ Y x € supp P(x¢). (15.2.5)

If we multiply both sides of (15.2.4) by e=25*(~¢) it follows that

2 ~ 2
53 ers(a—a(—s))éH es(a—a(—s))P(Xqﬁ)H Vs> S0
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From (15.2.5) it follows that the right-hand side of the above estimate tends to
zero when s — 00, so that the left-hand side has the same property. This means
that

suppx¢ C {z € R" | afz,) —a(—¢) <0} ={zeR" | z, < —¢},
which contradicts (15.2.2). O

The above theorem implies a unique continuation result from the boundary.
For the sake of simplicity, we give this result only for second-order operators having
the Laplacian as principal part.

Corollary 15.2.2. Let Q C R™ be open, bounded, connected and with Lipschitz
boundary, let b € L>®(Q,C"), c € L*>®(Q), and let ¢ € H*(Q) NHL(Q) such that

Ap+b-Vo+co =0 VazeqQ. (15.2.6)

Moreover, assume that there exists an open subset I' of Q2 such that

9¢(x)
ov

() =0 Vezel.

Then ¢ =0 in .

Proof. Let zy € I' and let € > 0 be such that the ball of center g and radius e,
denoted by B(zo,¢), satisfies the condition

B(.Z‘(),E) nNoQ C T.

We denote Q2. = QUB (aco, %) By using the fact that 02 is Lipschitz (see Definition
13.5.1) it follows that €. \ clos © is a non-empty open set. We extend ¢ to a
function, still denoted by ¢, defined on Q. by setting ¢(x) = 0 for = € €. \ clos Q.
From Lemma 13.4.11 it follows that ¢ € H (). This implies that

(Db, Vo1 i) = / V6 Vodr  VypeD(S),
Q.

so that A¢ € L?(Q.). By applying Theorem 13.5.5 it follows that ¢ € H?(Q.) N
H§(Qe) and
Ab+b-Vo+ed—=0 in Q..

Since ¢ vanishes on a non-empty open subset of ()., the conclusion follows by
applying Theorem 15.2.1. O






Bibliography

[1]
2]

3]

[4]
[5]
[6]

[10]

[11]

R.A. AbpAMsS, Sobolev Spaces, vol. 65 of Pure and Applied Mathematics,
Academic Press, New York, 1975.

N. AKHIEZER AND I. GLAZMAN, Theory of Linear Operators in Hilbert
Space, vol. 9,10 of Monographs and Studies in Mathematics, Pitman (Ad-
vanced Publishing Program), Boston, MA, 1981.

G. ALESSANDRINI AND L. ESCAURIAZA, Null-controllability of one-dimen-
stonal parabolic equations, ESAIM Control Optm. Calc. Var., 17 (2008),
pp- 284-293.

H. AMANN, Linear and Quasilinear Parabolic Problems. Vol. I, vol. 89 of
Monographs in Mathematics, Birkh&duser Boston, Boston, MA, 1995.

—, Vector-valued Distributions and Fourier Multipliers, 2003, Electronic
book, http://www.math.uzh.ch/amann/files/distributions.pdf.

F. AMMAR-KHODJA, A. BENABDALLAH, C. DUPAIX, AND M. GONZALES-
BurGos, Controllability for a class of reaction-diffusion systems: The gener-
alized Kalman’s condition, C. R. Acad. Sci. Paris Ser. I, 345 (2007), pp. 543—
548.

K. AMMARI AND M. TUCSNAK, Stabilization of second order evolution equa-
tions by a class of unbounded feedbacks, ESAIM Control Optim. Calc. Var.,
6 (2001), pp. 361-386.

W. ARgenDT, C.J.K. BATTY, M. HIEBER, AND F. NEUBRANDER, Vector-
valued Laplace Transforms and Cauchy problems, vol. 96 of Monographs in
Mathematics, Birkhduser Verlag, Basel, 2001.

S.A. AVDONIN AND S. IvanNov, Families of Exponentials — The Method
of Moments in Controllability Problems for Distributed Parameter Systems,
Cambridge University Press, Cambridge, UK, 1995.

S.A. AVvDONIN AND W. MORAN, Simultaneous control problems for systems
of elastic strings and beams, Systems Control Lett., 44 (2001), pp. 147-155.

S.A. AVDONIN AND M. TUCSNAK, Simultaneous controllability in sharp
time for two elastic strings, ESAIM Control Optm. Calc. Var., 6 (2001),
pp. 259-273.

459



460

[12]

[13]

[14]

[15]

[20]
[21]
[22]

[23]

[24]

[25]

[26]

[27]

Bibliography

A. BALAKRISHNAN, Boundary control of parabolic equations: L-Q-R the-
ory, in Proc. V International Summer School, Inst. Math. Mech. Acad. Sci.,
Berlin, 1976, pp. 113-124.

H.T. BANKS AND K. KUNISCH, Estimation Techniques for Distributed Pa-
rameter Systems, vol. 1 of Systems & Control: Foundations & Applications,
Birkh&user Boston, Boston, MA, 1989.

V. BARBU, The Carleman inequality for linear parabolic equations in L9-
norm, Differential Integral Equations, 15 (2002), pp. 513-525.

C. BARDOS, G. LEBEAU, AND J. RAUCH, Sharp sufficient conditions for
the observation, control and stabilization of waves from the boundary, SIAM
J. Control. Optim., 30 (1992), pp. 1024-1065.

R. BELLMAN, Introduction to Matriz Analysis, vol. 19 of Classics in Applied
Mathematics, SIAM, Philadelphia, PA, 1997.

A. BENSOUSSAN, G. DA PraTo, M.C. DELFOUR, AND S.K. MITTER, Rep-
resentation and Control of Infinite Dimensional Systems, Systems & Con-
trol: Foundations & Applications, second ed., Birkhduser, Boston, MA, 2007.
A. BEURLING, The Collected Works of Arne Beurling. Vol. 1, Contemporary
Mathematicians, Birkhduser Boston, Boston, MA, 1989. Complex analysis,
Edited by L. Carleson, P. Malliavin, J. Neuberger and J. Wermer.

R. BEY, J.-P. LOHEAC, AND M. MoussAoUl, Singularities of the solution
of a mized problem for a general second order elliptic equation and bound-
ary stabilization of the wave equation, J. Math. Pures Appl. (9), 78 (1999),
pp. 1043-1067.

S. BOCHNER AND K. CHANDRASEKHARAN, Fourier Transforms, Annals of
Math. Studies, no. 19, Princeton University Press, Princeton, NJ, 1949.

E. BoMBIERI, J.B. FRIEDLANDER, AND H. IWANIEC, Primes in arithmetic
progressions to large moduli. 1T, Math. Ann., 277 (1987), pp. 361-393.

H. BrEezis, Analyse fonctionnelle: Théorie et applications, Collection Ma-
thématiques Appliquées pour la Maitrise, Masson, Paris, 1983.

A. BROWN AND C. PEARCY, Introduction to Operator Theory I: Elements
of Functional Analysis, vol. 55 of Graduate Texts in Mathematics, Springer-
Verlag, New York, 1977.

N. BURQ, Controlabilité exacte des ondes dans des ouverts peu réguliers,
Asymptot. Anal., 14 (1997), pp. 157-191.

N. BUurRQ AND P. GERARD, Condition nécessaire et suffisante pour la
controlabilité exacte des ondes, C. R. Acad. Sci. Paris Sér. I Math., 325
(1997), pp. 749-752.

——, Controle optimal des équations aux dérivées partielles, Fcole Poly-
technique, Palaiseau, 2003.

N. BURQ AND M. ZWORSKI, Geometric control in the presence of a black
boz, J. Amer. Math. Soc., 17 (2004), pp. 443-471.



Bibliography 461

[28]

[29]

[30]

[31]

[41]

[42]

P.L. BuTtZER AND H. BERENS, Semi-Groups of Operators and Approxi-
mation, Die Grundlehren der mathematischen Wissenschaften, Band 145,
Springer-Verlag, New York, 1967.

T. CARLEMAN, Sur un probléme d’unicité pur les systémes d’équations aux
dérivées partielles & deux variables indépendantes, Ark. Mat., Astr. Fys., 26
(1939), p. 9.

G. CHEN, Control and stabilization for the wave equation in a bounded do-
main, STAM J. Control Optim., 17 (1979), pp. 66-81.

——, Energy decay estimates and exact boundary value controllability for
the wave equation in a bounded domain, J. Math. Pures Appl. (9), 58 (1979),
pp. 249-273.

——, Control and stabilization for the wave equation in a bounded domain.
II, STAM J. Control Optim., 19 (1981), pp. 114-122.

—, A note on the boundary stabilization of the wave equation, STAM J.
Control Optim., 19 (1981), pp. 106-113.

G. CHEN, S.A. FuLLING, F.J. NARCOWICH, AND S. SUN, FEzxponential
decay of energy of evolution equations with locally distributed damping, SIAM
J. Appl. Math., 51 (1991), pp. 266-301.

D.L. CouN, Measure Theory, Birkhduser Boston, Boston, MA, 1980.

J.-M. CoroN, Control and Nonlinearity, vol. 136 of Mathematical Surveys
and Monographs, AMS, Providence, RI, 2007.

R. COURANT AND D. HILBERT, Methods of Mathematical Physics. Vol. I,
Interscience Publishers, New York, 1953.

R.F. CURTAIN AND A.J. PRITCHARD, Infinite Dimensional Linear Systems

Theory, vol. 8 of Lecture Notes in Information Sciences, Springer-Verlag,
Berlin, 1978.

R.F. CURTAIN AND H. ZWART, An Introduction to Infinite-Dimensional
Linear Systems Theory, vol. 21 of Texts in Applied Mathematics, Springer-
Verlag, New York, 1995.

R. DAGER AND E. ZuAzUA, Wave Propagation, Observation and Control
in 1-d Flexible Multi-structures, vol. 50 of Mathématiques & Applications,
Springer-Verlag, Berlin, 2006.

R. DATKO, Eztending a theorem of A. M. Liapunov to Hilbert space, J.
Math. Anal. Appl., 32 (1970), pp. 610-616.

R. DAUTRAY AND J.-L. LIONS, Mathematical Analysis and Numerical
Methods for Science and Technology. Vol. 2, Functional and Variational
Methods by M. Artola, P. Bénilan, M. Cessenat, J.-M. Combes, B. Mercier,
C. Wild, C. Zuily, Springer-Verlag, Berlin, 1988. Translated from the French
by Ian N. Sneddon.

[43] ——, Mathematical Analysis and Numerical Methods for Science and Tech-

nology. Vol. 3, Spectral Theory and Applications, with the collaboration



462

Bibliography

of Michel Artola and Michel Cessenat, Springer-Verlag, Berlin, 1990. Trans-
lated from the French by John C. Amson.

E.B. DAVIES, One-Parameter Semigroups, vol. 15 of London Mathematical
Society Monographs, Academic Press, London, 1980.

E.B. DaVIES, Spectral Theory and Differential Operators, vol. 42 of Cam-
bridge Studies in Adv. Math., Cambridge University Press, Cambridge, UK,
1995.

J.J. D’Azzo AND C.H. Houpis, Linear Control System Analysis and De-
sign. Conventional and Modern, third ed., McGraw-Hill, Singapore, 1988.
M.C. DELFOUR AND S.K. MITTER, Controllability and observability for
infinite dimensional systems, STAM J. Control, 10 (1972), pp. 329-333.

W. DESCH AND W. SCHAPPACHER, On relatively bounded perturbations of
linear Cy-semigroups, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 11 (1984),
pp. 327-341.

J. DIESTEL AND J.J. UHL, Vector Measures, vol 15 of Amer. Math. Soc.
Surveys, with a foreword by B.J. Pettis, AMS, Providence, RI, 1977.

G. DOETSCH, Handbuch der Laplace-Transformation, Band I-III, Birkh&u-
ser-Verlag, Basel, 1950, 1955, 1956.

S. DOLECKI AND D.L. RUSSELL, A general theory of observation and con-
trol, SIAM J. Control Optim., 15 (1977), pp. 185-220.

H. DowsoN, Spectral Theory of Linear Operators, vol. 12 of London Math.
Soc. Monographs, Academic Press, London, 1978.

N. DUNFORD AND J. SCHWARTZ, Linear Operators, Part I, J. Wiley and
Sons, New York, 1957. Republished in 1994.

P.L. DUREN, Theory of HP Spaces, Academic Press, New York, 1970. Re-
published in 1983, 2000.

H. DyMm AND H.P. McKEAN, Fourier Series and Integrals, Academic Press,
Orlando, FL, 1972. Republished in 1985.

Z. EMIRSAJLOW AND S. TOWNLEY, From PDE’s with boundary control to
the abstract state equation with an unbounded input operator: A tutorial,
Eur. J. Control, 6 (2000), pp. 27-49.

K.-J. ENGEL AND R. NAGEL, One-parameter Semigroups for Linear Evolu-
tion Equations, vol. 194 of Graduate Texts in Mathematics, Springer-Verlag,
New York, 2000. With contributions by S. Brendle, M. Campiti, T. Hahn,
G. Metafune, G. Nickel, D. Pallara, C. Perazzoli, A. Rhandi, S. Romanelli
and R. Schnaubelt.

S. ErRVEDOZA, C. ZHENG, AND E. ZUAZUA, On the observability of time-
discrete conservative linear systems, J. Funct. Anal., 254 (2008), pp. 3037—
3078.

L.C. EvaNns, Partial Differential Equations, vol. 19 of Graduate Studies in
Mathematics, AMS, Providence, RI, 1998.



Bibliography 463

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[74]

C. FABRE, Uniqueness results for Stokes equations and their consequences
in linear and nonlinear control problems, ESAIM Control Optim. Calc. Var.,
1 (1995/96), pp. 267-302.

H.O. FATTORINI, Boundary control systems, SIAM J. Control Optim., 6
(1968), pp. 349-385.

H.O. FATTORINI AND D.L. RUSSELL, Ezact controllability theorems for lin-

ear parabolic equations in one space dimension, Arch. Ration. Mech. Anal.,
43 (1971), pp. 272-292.

——, Uniform bounds on biorthogonal functions for real exponentials with
an application to the control theory of parabolic equations, Quart. Appl.
Math., 32 (1974/75), pp. 45—69.

E. FERNANDEZ-CARA AND S. GUERRERO, Global Carleman inequalities
for parabolic systems and applications to controllability, STAM J. Control
Optim., 45 (2006), pp. 1399-1446.

E. FERNANDEZ-CARA, S. GUERRERO, O.Y. IMANUVILOV, AND J.-P.
PUEL, Local exact controllability of the Navier-Stokes system, J. Math. Pures
Appl. (9), 83 (2004), pp. 1501-1542.

E. FERNANDEZ-CARA AND E. ZUAZUA, The cost of approzimate control-
lability for heat equations: The linear case, Adv. Differential Equations, 5
(2000), pp. 465-514.

——, On the null controllability of the one-dimensional heat equation with
BV coefficients, Comput. Appl. Math., 21 (2002), pp. 167-190.

B. FRrRIEDLAND, Control System Design: An Introduction to State-Space
Methods, Dover Books on Engineering, Dover Publications, New York, 1986.
Republished in 2005.

A.V. Fursikov AND O.Y. IMANUVILOV, Controllability of Fvolution Equa-
tions, vol. 34 of Lecture Notes Series, Seoul National University Research
Institute of Mathematics, Global Analysis Research Center, Seoul, 1996.

F.R. GANTMACHER, The Theory of Matrices, Vol. 1 and 2, Chelsea Pub-
lishing Company, New York, 1959. Translated from the Russian by K.A.
Hirsch. Republished in 1987, and by the AMS in 2000.

J.A. GOLDSTEIN, Semigroups of Linear Operators and Applications, Oxford
Mathematical Monographs, The Clarendon Press, Oxford University Press,
New York, 1985.

G.H. GoLuB AND C.F. VAN LOAN, Matriz Computations, third ed., Johns
Hopkins University Press, Baltimore, 1996.

P. GRABOWSKI, On the spectral-Lyapunov approach to parametric opti-
mazation of distributed-parameter systems, IMA J. Math. Control Inform., 7
(1990), pp. 317-338.

——, Admissibility of observation functionals, Internat. J. Control, 62
(1995), pp. 1161-1173.



464

[75]

[76]

[77]

[89]

[90]

Bibliography

P. GRABOWSKI AND F. CALLIER, Admissible observation operators. Semi-
group criteria of admissibility, Integral Equations Operator Theory, 25
(1996), pp. 182-198.

K.D. GrRAHAM AND D.L. RUSSELL, Boundary value control of the wave
equation in a spherical region, STAM J. Control, 13 (1975), pp. 174-196.

P. GRISVARD, Elliptic Problems in Nonsmooth Domains, vol. 24 of Mono-
graphs and Studies in Mathematics, Pitman, Boston, MA, 1985.

B.Z. Guo AND S.A. IvANOvV, Boundary controllability and observability of
a one-dimensional nonuniform SCOLE system, J. Optim. Theory Appl., 127
(2005), pp. 89-108.

B.-Z. Guo, J.-M. WANG, AND K.-Y. YANG, Dynamic stabilization of an
FEuler-Bernoulli beam under boundary control and mon-collocated observa-
tion, Systems Control Lett., 57 (2008), pp. 740-749.

B.H. HAAK, On the Carleson measure theorem in linear systems theory,
Complex Analysis and Operator Theory. To appear in 2009.

B.H. Haak, M. Haasge, aAND P.C. KUNSTMANN, Perturbation, inter-
polation, and maximal regularity, Adv. Differential Equations, 11 (2006),
pp. 201-240.

B.H. HAAK AND P.C. KUNSTMANN, Weighted admissibility and wellposed-
ness of linear systems in Banach spaces, STAM J. Control Optim., 45 (2007),
pp. 2094-2118 (electronic).

B.H. HaAk AND C. LE MERDY, a-admissibility of observation and control
operators, Houston J. Math., 31 (2005), pp. 1153-1167 (electronic).

S. HADD, Exact controllability of infinite dimensional systems persists under
small perturbations, J. Evol. Equ., 5 (2005), pp. 545-555.

S. HADD AND Q.-C. ZHONG, On feedback stabilizability of linear systems
with state and input delays in Banach spaces, IEEE Trans. Automat. Con-
trol, to appear.

P.R. HALMOS, A Hilbert Space Problem Book, vol. 19 of Graduate Texts in
Mathematics, Springer-Verlag, Berlin, 1982.

S. HANSEN, Boundary control of a one-dimensional linear thermoelastic rod,
STAM J. Control Optim., 32 (1994), pp. 1052-1074.

S. HANSEN AND G. WEISS, The operator Carleson measure criterion for
admissibility of control operators for diagonal semigroups on 12, Systems
Control Lett., 16 (1991), pp. 219-227.

—, New results on the operator Carleson measure criterion, IMA J. Math.
Control Inform., 14 (1997), pp. 3-32.

S. HANSEN AND B.Y. ZHANG, Boundary control of a linear thermoelastic
beamn, J. Math. Anal. Appl., 210 (1997), pp. 182—-205.



Bibliography 465

[91] S. HANSEN AND E. Zuazua, Ezact controllability and stabilization of a
vibrating string with an interior point mass, SIAM J. Control Optim., 33
(1995), pp. 1357-1391.

[92] A. HARAUX, Séries lacunaires et controle semi-interne des vibrations d’une
plaque rectangulaire, J. Math. Pures Appl. (9), 68 (1989), pp. 457-465.

[93] ——, Une remarque sur la stabilisation de certains systémes du deuziéme
ordre en temps, Portugal. Math., 46 (1989), pp. 245-258.
[94] ——, Quelques propriétés des séries lacunaires utiles dans 'étude des vibra-

tions élastiques, in Nonlinear Partial Differential Equations and Their Appli-
cations, College de France Seminar, Vol. XII (Paris, 1991-1993), Longman,
Harlow, UK, 1994, pp. 113-124.

[95] A. HARAUX AND S. JAFFARD, Pointwise and spectral control of plate vibra-
tions, Rev. Mat. Iberoamericana, 7 (1991), pp. 1-24.

[96] P. HARTMAN, Ordinary Differential Equations, John Wiley and Sons, New
York, 1964.

[97] E. HILLE AND R.S. PHILLIPS, Functional Analysis and Semi-Groups, Col-
loquium Publications, AMS, Providence, RI, 1957.

[98] M.W. HIRSCH AND S. SMALE, Differential Equations, Dynamical Systems
and Linear Algebra, Academic Press, New York, 1974.

[99] L.F. Ho, Observabilité frontiére de l’équation des ondes, C. R. Acad. Sci.
Paris Sér. T Math., 302 (1986), pp. 443-446.

[100] L.F. Ho AND D.L. RUSSELL, Admissible input elements for systems in

Hilbert space and a Carleson measure criterion, SIAM J. Control Optim.,
21 (1983), pp. 614-640.

[101] L. HORMANDER, The Analysis of Linear Partial Differential Operators. I,
vol. 256 of Grundlehren der Math. Wiss., Springer-Verlag, Berlin, 1983.

[102] ——, A uniqueness theorem for second order hyperbolic differential equa-
tions, Comm. Partial Differential Equations, 17 (1992), pp. 699-714.
[103] ——, The Analysis of Linear Partial Differential Operators. IV, vol. 275 of

Grundlehren der Math. Wiss., Springer-Verlag, Berlin, 1994.

[104] R.A. HOrRN AND C.R. JOHNSON, Matriz Analysis, Cambridge University
Press, Cambridge, UK, 1985.

[105] ——, Topics in Matriz Analysis, Cambridge University Press, Cambridge,
UK, 1991.

[106] O.Y. IMANUVILOV AND J.-P. PUEL, Global Carleman estimates for weak so-
lutions of elliptic nonhomogeneous Dirichlet problems, Int. Math. Res. Not.,
(2003), pp. 883-913.

[107] J.A. INFANTE AND E. ZUAZUA, Boundary observability for the space semi-
discretizations of the 1-D wave equation, M2AN Math. Model. Numer. Anal.,
33 (1999), pp. 407-438.



466
[108]

[109]

[110]

[111]

[112]
[113]

[114]

[115]

[116]

[117)

[118]

119
[120]
[121]
[122]
[123]

[124]

Bibliography

A.E. INGHAM, Some trigonometrical inequalities with applications to the
theory of series, Math. Z., 41 (1936), pp. 367-379.

V. IoNEscU, C. OARA, AND M. WEISS, Generalized Riccati Theory and
Robust Control. A Popov Function Approach, John Wiley and Sons, Chich-
ester, UK, 1999.

K. ITO AND F. KAPPEL, Evolution Equations and Approximations, vol. 61
of Series on Advances in Mathematics for Applied Sciences, World Scientific,
River Edge, NJ, 2002.

B. JacoB AND J.R. PARTINGTON, The Weiss conjecture on admissibility
of observation operators for contraction semigroups, Integral Equations Op-
erator Theory, 40 (2001), pp. 231-243.

——, Admissibility of control and observation operators for semigroups: A
survey, Operator Theory Adv. Appl., 149 (2004), pp. 199-221.

——, On controllability of diagonal systems with one-dimensional input
space, Systems Control Lett., 55 (2006), pp. 321-328.

B. JAacoB, J.R. PARTINGTON, AND S. PotrT, Tangential interpolation in
weighted vector-valued HP spaces, with applications, Complex Analysis and
Operator Theory, to appear.

——, Admissible and weakly admissible observation operators for the right
shift semigroup, Proc. Edinburgh Math. Soc., 45 (2002), pp. 353-362.
——, Conditions for admissibility of observation operators and boundedness
of Hankel operators, Integral Equqtions and Operator Theory, 47 (2003),
pp- 315-338.

——, Interpolation by vector-valued analytic functions, with applications to
controllability, J. Funct. Anal., 252 (2007), pp. 517-549.

B. JACOB AND H. ZWART, Equivalent conditions for stabilizbility of infinite-
dimensional systems with admissible control operators, STAM J. Control Op-
tim., 37 (1999), pp. 1419-1455.

—, Ezact observability of diagonal systems with a finite-dimensional out-
put operator, Systems Control Lett., 43 (2001), pp. 101-109.

——, Exact observability of diagonal systems with a one-dimensional output
operator, Int. J. Appl. Math. Comput. Sci., 11 (2001), pp. 1277-1283.
——, Counterexamples concerning observation operators for Cy-semigroups,
SIAM J. Control Optim., 43 (2004), pp. 137-153.

—, On the Hautus test for exponentially stable Cy-groups, STAM J. Con-
trol Optim., to appear.

S. JAFFARD, Contréle interne exact des vibrations d’une plaque rectangu-
laire, Portugal Math., 47 (1990), pp. 423-429.

S. JAFFARD AND S. MIcu, Estimates of the constants in generalized Ing-

ham’s inequality and applications to the control of the wave equation, Asymp-
tot. Anal., 28 (2001), pp. 181-214.



Bibliography 467

[125] F. JoHN, Partial Differential Equations, fourth ed., vol. 1 of Applied Math-
ematical Sciences, Springer-Verlag, New York, 1982.

[126] J.-P. KAHANE, Pseudo-périodicité et séries de Fourier lacunaires, Ann. Sci.
Ecole Norm. Sup. (3), 79 (1962), pp. 93-150.

[127] T. KATO, Perturbation Theory for Linear Operators, Die Grundlehren der
mathematischen Wissenschaften, Band 132, Springer-Verlag, New York,
1966.

[128] V. KOMORNIK, A new method of exact controllability in short time and
applications, Ann. Fac. Sci. Toulouse Math. (5), 10 (1989), pp. 415-464.

[129] ——, On the ezact internal controllability of a Petrowsky system, J. Math.
Pures Appl. (9), 71 (1992), pp. 331-342.
[130] ——, Ezact Controllability and Stabilization. The Multiplier Method, Re-

search in Applied Mathematics, Masson, Paris, 1994.

[131] V. KOMORNIK AND P. LORETI, Fourier Series in Control Theory, Mono-
graphs in Mathematics, Springer-Verlag, New York, 2005.

[132] V. KOMORNIK AND E. ZUAZUA, A direct method for the boundary stabiliza-
tion of the wave equation, J. Math. Pures Appl. (9), 69 (1990), pp. 33-54.

[133] P. Koosis, Introduction to HP Spaces, Cambridge University Press, Cam-
bridge, UK, 1980.

[134] W. KrRABS, G. LEUGERING, AND T.I. SEIDMAN, On boundary controllabil-
ity of a vibrating plate, Appl. Math. Optim., 13 (1985), pp. 205-229.

[135] H. KWAKERNAAK AND R. SIVAN, Linear Optimal Control Systems, Wiley-
Interscience, New York, 1972.

[136] J. LAGNESE, Control of wave processes with distributed controls supported
on a subregion, STAM J. Control Optim., 21 (1983), pp. 68-85.

[137] ——, Decay of solutions of wave equations in a bounded region with bound-
ary dissipation, J. Differential Equations, 50 (1983), pp. 163-182.
[138] ——, The Hilbert uniqueness method: A retrospective, in Optimal Control

of Partial Differential Equations, vol. 149 of Lecture Notes in Control and
Information Sciences, K.H. Hoffman and W. Krabs, eds., Springer-Verlag,
Berlin, 1991, pp. 158-181.

[139] J. LAGNESE AND J.-L. L1ONS, Modelling, Analysis and Control of Thin
Plates, Masson, Paris, 1988.

[140] J.E. LAGNESE, G. LEUGERING, AND E. SCHMIDT, Modeling, Analysis and
Control of Dynamic Elastic Multi-Link Structures, Systems & Control: Foun-
dations & Applications, Birkhaduser Boston, Boston, MA, 1994.

[141] P. LANCASTER AND M. TISMENETSKY, The Theory of Matrices, Computer
Science and Applied Mathematics, Academic Press, San Diego, 1985.

[142] 1. LASIECKA, Unified theory for abstract parabolic boundary problems — a
semigroup approach, Appl. Math. Optim., 6 (1980), pp. 287-333.



468

[143]

[144]

[145]

[146]

[147)

[148]

[149]

[150]
[151]
[152]

[153]

[154]

[155]

[156]

Bibliography

I. LAsiECKA, J.-L. LioNs, AND R. TRIGGIANI, Nonhomogeneous boundary
value problems for second order hyperbolic operators, J. Math. Pures Appl.
(9), 65 (1986), pp. 149-192.

1. LASIECKA AND R. TRIGGIANI, A cosine operator approach to modeling
Ly(0, T; Lo(T))—boundary input hyperbolic equations, Appl. Math. Optim.,
7 (1981), pp. 35-93.

— Regularity of hyperbolic equations under L2(0, T; Lo(T'))-Dirichlet
boundary terms, Appl. Math. Optim., 10 (1983), pp. 275-286.

——, Uniform exponential energy decay of wave equations in a bounded
region with La(0, 00; La(I"))-feedback control in the Dirichlet boundary con-
ditions, J. Differential Equations, 66 (1987), pp. 340-390.

—, Ezact controllability of the Euler-Bernoulli equation with Lo(X%)-
control only in the Dirichlet boundary condition, Atti Accad. Naz. Lincei
Rend. Cl. Sci. Fisi., Mat. Natur. (8), 82 (1988), pp. 35-42.

——, Exact controllability of the Euler-Bernoulli equation with controls in
the Dirichlet and Neumann boundary conditions: A nonconservative case,
SIAM J. Control Optim., 27 (1989), pp. 330-373.

——, Uniform stabilization of the wave equation with Dirichlet or Neu-
mann feedback control without geometrical conditions, Appl. Math. Optim.,
25 (1992), pp. 189-224.

G. LEBEAU, Contréle de l’équation de Schrddinger, J. Math. Pures Appl.
(9), 71 (1992), pp. 267-291.

G. LEBEAU AND L. ROBBIANO, Controle exact de l’équation de la chaleur,
Comm. Partial Differential Equations, 20 (1995), pp. 335-356.

—, Stabilisation de l’équation des ondes par le bord, Duke Math. J., 86
(1997), pp. 465—491.

W. L1 AND X. ZHANG, Controllability of parabolic and hyperbolic equations:
Toward a unified theory, in Control Theory of Partial Differential Equations,
vol. 242 of Lect. Notes Pure Appl. Math., Chapman & Hall/CRC, Boca
Raton, FL, 2005, pp. 157-174.

J.-L. LioNs, Contrélabilité exacte des systemes distribués, C. R. Acad. Sci.
Paris Sér. I Math., 302 (1986), pp. 471-475.

J.-L. Lions, Controlabilité exacte des systémes distribués: Remarques sur
la théorie générale et les applications, in Analysis and Optimization of Sys-
tems (Antibes, 1986), vol. 83 of Lecture Notes in Control and Inform. Sci.,
Springer-Verlag, Berlin, 1986, pp. 3—14.

——, Controlabilité exacte, perturbations et stabilisation de systemes dis-
tribués. Tome 1, vol. 8 of Recherches en Mathématiques Appliquées, Mas-
son, Paris, 1988. With a chapter by E. Zuazua, and a chapter by C. Bardos,
G. Lebeau and J. Rauch.



Bibliography 469

[157] J.-L. LioNs AND E. MAGENES, Non-homogeneous Boundary Value Prob-
lems and Applications. Vol. I, Die Grundlehren der mathematischen Wis-
senschaften, Band 181, Springer-Verlag, New York, 1972. Translated from
the French by P. Kenneth.

[158] W. LITTMAN, Boundary control theory for hyperbolic and parabolic partial
differential equations with constant coefficients, Ann. Scuola Norm. Sup. Pisa
Cl. Sci. (4), 5 (1978), pp. 567-580.

[159] W. LITTMAN AND L. MARKUS, Ezact boundary controllability of a hybrid
system of elasticity, Arch. Ration. Mech. Anal., 103 (1988), pp. 193—236.

[160] K. L1u, Locally distributed control and damping for the conservative systems,
STAM J. Control Optim., 35 (1997), pp. 1574-1590.

[161] K. Liu, Z. Liu, AND B. RAO, Ezxponential stability of an abstract nondis-
sipative linear system, SIAM J. Control Optim., 40 (2001), pp. 149-165.

[162] G. LUMER AND R. PHILLIPS, Dissipative operators in a Banach space, Pa-
cific J. Math., 11 (1961), pp. 679-698.

[163] Z.-H. Luo, B.-Z. Guo, AND O. MORGUL, Stability and Stabilization of In-
finite Dimensional Systems with Applications, Communications and Control
Engineering, Springer-Verlag, London, 1999.

[164] J. MACIEJOWSKI, Multivariable Feedback Design, Addison-Wesley, Woking-
ham, UK, 1989.

[165] J. MALINEN AND O.J. STAFFANS, Conservative boundary control systems,
J. Differential Equations, 231 (2006), pp. 290-312.

[166] ——, Impedance passive and conservative boundary control systems, Com-
plex Anal. Oper. Theory, 1 (2007), pp. 279-300.

[167] J. MALINEN, O.J. STAFFANS, AND G. WEIss, When is a linear system
conservative?, Quart.Appl. Math., 64 (2006), pp. 61-91.

[168] M. MARcuUs AND H. MINC, A Survey of Matriz Theory and Matriz Inequal-
ities, Dover Publications, New York, 1964. Republished in 1992.

[169] L. MILLER, Geometric bounds on the growth rate of null-controllability cost
for the heat equation in small time, J. Differential Equations, 204 (2004),
pp- 202-226.

[170] ——, Controllability cost of conservative systems: Resolvent condition and
transmutation, J. Funct. Anal., 218 (2005), pp. 425-444.

[171] ——, The control transmutation method and the cost of fast controls, SIAM
J. Control Optim., 45 (2006), pp. 762-772.

[172] C.S. MORAWETZ, Notes on time decay and scattering for some hyper-
bolic problems, Regional Conference Series in Applied Mathematics, No. 19,
STAM, Philadelphia, PA, 1975.

[173] O. MoraiL, B. RAo, AND F. CONRAD, On the stabilization of a cable with
a tip mass, IEEE Trans. Automat. Control, 39 (1994), pp. 2140-2145.



470 Bibliography

[174] K.A. MORRIS, State feedback and estimation of well-posed systems, Math.
Control Signals Systems, 7 (1994), pp. 351-388.

[175] F. NAZAROV, S. TREIL, AND A. VOLBERG, Counterexample to the infinite-
dimensional Carleson embedding theorem, C. R. Acad. Sci. Paris Sér. I
Math., 325 (1997), pp. 383-388.

[176] J. NEGAS, Les Méthodes Directes en Théorie des Equations FElliptiques, Mas-
son, Paris, 1967.

[177] N. NIKOL'sK11, Treatise on the Shift Operator, vol. 273 of Grundlehren der
math. Wiss., Springer-Verlag, Berlin, 1986.

[178] ——, Operators, Functions and Systems: An Easy Reading, vol. 92-93 of
Mathematical Surveys and Monographs, AMS, Providence, RI, 2002.

[179] A. OssEs, A rotated multiplier applied to the controllability of waves, elas-
ticity, and tangential Stokes control, STAM J. Control Optimi., 40 (2001),
pp. 777-800.

[180] J. PARTINGTON, Interpolation, Identification and Sampling, vol. 17 of Lon-
don Math. Soc. Monographs, Clarendon Press, Oxford, 2004.

[181] ——, Linear Operators and Linear Systems, vol. 60 of London Math. Soc.
Student Texts, Cambridge University Press, Cambridge, UK, 2004.

[182] A. Pazy, Semigroups of Linear Operators and Applications to Partial Dif-
ferential Equations, vol. 44 of Appl. Math. Sci., Springer-Verlag, New York,
1983.

[183] L. PERKO, Differential Equations and Dynamical Systems, vol. 7 of Texts
in Applied Math., Springer-Verlag, New York, 1991.

[184] A.J. PRITCHARD AND A. WIRTH, Unbounded control and observation sys-
tems and their duality, STAM J. Control. Optim., 16 (1978), pp. 535-545.

[185] J.P. QUINN AND D.L. RUSSELL, Asymptotic stability and energy decay rates
for solutions of hyperbolic equations with boundary damping, Proc. Roy. Soc.
Edinburgh Sect. A, 77 (1977), pp. 97-127.

[186] K. RAMDANI, T. TAKAHASHI, G. TENENBAUM, AND M. TUCSNAK, A spec-
tral approach for the exact observability of infinite-dimensional systems with
skew-adjoint generator, J. Funct. Anal., 226 (2005), pp. 193-229.

[187] B. RAoO, Ezact boundary controllability of a hybrid system of elasticity by
the HUM method, ESAIM Control Optim. Calc. Var., 6 (2001), pp. 183-199.

[188] R. REBARBER AND G. WEISS, Necessary conditions for exact controllabil-
ity with a finite-dimensional input space, Systems Control Lett., 40 (2000),
pp. 217-227.

[189] R. REBARBER AND H. ZWART, Open-loop stabilizability of infinite-dimen-
sional systems, Math. Control Signals Systems, 11 (1998), pp. 129-160.

[190] L. RoBBIANO, Théoréme d’unicité adapté au contréle des solutions des
problémes hyperboliques, Comm. Partial Differential Equations, 16 (1991),
pp. 789-800.



Bibliography 471

[191] L. RopMAN, An Introduction to Operator Polynomials, vol. 38 of Operator
Theory: Advances and Applications, Birkh&user Verlag, Basel, 1989.

[192] A. RODRIGUEZ-BERNAL AND E. ZUAZUA, Parabolic singular limit of a wave

equation with localized boundary damping, Discrete Contin. Dyn. Syst., 1
(1995), pp. 303-346.

[193] M. ROSENBLUM AND J. ROVNYAK, Hardy Classes and Operator Theory,
Dover Publications, New York, 1997. Corrected reprint of the 1985 original.

[194] W. RUDIN, Real and Complex Analysis, McGraw-Hill, New York, 1966.
Third ed. published in 1986.

[195] ——, Functional Analysis, McGraw-Hill, New York, 1973. Second ed. pub-
lished in 1991.

[196] W.J. RucGH, Linear System Theory, second ed., Prentice Hall, NJ, 1996.

[197] D.L. RUSSELL, A unified boundary controllability theory for hyperbolic
and parabolic partial differential equations, Stud. Appl. Math., 52 (1973),
pp. 189-211.

[198] ——, Ezact boundary value controllability theorems for wave and heat pro-
cesses in star-complemented regions, in Differential Games and Control The-
ory (Proc. NSF—CBMS Regional Res. Conf., Univ. Rhode Island, Kingston,
R.I., 1973), Marcel Dekker, New York, 1974, pp. 291-319.

[199] ——, Controllability and stabilizability theory for linear partial differential
equations: Recent progress and open questions, SIAM Review, 20 (1978),
pp. 639-739.

[200] ——, The Dirichlet-Neumann boundary control problem associated with
Mazwell’s equations in a cylindrical region, STAM J. Control Optim., 24
(1986), pp. 199-229.

[201] D.L. RUSSELL AND G. WEIsS, A general necessary condition for exact ob-
servability, SIAM J. Control Optim., 32 (1994), pp. 1-23.

[202] D. SALAMON, Control and Observation of Neutral Systems, vol. 91 of Re-
search Notes in Mathematics, Pitman (Advanced Publishing Program),
Boston, MA, 1973.

[203] ——, Infinite-dimensional linear systems with unbounded control and ob-
servation: A functional analytical approach, Trans. Amer. Math. Soc., 300
(1987), pp. 383-431.

[204] ——, Realization theory in Hilbert space, Math. Systems Theory, 21 (1989),
pp. 147-164.

[205] T.I. SEIDMAN, Ezact boundary control for some evolution equations, STAM
J. Control Optim., 16 (1978), pp. 979-999.

[206] ——, The coefficient map for certain exponential sums, Nederl. Akad.
Wetensch. Indag. Math., 48 (1986), pp. 463-478.



472 Bibliography

[207] T.I. SEIDMAN, S.A. AVDONIN, AND S.A. IvaNov, The “window problem”
for series of complex exponentials, J. Fourier Anal. Appl., 6 (2000), pp. 233~
254.

[208] M. SPIvAK, Calculus on Manifolds. A Modern Approach to Classical Theo-
rems of Advanced Calculus, W.A. Benjamin, New York, 1965.

[209] O.J. STAFFANS, Well-Posed Linear Systems, vol. 103 of Encyclopedia of
Math. and Its Appl., Cambridge University Press, Cambridge, UK, 2005.

[210] O.J. STAFFANS AND G. WEISs, Transfer functions of regular linear systems,
Part II: The system operator and the Laz-Phillips semigroup, Trans. Amer.
Math. Soc., 354 (2002), pp. 3329-3262.

[211] S. STERNBERG, Lectures on Differential Geometry, Prentice-Hall, Engle-
wood Cliffs, NJ, 1964.

[212] W.A. STRAUSS, Dispersal of waves vanishing on the boundary of an exterior
domain, Comm. Pure Appl. Math., 28 (1975), pp. 265-278.

[213] H. TANABE, Fquations of Evolution, Pitman, London, 1979. Translated
from the Japanese by N. Mugibayashi and H. Haneda.

[214] D. TATARU, A priori estimates of Carleman’s type in domains with bound-
ary, J. Math. Pures Appl. (9), 73 (1994), pp. 355-387.

[215] D. TATARU, Unique continuation for solutions to PDE’s; between Hérman-
der’s theorem and Holmgren’s theorem, Comm. Partial Differential Equa-
tions, 20 (1995), pp. 855-884.

[216] D. TATARU, Carleman estimates and unique continuation for solutions to
boundary value problems, J. Math. Pures Appl. (9), 75 (1996), pp. 367—408.

[217] M.E. TAYLOR, Partial Differential Equations. I, vol. 115 of Applied Math-
ematical Sciences, Springer-Verlag, New York, 1996.

[218] G. TENENBAUM AND M. TUCSNAK, New blow-up rates for fast controls
of Schrodinger and heat equations, J. Differential Equations, 243 (2007),
pp- 70-100.

[219] ——, Fast and strongly localized observation for the Schrédinger equation,
Trans. Amer. Math. Soc., 361 (2009), pp. 951-977.

[220] H. TRIEBEL, Interpolation Theory, Function Spaces, Differential Operators,
North-Holland, Amsterdam, 1978.

[221] R. TRIGGIANI, Ezact boundary controllability on La(2) x H=Y(Q) of the
wave equation with Dirichlet boundary control acting on a portion of the
boundary 092, and related problems, Appl. Math. Optim., 18 (1988), pp. 241—
277.

[222] M. TucsNAK AND G. WEISs, Simultaneous exact controllability and some
applications, SIAM J. Control Optim., 38 (2000), pp. 1408-1427.

[223] ——, How to get a conservative well-posed linear system out of thin air.
Part II: Controllability and stability, STAM J. Control Optimi., 42 (2003),
pp- 907-935.



Bibliography 473

[224] M. UNTEREGGE, p-admissible control elements for diagonal semigroups on
I"-spaces, Systems Control Lett., 56 (2007), pp. 447-451.

[225] D. WASHBURN, A bound on the boundary input map for parabolic equa-
tions with applications to time optimal control, SIAM J. Control Optimi., 17
(1979), pp. 652-671.

[226] G. WEISS, Admissibility of input elements for diagonal semigroups on 2,
Systems Control Lett., 10 (1988), pp. 79-82.

[227)] ——, Weak LP-stability of a linear semigroup on a Hilbert space implies
exponential stability, J. of Differential Equations, 76 (1988), pp. 269-285.

[228] ——, Admissibility of unbounded control operators, STAM J. Control Op-
tim., 27 (1989), pp. 527-545.

[229] ——, Admissible observation operators for linear semigroups, Israel J.
Math., 65 (1989), pp. 17-43.

[230] ——, Two conjectures on the admissibility of control operators, in Estima-

tion and Control of Distributed Parameter Systems, W. Desch, F. Kappel,
and K. Kunisch, eds., Birkh&duser-Verlag, Basel, 1991, pp. 367-378.

[231] ——, Transfer functions of regular linear systems, Part I: Characterizations
of regularity, Trans. Amer. Math. Soc., 342 (1994), pp. 827-854.

[232] ——, Regular linear systems with feedback, Math. Control Signals Systems,
7 (1994), pp. 23-57.
[233] ——, A powerful generalization of the Carleson measure theorem?, in Open

Problems in Mathematical Systems and Control Theory, V.D. Blondel et al.,
eds., Springer-Verlag, London, 1999, pp. 267-272.

[234] G. WEIsS AND R. REBARBER, Optimizability and estimatability for infinite-
dimensional linear systems, SIAM J. Control Optimi., 39 (2001), pp. 1204—
1232.

[235] G. WEIss AND M. TUCSNAK, How to get a conservative well-posed linear
system out of thin air. Part I: Well-posedness and energy balance, ESAIM
Control Optim. Calc. Var., 9 (2003), pp. 247-274.

[236] D.V. WIDDER, An Introduction to Transform Theory, Academic Press, New
York, 1971.

[237) W.M. WoONHAM, Linear Multivariable Control. A Geometric Approach,
vol. 10 of Applications of Mathematics, Springer-Verlag, New York, 1985.

[238] G.Q. Xu, C. Liu, AND S.P. YUNG, Necessary conditions for the exact
observability of systems on Hilbert spaces, Systems Control Lett., 57 (2008),
pp. 222-227.

[239] K. YosIDA, Functional Analysis, vol. 123 of Grundlehren der math. Wiss.,
Springer-Verlag, Berlin, 1980.

[240] N. Youna, An Introduction to Hilbert Space, Cambridge University Press,
Cambridge, UK, 1988.



474
[241]
[242]
[243]

[244]

245
[246]
[247]

[248]

Bibliography

R.M. YouNa, An Introduction to Nonharmonic Fourier Series, Academic
Press, New York, 1980.

X. ZHAO AND G. WEISs, Ezxact controllability of a wind turbine tower model,
submitted.

Q. ZHOU AND M. YAMAMOTO, Hautus condition on the exact controllability
of conservative systems, Internat. J. Control, 67 (1997), pp. 371-379.

E. Zuazua, Some results and open problems on the controllability of lin-
ear and semilinear heat equations, in Carleman Estimates and Applications
to Uniqueness and Control Theory (Cortona, 1999), vol. 46 of Progr. Non-
linear Differential Equations Appl., Birkhduser Boston, Boston, MA, 2001,
pp- 191-211.

——, Propagation, observation, and control of waves approximated by finite
difference methods, STAM Review, 47 (2005), pp. 197-243.

C. ZuiLy, Elements de distributions et d’équations auz dérivées partielles,
Dunod, Paris, 2002.
H. ZwART, Sufficient conditions for admissibility, Systems Control Lett., 54
(2005), pp. 973-979.
H. ZwART, B. JACOB, AND O.J. STAFFANS, Weak admissibility does not im-

ply admissibility for analytic semigroups, Systems Control Lett., 48 (2003),
pp- 341-350.



List of Notation

Abstract spaces grad =V, 92, 143, 412
D(A>), 30, 42, 174 P,, 11, 111, 121, 157, 173
D(A™), 26 ®,, 11, 116
D'(Q), 92, 408, 410 U, 11, 121
Hy, 79, 82, 94, 200 0%, 403, 411, 418
H,, 82,88, 94, 143, 200 PV 1 411
H_,,83,88,94 51,12, 127, 132
12,2, 36, 42, 63, 101, 148, 156, rot, 412

170, 262, 273, 289 Sy, 111, 157
X1, 59, 79, 100, 113, 120, 121, 129 S7, 157
Xflv 63, 79, 148 uwv, 111, 121, 133
X_1, 60, 67, 113, 115 Sets
X7, 63,148 B(a,r), 275, 405, 431, 435
X _o,62,67, 115, 118, 329, 350 C,1

Hardy spaces C_, 194, 221
H%(Cyp), 150, 396 Ca, 20, 111
H2(Co; U), 146, 158, 401 clos Q, 3, 106, 163, 227, 240, 299,

Numbers 338, 377, 409, 417
Ay, (area of sphere), 431, 432 N, 1
al for v € 7, 403 09, 92, 94, 225, 337, 420
m(z), 226, 233, 251 R(h,w), 148, 170, 398
r(zo), 226, 233, 252, 358, 381 R, 1
v-w, 106, 226, 403, 412 p(A), 6, 24, 40, 59
(z,2), 2, 57, 408 Poo(A), 34, 192
2], 1 o(A), 5, 24, 26, 32, 41
|z| for z € C", 106, 225 o,(A), 27, 39, 76, 389

Operators supp u, 294, 404, 405, 410, 411,
A** 53 440
A, 92, 143, 163, 226, 227, 375, Z, 1

412, 422, 430 Z.,7%, 1
0, (Dirac mass), 398, 409, 432 Sobolev spaces
div, 227, 242, 308, 345, 412 D(A), 432
Yo, 338, 341, 346, 378, 424, 433 HL(J;U), 20
1, 338, 425, 432 HL(Q), 92, 106, 251, 297, 338, 426

475



476 List of Notation

HE(S2), 64, 92, 337, 345, 418, 424
HL(0,7);U), 365, 367, 370
H%O(Q), 106, 251, 426

Hloc(((), 00); U), 111, 124, 173

), 94 225, 446

;U), 20, 87, 209, 217, 334
), 340, 425

HIOC((O 00); U), 111, 173
5(00), 338, 424

I') for s > 0, 422

) for s > 0, 416

) for s >0, 417

Q) 98, 417, 422

—5(Q) for s > 0, 417
V(Ty), 427
W(A), 338, 433
Spaces of continuous functions
BC0,00), 134
C>(K), 241, 404, 424
C>(Q), 98, 403
cm(J; X), 2
C™(K), 299, 404 417
c™(Q), 98, 403
o™t 421
C'O(R), 395
D(Q), Dk (Q), 92, 404, 410
D(R), 394
Spaces of measurable functions
L2(J; U), 2
L2([0,00); U), 157
(Q) loc( ) 404
(J,W), 400
(J; W), 400

LP

£1
M



Index

abstract elliptic problem, 320 Bochner integrable function, 134,
adjoint of an operator (bounded), 5, 400

126, 175, 385, 388 Bochner integral, 400
adjoint of an operator (unbounded), boundary control system, 318

53, 72, 148, 320, 328, 349 boundary of class C2, 94, 95, 337,
adjoint semigroup, 55, 63, 127, 136, 344

142, 326, 357 boundary of class C4, 298
admissible control operator, 116, boundary of class C'*°, 421

120, 127, 145, 164, 166, 320, 355, boundary of class C™, 421

364 boundary of class C™1!, 421
admissible observation operator, boundary trace, 424

122, 125, 146, 152, 167, 182, 205, boundary trace of a function in

216, 227, 248, 249, 265, 321, 344, H2(Cy), 396

366 bounded control operator, 116
Alaoglu’s theorem, 64, 388, 426 bounded from below operator, 47,
algebraic basis in a vector space, 3 386
analytic continuation, 136 bounded linear functional, 4
analytic function, 25, 396 bounded linear operator, 3
analytic semigroup, 163 bounded observation operator, 122
approximate controllability, 356 bounded operator, 24
approximate observability, 175
approximate observability in infinite Cahn-Hilliard equation, 298

time, 194, 211 Carleman estimate, 258, 298, 445
approximate observability in time 7, Carleson measure, 149, 399

173-175, 180, 191, 193, 357 Carleson measure criterion, 149
atlas, 422-424, 427 Carleson measure theorem, 150, 399

Cauchy sequence in a normed space,

Banach space, 3 3, 95, 145, 415
beam, 209, 210, 217, 330, 334, 362 Cauchy’s formula, 26
Beurling-Lax theorem, 36 Cauchy—Schwarz inequality, 2
bidual space, 57 causality, 11, 12, 116, 157, 162
bilateral left shift semigroup, 49 Cayley—Hamilton theorem, 5
biorthogonal sequence, 37, 55, 274, chain rule, 436

288, 290, 293 characteristic polynomial, 5

477



478

chart, 422

clamped end of a beam, 217, 334,
336

closed operator, 24, 40, 53

closed range theorem, 5

closed set, 3

closed-graph theorem, 4, 24, 59, 74,
116, 166, 385

closed-loop semigroup, 158

closure of a set, 3

closure of an operator, 70

compact embedding, 288, 419

compact operator, 89, 387, 390, 421,
425

compact set in a Hilbert space, 387

complete normed space, 3

composition property, 116, 132, 146,
160

concatenation, 111, 132

conservation of energy, 51

continuous embedding, 35, 57, 59,
62, 79, 82, 385

contraction semigroup, 69, 73, 103,
125

control operator of a boundary
control system, 319, 322, 323,
325, 328, 332, 342, 349, 376

controllability Gramian, 16

controllable finite-dimensional
system, 12

controllable space of a
finite-dimensional system, 14

convection-diffusion equation, 163,
312, 344, 375

convergent sequence in a normed
space, 2

countable index set, 45

Courant—Fischer theorem, 77, 86, 91

critical point of a C! function, 436

curvilinear coordinates, 455

damped wave equation, 246
Datko’s theorem, 178
degree of unboundedness, 138

Index

delta function, 119, 167, 398

densely defined operator, 23, 29, 31,
40, 53, 54, 59, 70

diagonal semigroup, 42, 63, 73, 148

diagonal semigroup generator, 42, 56

diagonalizable operator, 40, 55, 76,
84, 101, 290, 390

diagonalizable semigroup, 42, 46

differentiable function (on an
n-dimensional domain), 435

differential of a function (on an
n-dimensional domain), 435

Dirichlet boundary condition, 90

Dirichlet Laplacian, 93, 143, 209,
225, 295, 337, 348, 378

Dirichlet map, 337, 341, 346, 348

Dirichlet trace, 338, 341, 346, 424

dissipative boundary condition, 108

dissipative extension, 70

dissipative matrix, 10

dissipative operator, 69

distribution, 92

distribution on a domain, 408

domain of a generator, 22, 54

dominated convergence theorem,
397

dual composition property, 121, 129

dual norm with respect to a pivot
space, 58

dual space, 4, 57

dual space with respect to a pivot
space, 58, 83, 417, 432

dual system, 12

duality of admissibility, 127, 136

duality of observability and
controllability, 12, 357

eigenvalue of a matrix, 5

eigenvalue of an operator, 27, 95

eigenvector of a matrix, 5, 15

eigenvector of an operator, 27, 40,
50, 55, 76, 95, 290

elastic string, 49, 51

elliptic regularity, 422



Index

equality almost everywhere, 404

essential range of a measurable
function, 80

Euclidean norm, 2

Euler—Bernoulli equation, 209, 217,
249, 250, 257, 281, 330, 334

exact controllability, 175, 356

exact observability in infinite time,
194, 224

exact observability in time 7, 173

exponential stability, 147, 246

exponentially stable semigroup, 22,
44, 45,124, 134, 177, 194

extended input map, 134

extended output map, 123, 135

extension of a semigroup to X_1, 62

extensions of an observation
operator, 138, 165, 321

factor space, 119

final state estimation operator, 175

final state observability, 175, 224

final state observability in time T,
173

finite-dimensional linear system, 11

forcing function, 112

Fourier series, 49

Fourier transformation, 33, 261, 394

Fourier transformation on L*(R),
395

Fourier transformation on L?(R),
395

Fréchet space, 123, 129

function of class C™ on an interval,
20

function of class C™!, 421

Gauss formula, 228, 253, 255, 430

Gelfand formula, 27, 75

generator of a boundary control
system, 319

geometric multiplicity of an
eigenvalue, 77, 89, 389

geometric multiplicity of an

479

eigenvalue, 86

geometric optics condition, 259, 296

graph norm, 24, 59, 80

graph of an operator, 24, 53, 74, 99

Green formula, 228, 430

growth bound of a semigroup, 21,
27,41, 48, 115, 124

Holder inequality, 395

Hautus test (infinite-dimensional),
195, 197, 221, 224

Hautus test for controllability, 16

Hautus test for observability, 15

heat equation (one-dimensional), 33,
43, 44, 90

heat equation (with homogeneous
Dirichlet boundary conditions),
98, 143

heat equation (with internal
control), 375

heat equation (with Neumann
boundary observation), 288, 295

heat equation with Dirichlet
boundary control, 341

heat flux, 44

heat operator, 298

heat propagation in a rod, 43, 44

heat semigroup, 33, 56, 63, 98, 143,
345, 377

Hessian matrix, 437

Hilbert space, 3

Hilbert uniqueness method, 382

Hille-Yosida theorem, 105

hinged end of a beam, 210, 330

homogeneous Dirichlet boundary
condition, 92

identity operator, 4

imaginary part of a matrix, 10

infinite time-reflection operator, 135

infinite-time admissible control
operator, 134, 150

infinite-time admissible observation
operator, 135, 149



480

infinite-time controllability
Gramian, 17

infinite-time observability Gramian,
17, 139, 194

infinitesimal generator of a
semigroup, 22

Ingham’s theorem, 210, 261, 266,
276

initial state, 21, 113

initial value problem, 118

inner product, 1

inner product space, 2

input function, 11

input map, 117

input map of a system, 12

input-output map, 158

integration by parts, 253, 430

interpolation theory, 85

invariant subspace for a matrix, 10

invariant subspace for a semigroup,
33, 188, 236

inverse function theorem, 435

invertible operator, 4

isolated point in the spectrum, 384

isometric matrix, 6

isometric operator, 48, 57

isometric semigroup, 48, 98

isomorphism, 57

Jacob—Partington theorem, 171
Jordan block, 7

Kalman rank condition, 14

Laplace transform of a semigroup,
29, 66

Laplace transformation, 10, 34, 67,
81, 115, 125, 144, 157, 397, 402

Laplacian, 92, 232, 300, 338, 344,
412

left half-plane, 397

left-invertible operator, 47

left-invertible semigroup, 47, 144,
174, 179

Index

Leibniz’ formula, 412

limit in a normed space, 2

linear differential equation, 81

linear operator, 3

linear span of a set, 3

linearly independent, 3, 5

Lipschitz boundary, 92, 420, 457

Lipschitz constant of a boundary,
420

locally absolutely continuous
function, 398

Lumer—Phillips theorem, 67, 103

Lyapunov equation, 18, 140, 224

Lyapunov inequality, 140

m-dissipative operator, 72, 99, 102
matrix exponential, 7

matrix of an operator in a basis, 7
maximal dissipative operator, 72
membrane, 347, 357

mild solution, 113

Morse function, 437

Neumann trace, 288, 338, 425

non-degenerate critical point, 437

non-homogeneous differential
equation, 112

norm, 1

norm induced by an inner product, 2

normal derivative, 226, 425

null-controllability, 356, 360, 376

null-space of an operator, 4

observability Gramian, 16, 139, 174,
191

observable finite-dimensional
system, 12

one-to-one operator, 4

onto operator, 4, 47, 99, 386

operator norm, 4

operator with closed range, 70

operator with compact resolvents,
76, 77,89, 94, 199, 206, 211, 236,
287



Index

optimizable, 384

order of a distribution, 408

order of a polynomial, 396

orthogonal complement of a set, 3

orthogonal projector, 7

orthonormal basis, 3, 37, 44, 45, 50,
76, 84, 101, 290, 420

orthonormal set, 3

output function, 11

output map of a system, 12, 122,
127

p-admissibility, 169

Paley—Wiener theorem, 146, 150,
397, 402

Paley—Wiener theorem on entire
functions, 294, 397

part of A in V', 33, 192

partial derivatives of a distribution,
410

partition of unity, 230, 406, 411,
425, 427, 439

periodic left shift group, 49, 131

perturbation of a generator, 65, 158

perturbed semigroup, 65, 158

perturbed wave equation, 234, 258

Pettis’ theorem, 400

Plancherel theorem, 396

plate, 223, 249, 257, 281, 359, 382

Poincaré inequality, 93, 107, 252,
418, 426

point spectrum, 27

pointwise multiplication operator,
80

pole of a rational function, 81, 396

polynomial, 393, 396

positive operator, 6, 78, 141, 391

positive semigroup, 104, 143

Post—Widder formula, 34, 398

principal value, 411

products of Hilbert spaces, 20

projection of a vector onto a closed
subspace, 3

proper rational function, 396

481

proper transfer function, 166
properly spaced eigenvalues, 222

range of an operator, 4, 389

rank of a matrix, 5

rational function, 81, 396

real part of a matrix, 10

rectangular domain, 95, 261, 280,
298, 420

regular distribution, 408

regular sequence, 270

relatively compact set, 387

resolvent identity, 24, 145

resolvent of an operator, 24

resolvent set of an operator, 24

resolvent set of matrix, 6

Riesz basis, 36, 39, 46, 55, 270, 290

Riesz projection theorem, 3

Riesz representation theorem, 4, 53,
57, 80, 81, 337

right half-plane, 396

right half-planes in C, 20

right-invertible operator, 47

right-invertible semigroup, 47, 146

Sard’s theorem, 436

Schrodinger equation, 203, 204, 248,
249, 281, 343, 359

self-adjoint matrix, 6

self-adjoint operator, 74, 80, 89, 140,
390

semigroup on product space, 114

semigroup property, 20, 54, 160

separable Hilbert space, 37

separable set in a Banach space, 399

simple (measurable) function, 400

simultaneous approximate
controllability, 364

simultaneous approximate
observability, 190, 364

simultaneous exact controllability,
364

simultaneous exact observability,
190, 363, 364



482

singular value, 6

skew-adjoint matrix, 10

skew-adjoint operator, 98, 105, 265

skew-symmetric operator, 98

Sobolev spaces on an interval, 20

solution of a non-homogeneous
differential equation, 112, 121,
368

solution space of a boundary control
system, 318, 369

space of bounded linear operators, 4

spectral bound of a matrix, 10

spectral bound of an operator, 75

spectral controllability, 382

spectral mapping theorem, 27, 394

spectral radius, 26

spectrum of a matrix, 5

spectrum of an operator, 24

spectrum of an operator
(unbounded), 75, 79, 148

square root of a positive matrix, 6

square root of a positive operator,
82, 393

stable LTT system, 11

stable square matrix, 11

state, 11

state trajectory, 11

step function, 117, 127, 131

Stone’s theorem, 105, 197, 205, 248,
373

strictly positive operator, 7, 78, 88,
93, 287, 386

strictly proper rational function, 396

strictly unbounded control operator,
319

string equation (non-homogeneous),
326, 361, 370

strong continuity, 20, 55, 65

strong solution of a
non-homogeneous equation, 112

strongly continuous group, 47, 99

strongly continuous semigroup, 20

strongly measurable function, 399

strongly stable semigroup, 139, 224

Index

Sturm—Liouville operator, 88, 266

support of a continuous function,
404

support of a distribution, 411, 414,
455

symmetric operator, 73, 88

Taylor series, 25

Taylor series with matrix variable, 8
temperature, 44

test function, 404

time, 11, 17, 21

time-reflection operator, 12, 127, 135
torque, 217, 330, 362

total boundedness, 387

transfer function, 144, 157

unbounded observation operator,
122

uniform boundedness theorem, 21,
135, 146, 388

uniformly bounded semigroup, 139

uniformly continuous semigroup, 21

uniformly elliptic operator, 445

unilateral left shift, 157

unilateral left shift semigroup, 31,
63, 114, 128, 142, 167

unilateral right shift, 111, 157

unilateral right shift semigroup, 36,
56, 99, 128, 142, 321

unique continuation for solutions of
elliptic equations, 454

unit outward normal vector field,
226, 424, 439

unit pulse, 398

unitary group, 49, 50, 52, 105, 179,
197, 204, 248, 281, 372

unitary matrix, 6

unitary operator, 48, 57, 61, 402

unitary semigroup, 49

unobservable space of a
finite-dimensional system, 13

vanishing semigroup, 32, 56
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wave equation (one-dimensional),
51, 52, 371

wave equation (with boundary
control), 347, 380

wave equation (with distributed
observation), 240

wave equation (with homogenous
Dirichlet boundary conditions),
226

wave equation (with Neumann
boundary observation), 231

wave packet, 212

weak solution of a non-homogeneous
equation, 112

weak solution of a PDE, 324, 326,
342, 350, 351, 353, 376, 379

weakly convergent sequence, 64,
288, 388

weakly measurable function, 400

weakly stable semigroup, 139

well-posed boundary control system,
320

Weyl’s formula, 97

Yosida approximation, 102
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